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The first (nontrivial) eigenvalue

Consider the tridiagonal matrix Q:

—by bo 0 0
aj —(a1+b1) by 0
Q —
0 a —(a2-|-b2) b,
a; > 0, b, > 0.

Q1 = 0 - 1. Trivial eigenvalue: Ao = 0.
Question: Next eigenvalue of —Q: A\ =?
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L*-exponential stability

Semigroup P, = ¢C. L*(m), || - ||, (-, ).
Q self-adjoint: (f, Qg) = (Of, g).
Var(Pf) < Var(f)e M
ie. [Pf —7(f)l| <|If = w(F)e=™
or |P, — l|ams < e, w(f) = /fdw
A= inf{(f, =Of) : 7(f) = O, |If]| = 1}.

Ar: infimum of Spec(—Q) \ {0}, the first
non-trivial eigenvalue of —Q.
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Motivation: web search

Two steps in web search
e Collect the sites by using key words.
e Output according to the PageRank produced
by using the eigenvector method.
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Motivation: web search

Two steps in web search
e Collect the sites by using key words.
e Output according to the PageRank produced
by using the eigenvector method.
Determine the PageRank
e Nonnegative matrix based on the
connections of web sites.
e The first eigenvalue corresponds to a

nonnegative eigenvector.
Need a fast algorithm.
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Motivation: phase transition

L=Lg P =el
| Py — mllo—o < e™

A1 = A1(5)
[ = 1/temperature

At

0 Be &

Phase transition and Ay
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The difficulty of the problem

Example
Trivial case (two points). Two parameters.

(%)

Al =a—+b.
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Example
Four points. Six parameters: by, by, by, ay, az, as.
D c 23 (3B-D?

Ny = — —
1=3 73053 " 3C ’

where
D=a,+ay+az+ by+ by + by,
B =aszby+ ay (a3 + by) + a3 by+bob1+by by
+ by by + ay (ay+asz + by),

1/3
C= (A+ \/4(3B—D2)3 +A2) ,
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The difficulty of the problem

A= —Za% — Za% — 2a§ + 3a§b0 -+ 3a3b% — Zb?) +
3a§b1 — 12a3bob + 3b(2)b1 + 3a3b% + 3b0b% —
2b% — 661%1?2 + 6azbyb, + 3b%b2 + 6aszb1by, —
12b0b1b2 + 3b%b2 — 66131?% + 3]9()[9% + 3]91[9% —
2]9% + 3a% (612 +az — 2bg — 2b; + bz) +

3a3 laz + bg — 2 (by + by)] + 3a, [a% +b% —2b} —
biby —2b3 — az(4by — 2by + by) + 2bo(b1 + by)] +
3a, [Cl% + Cl% — 2b(2) — boby — 2b% — a2(4a3 —2by +
b —2[92) +2b0b2+2b1b2+b%+2613 (bo—l-bl —i—bz)] .

Mu-Fa Chen (Beijing Normal Univ.) ue Shanxi Normal Univ. 10/43



The difficulty of the problem

e The role of each parameter is completely
mazed!
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The difficulty of the problem

e The role of each parameter is completely
mazed!

e Not solvable when space has more than five
points!
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The difficulty of the problem

e The role of each parameter is completely
mazed!

e Not solvable when space has more than five
points!

e Conclusion: Impossible to compute \;
explicitly!
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Perturbation of eigenvalues and eigenfunctions

How about the estimation of \{?

bi(i > 0) a;(i>1) A1 | degree of g

i+ :

2i 1 1
(8 >0)
i+ 1 2i +3

i+1 [2i+(4+2)

g: eigenfunction of )\;.
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Perturbation of eigenvalues and eigenfunctions

How about the estimation of \{?

bi(i > 0) a;(i>1) A1 | degree of g

i+ 0 .

21 1 1
(8> 0)
i+ 1 21+ 3 2

i+1 [2i+(4+v2)|3

g: eigenfunction of )\;.
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Perturbation of eigenvalues and eigenfunctions

How about the estimation of \{?

bi(i > 0) a;(i>1) A1 | degree of g
i+ .
2i | 1
(6 >0)
i+1 2i+3 2 2
i+1 [2i+(4+v2)|3 3

g: eigenfunction of )\;.
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Perturbation of eigenvalues and eigenfunctions

Conclusion:

e Both of the eigenvalues and the
eigenfunctions are very sensitive.

o In general, it is too hard to estimate ;!
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@ The first (nontrivial) eigenvalue

e Variational formulas and explicit bounds
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Two notations:

_ boby---biy

:u():la Mi = ) I
aaz - --dj

Z:Z,ui<oo, Wi:%.

W ={w:wy=0, wis strictly increasing},
W = A slight modification of #'.

| o _
Li(w) = — Dt wis  i20.

