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��Vg�c°

A����C 1988: 30 ±c
A��O� 2015: 3 ±c

ëY: RZdRZdRZd, �©�f. RnRnRn

lÑ: Z+
ZdZ+
ZdZ+
Zd, �©�f.

20 c�, â£��CïÄ
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�fþ ϕ4 î¼þf|

RZdRZdRZd3x : Zd→RZd→RZd→R. H(x)=−2J
∑
〈ij〉

xixj, J, β>0

L=
∑
i∈Zd

[
∂ii−(u′(xi)+∂iH)∂i

]
, u(xi)=x

4
i−βx

2
i

Theorem (C. 2008)

inf
ΛbZdΛbZdΛbZd

inf
ω∈RZdω∈RZdω∈RZd

λβ,J1

(
Λ, ω

)
≈ inf

ΛbZdΛbZdΛbZd
inf
ω∈RZdω∈RZdω∈RZd

σβ,J
(
Λ, ω

)
≈exp

[
−β2/4−c log β

]
−4dJ c ∈ [1, 2]
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�C: ϕ4 �.

λβ,r1 , σβ,r ≈ exp
[
−β2/4−c log β

]
− 2r

c = c(β) ∈ [1, 2]

Looking for math tools to

study the phase transitions
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1. A���O©~. )« Q Ý


né�Ý
:E={k∈ZZZ+: 06k<N+1}

Q=


−c0 b0 0
a1 −c1 b1

a2 −c2 b2
. . . . . . . . .

0 aN −cN

,
d? ak, bk>0, ck=ak+bk, cN>aN
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l{üm©

Q=

[
−b0 b0

a1 −a1

]
, b0 =θ, a1 =1−θ

Q=


−b0 b0 0
a1 −a1−b1 b1

a2 −a2−b2 b2

0 a3 −a3


VÇ!O�!AÛ!ÌnØ!NÚ©Û
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~. )« Q Ý


����a�ÅL§–)«L§k
42�A^§nØïÄå:§�â/.
��©Ù [137�, 2010]. ¹ (ck): 2014.
nã�w C.(2016). “Unified speed
estimation of various stabilities”, Chin.
Appl. Prob. Statis. 2016, 32(1): 1-22

(4δ)−16δ−1
n ↑6λ0(−Q)6↓δ′n

−16δ−1,∀n
16δ′1

−1/δ1
−162
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2.A��O�. Perron-Frobenius½n

�KØ���
��A�éf�{µ
4{(Power iteration) Ð� v0

vk =
Avk−1

‖Avk−1‖
Ð� (v0, z0)

�í£_S�(Rayleigh quotient iteration)

vk=
(A−zk−1)

−1vk−1

‖(A−zk−1)−1vk−1‖
, zk=

v∗kAvk

v∗kvk
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~. Q=

−1 12

12 −5 22 0
22 −13 32

32 −25 42

42 −41 52

52 −61 62

0 62 −85 72

72 −113


ρ(Q)≈−0.525268, ρ(InfiniteQ)=−1/4
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0 2.11289

1 1.42407

2 1.37537

3 1.22712

4 1.1711

5 1.10933

6 1.06711

7 1.02949

8 0.998685

9 0.971749

10 0.948331

Computing

180 times,

103 iterations

64 pages

(k,−zk)

11 0.927544

12 0.908975

13 0.892223

14 0.877012

15 0.86311

16 0.850338

17 0.838548

18 0.827619

19 0.817449

20 0.807953

30 0.738257
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2.0

The figure of − zk
for k = 0, 1, . . . , 1000.
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Large N. λ0 =1/4 if N=∞. 630 Sec
Use ṽ0 and δ1. Let z0 =7/(8δ1)+v∗0(−Q)v0/8.

N+1 z0 z1 z2 =λ0

104 0.31437 0.302586 0.302561

Examples for N>8 computed by Yue-Shuang Li
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Large N. λ0 =1/4 if N=∞. 630 Sec
Use ṽ0 and δ1. Let z0 =7/(8δ1)+v∗0(−Q)v0/8.

N+1 z0 z1 z2 =λ0 upper/lower

8 0.523309 0.525268 0.525268 1+10−11

100 0.387333 0.376393 0.376383 1+10−8

500 0.349147 0.338342 0.338329 1+10−7

1000 0.338027 0.327254 0.32724 1+10−7

5000 0.319895 0.30855 0.308529 1+10−7

7500 0.316529 0.304942 0.304918 1+10−7

104 0.31437 0.302586 0.302561 1+10−7

Examples for N>8 computed by Yue-Shuang Li
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2.Ï^�{ (Global Algorithm), ’17

né�Ó`Ý
⇒ ��Ý

Alphago
Ask computer to find efficient initials?
v0 =��©Ù: (1, · · · , 1)∗/

√
N+1.

How to choose z0(zn) in unified way?

z0 6=
v∗0Av0

v∗0v0

[RQ!], zn =?
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2.Ï^�{ (Global Algorithm), ’17

�í£_S�

zk = max
06k6N

Avk

vk
(k), k > 0.

� wk ´�§

(zk−1I −A)wk = vk−1

�)§2·

vk =
wk

‖wk‖
, k > 0.
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3. A���(g)��¢Ü. 2017

b½Ý
 A kA�éf (λj, gj)§ü
üØÓ.�½ v§L v=

∑m
j=0 cjgj. K

Anv =
m∑
j=0

cjλ
n
j gj,

eAv =
∞∑
j=0

1

n!
Anv =

m∑
j=0

cjgje
λj.
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3. A���(g)��¢Ü. 2017

etAv=
∞∑
j=0

1

n!
(tA)nv=

m∑
j=0

cjgje
λjt.

etA

eRe(λ0)t
=c0g0e

iIm(λ0)t +
m∑
j=1

cjgj×

× e(Re(λj)−Re(λ0))teiIm(λj)t

if Re(λj)<Re(λ0), j 6=0.
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~. Q =

−1 1

1/2 −5/2 2 0
1/3 −10/3 3

1/4 −17/4 4

1/5 −26/5 5

1/6 −37/6 6

1/7 0 −50/7 7

1/8 −1/8
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A = Q+ 50 I/7. Eigenvalues of A:

λ0 = 50/7, λ1 = 6.40994,

4.26332± 0.835966 i,

2.24838± 0.593141 i,

0.824966, 0.0238239.

w0 =(−7, 1, 1, 1, 1, 1, 1, 1)∗.
v0 =w0/

√
w∗0w0. z0 =λ0 =50/7.
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0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

{zk}4
0 : 50/7 = λ0, 6.24817

6.42141, 6.41, 6.40994 = λ1
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1 2 3 4 5 6 7
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0.2
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E�Ý�/

Q=

−1/2 1/2 0
0 −1 1
1 0 −1

 . A=Q+2 I

Eigenvalues of A:
λ0 = 2, λ1± = 0.75± 0.661438 i.
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n = 0, . . . 10 n = 10, . . . 39

{vn} ØÂñ§Ì�(Ø�'�þ):
(.707107, −4.23422·10−7, −.707107)∗

(.408248, −.816497, .498248)∗
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ò A �¤ A+ i I. ©l�Ýé

n m = 0 m = 4

0 5/3 5/3

1 .973214+.598214 i .973214+.598214 i

2 .712632+.434641 i .849115+.481596 i

3 .755776+.334411 i .767798+.422326 i

4 .750037+.338573 i .735231+.376756 i

5 .75+.338562 i .750863+.337752 i

6 .750001+.338562 i

7 .75+.338562 i
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�õÿÁ B = λ = 5 + i