WV
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Theorem (C. 1996-2001)

@ Dual variational formulas:

inf supZ;(w)~! = \; = sup infl;(w)".
weW il wew 120

o Explicit estimates: Z6~! > \; > (40)7L,
S=sup > (b)Y wy
izl i i

e Approximation procedure: There are two
explicit sequences 7, and 7, such that
T =M =
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Non-ergodic case

Ergodic condition: ) . y; < oo and

> o (brpure) ! Zf:o pi = 00

Non-ergodic case:
Ao = inf{D(f) : ||f|| = 1, f has finite support}
R,—(v) —a;+b; — Cll‘/V,'_l — bl-v,-, 7/, ”/7

1 —_—
L(f) = S 7, 7
7 uib-(fi—fl-ﬂ) 2 M) e

Z—Zﬂkfka T, Fu

>i JJk<

I;(f) = 7 2
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Theorem [C. 2008]

@ Dual variational formulas:

inf supR;(v)™! = X\g = sup 1nf R( )~

ve? i20 yey 20

inf supL;(f)~! = Ao = sup mfI ()~
feL% i=0 fGy i20

inf  sup I;(f)"'=MXo= sup infl;(f)!
feZFy iesupp(f) fey i20

o Explicit estimates: 6! )\() (46)~!
0 =sup 1>, (ukbk)
n=0 j<n k>n
@ Approximation procedure.
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Compact Riemannian mfd M, Laplacian A

Aim: Estimating A; in terms of dim d, diam D and the
lower bound of Ricci curvature K € R: Ricciy > Kg.

Theorem [ Variational formula. C. & F.Y. Wang, 1997]
4f (r)

A Zsup inf D )
fey re(00) [FC(s)~ds [” C(u)f (u)du

= {f € C[0,D] : f is positive on (0,D)},

C(r) = cosh®™! [{ K ]

Classical variational formula:

M =it { [, [V s [£ = 0. [ = 1}.
Raylelgh (1877) Flscher (1905).
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© Different types of stability
e Basic inequalities
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Stability corresponding to the inequalities

o Var(Pf) <Var(f)e ' <= Poincaré ineq.

e Exponential convergence in entropy:
Ent(Pf) < Ent(f)e 2!

Ent(f) = m(flogf) — = (f) log ||f]|:

<> (Relative) entropy inequality

<= Logarithmic Sobolev inequality.

o Var(Pf) < C||f||3/19"" <= Nash ineq.
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(Ea ga W)’ Lz(ﬂ)’ | |

D(f)= un(ﬁ —fi)*.

ZJEE

e Poincaré inequality!: Poincaré, 18901 .

A Var(f) < D(f).
[J. Nash, 1958]: H ] H _ H ] HLP

e Nash inequality

nVar(f) < DI PIFLY, pH g = 1
e Logarithmic Sobolev inequality!-ross-19761 ;
270 Ent(f?) < D(f). [G. Perelman, 2002]
e (Relative) entropy inequality:
20 Ent(f) D(f logf)
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Fact: 0 < < A
Example. TWO points E = {0, 1},

Q:(l__ee 9f1>, 0 < (0,1/2].

e The first eigenvalue \; = 1.

e The Nash constant n = (%) 1/ .
e The logarithmic constant o = %.

e The entropy constant
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Fact: 0 < < A
Example. TWO points E = {0, 1},

Q= (1__99 9f1>, 6 e (0,1/2].

e The first eigenvalue \; = 1.

e The Nash constant n = (%) 1/ .

e The logarithmic constant o = %.
o The entropy constant a; = (A; + 0)/2,

open.
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Three classical types of ergodicity

Semigroup P, = (p;(t)) = €.
o Ergodicity!?>3:
pl](t) — T, I — OQ.

o Exponential ergodicityP-6- Kendall, 19591,

pii(t) — m;] < Cie "1,
e Strong (uniform) ergodicity!!°78!:

sup;|py(r) — m| < Ce™!
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© Different types of stability

e New picture of ergodicity
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Theorem (New picture of ergodic theory)

For reversible Markov process with densities,
Nash inequality
V7 N
LogS inequality L'-exp. convergence
4 I
Exp. conv. in entropy m-a.s. Strong ergodicity
Y Y
Poincaré inequality <= m-a.s. Exp. ergodicity
4
L*-algebraic ergodicity
U
Ordinary ergodicity
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© Different types of stability

o Explicit criteria
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Explicit criteria for the inequalities ( or for
different types of stability)