4+3 i

4−3 i 0
3+2 i

3−2 i
2+i

0 2−i
λ
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�õÿÁ. A := P−1BP

P=



3 5 3+i 2 3 1 3+i
5 4 2+i 4 5 1 i

3−i 2−i 5 1+i 2 1 3+i
2 4 1−i 2 i 1 2
3 5 2 −i 1 1 2
1 2 3 4 5 2 3
7 6 5 4 3 2 1


.
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{zn} ¢Ü�Âñ5
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The vectors {vn}12
n=9

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4
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{vn} ÂñºØO~êÏf§́ �!

v12 = (−α) gmax,
α=(.672245 + .740328 i), |α|=1.

cv

‖cv‖
= sgn(c)

v

‖v‖
if c is real;

cv

‖cv‖
= eiθ

v

‖v‖
if c = reiθ (r>0).
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4. Û�E�
k¢Ìº

(¢)é¡ (symmetry)⇒ ¢Ì,
Eé¡
ÌØ7¢�, X

A =

(
0 i
i 0

)
, λ = ±i

(¢)é¡→Hermite:aij= āji⇒¢Ì. X

A =

(
0 i
−i 0

)
, λ = ±1
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E��¡Ý
. ¿Âµ�ê§þfåÆ

(¢)��¡ (symmetrizable),
∃(µk>0): µiaij=µjaji, i, j∈E
E��¡ (Hermitizable) [aii �¢]
∃(µk>0): µiaij=µjāji, i, j∈E
Ý
A=(aij)E��¡�7�^�:

"Ó5: éu?¿� i, j,
aij=0⇔aji=0. Ø��. aii �¢

�'�: X aji 6=0, Kaij/āji>0.
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Ené�Ý


A=


−c0 b0 0
a1 −c1 b1

a2 −c2 b2
. . . . . . . . .

0 aN −cN

,
d? ak, bk ck þ�Eê
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né�EÝ
: A ∼ (ak,−ck, bk)
Theorem

né�EÝ
 A ∼ (ak,−ck, bk) E
��¡�¿�^�´eãü^�Ó�
¤á.

(ck) �¢�.

½ai+1Ú biÓ��", ½ai+1bi>0.

5 ai+1 Ú bi Ó��", KdÝ
�©¬?

n. �~�Ñd^�.
ai+1bi>0⇒ bi

āi+1
>0. X āi+1 6=0§�Û¹�

é
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né�EÝ
: A ∼ (ak,−ck, bk)
�¡ÿÝ (µn):

µ0 =1, µn=µn−1

bn−1

ān
, 16n6N+1

Q =


−1 1 0
1 −5 4

4 −13 9

0 9 −25

 .
Ó�UC,
 (bn−1, an) �ÎÒ§ÌØC
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E��¡né�Ý
��ÌC�

Theorem (Algorithm)

b½ ck> |ak|+|bk|,¿�uk=akbk−1

9c̃k=ck,06k<N+1.½Â b̃0=c0>0,
b̃k=ck−uk

/
b̃k−1, ãk=ck−b̃k,

16k<N
ãN =uN

/
b̃N−1 XN<∞.

K ãk, b̃k>0; cN> |aN | XN<∞.
A∼(ak,−ck, bk)�ÌuÃ∼(ãk,−c̃k, b̃k).
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b̃k= wª uk=akbk−1 = |akbk−1|

ck−
uk

ck−1−
uk−1

ck−2−
uk−2

. . . c2−
u2

c1−
u1

c0

ãk=ck−b̃k, ãN=uN
/
b̃N−1XN<∞.

5gØ´ 2014–2018/2/1-2
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For Further Reading I

C. (2016): Efficient initials for
computing the maximal eigenpair,
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maximal eigenpair. Front. Math. China
12(5): 1023–1043.
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For Further Reading II

C. (2018b). Computing (sub-)maximal
real part of eigenvalues. Preprint

http://math0.bnu.edu.cn/˜chenmf

4 volumes, 22 popularizing papers, 9 videos
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The end!
Thank you, everybody!
���[�

40
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