Ten criteria for different types of stability
of the Q-semigroup are listed in the
following table.
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Property Criterion
Unigq. D >0 ﬁyj[o,n] =00 (%)
Recur. > >0 ulb = 00
Erg. (%) & p[0,00) < o0
Exp. erg. 1
Poincaré ()& ’S;;Il)'u[n’ 00) 2 j<n-1 b <
Dis. sp. (%) lim sup plk, o) Zk lib— 0
LogS | ()& sup uln, o9 loglufn, o9 ] 53 - < oc
n>1 j<n1 7
Str. erg. |
x)& n+1, n — <00
T Y g 2 0 =k
Nash ()& sup p[n, co)¥=D/v 3 <oo( )
n=1 j<n—1
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Property Criterion
Unigq. D >0 ﬁu[o,n] =00 (%)
Recur. > >0 u,.lbn = 00
Erg. (%) & p[0,00) < o0
Exp. erg. 1
Poincaré (x)& ’sgl)u[n, 00) Zj<n—1 wib; < 0
Dis. sp. (%) lim sup plk, o) Zk lib— 0
LogS | (x)&suppuln,od loglln, o9 1] 3 - < o
n>1 j<n1 7
Str. erg. |
x)& D> ——puln+1, n — <00
Llexp. | *) ngo”"b"“[ o) = ’;u ]<Zr;1 b
Nash ()& sup p[n, co)¥=D/v 3 oy <00(e)
n>1 j<n—1"""7
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© Coupling method
e Lifting to the product space
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Lifting to the product space

Example (Normal distribution)

/ e 2dx = \/2r.
R
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Lifting to the product space

Example (Normal distribution)

/ e 2dx = \/2r.
R

/ OO / S ey
0 0

use the polar coordinate system,
due to Simon-Denis Poisson (1781-1840).

dx — dxdy.
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Lifting to the product space

Example [FKG-inequality, 1971]

f87 +7 =>/ngdu>/Rde/Rgdy.

78l

<
7l =

fllolglly, p>1,p ' +q
fllolglly, P<1,p'+q
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Lifting to the product space

Example [FKG-inequality, 1971]

f87 +7 =>/ngdu>/Rde/Rgdy.

gl < IIflolelly, P>1p ' +q
/gl \HpHqu, p<l,p'+q

[ 760 =£0isto) - stylv(@ivtan) > 0

v — UV X V. (Independent coupling)

VA
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© Coupling method

e Trilogy of couplings
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Coupling and Markovian coupling

Coupling measure . Givenv;on (E;, &;),i=1, 2,
v on product space satisfies marginality:

ﬁ(Al X Ez) = V1<A1), ﬂ(El X Az) = V2(A2)
forall A; € &,i=1,2.

Coupling = copulas, transport.

Coupling operator L. Given operators L;,i=1, 2,
L on product space satisfies marginality:

Lfi =Lifi, Lf=Lpf
for every lifted f, € &1 X 6.
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Examples of Markovian coupling

Independent coupling éoz
Ouf (i1, i2) = [Qf (- i2))(in) + [Qaf (ir, )] (i2).
Classical coupling QC: 0,=0,=:0,

écf(ih )= 1{i1¢i2}é0f(i1, i2)+1 =iy OF (-, ) (1)

Mu-Fa Chen (Beijing Normal Univ.) ue Shanxi Normal Univ. 35/43



Chinese love story
Zhita5MEsE

Coupling time
HIA R

“Fall in love at first sight” “— JLAF 484
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Trilogy of Couplings

e Markovian couplings.
e Optimal Markovian couplings.

e Good distance with respect to optimal
Markovian couplings.

ép(il, i) < —ap(iy, iz)
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Trilogy of Couplings

e Markovian couplings.
e Optimal Markovian couplings.
e Good distance with respect to optimal
Markovian couplings.
Qplir, i2) < —aplit, ir)
— A\ = .

Reduce higher dim to dim one.
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Trilogy of Couplings

e Markovian couplings.
e Optimal Markovian couplings.

e Good distance with respect to optimal
Markovian couplings.

ép<i17i2> < —Oép<l.17i2)
— A\ = .

Reduce higher dim to dim one.
“Proof”’: estimation of \;:
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Step 1. g: eigenfunction: Lg = —\g, g F#const.

T, = e't. From semigroups theory,
d
S Li8(x) = TiLg(x) = M Tig(x).
ODE. T,g(x) = g(x)e . (1)
Step 2. Compact space. g Lipschitz w.r.t. p: c,.

Key condition: T;p(x,y) < p(x,y)e .  (2)

e M|g(x) — g(y)| < Ti|g(x) —g(y)] by (1)]
< Cth,O(X, y)
< cgp(x,y)e™ by (2)]
for all 7. Hence A; > . General method!
(2) <= Lp(x,y) S —aplx,y). .
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Design of the distance

Letg ~ A;. Then g; 17.

p(i,j) = |gi — gjl-
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Design of the distance

Letg ~ A;. Then g; 17.
plisj) = |8i — gjl-

Mimic of g:

Z Z [k

Jj<i—1 K J k>j+1
f . test function.
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e Variational formulas.

e Coupling method.
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For Further Reading I

@ M.F. Chen.
Eigenvalues, Inequalities, and Ergodic

Theory.
Springer, 2005.

& M.F. Chen.
Ergodic Convergence Rates of Markov
Processes — Eigenvalues, Inequalities and
Ergodic Theory. Book[4]
http://math.bnu.edu.cn/"chenmf, 2001-.
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For Further Reading 11

B Wang, FY. (2005),
Functional inequalities, Markov semigroups
and spectral theory.
Science Press, Beijing.

Mu-Fa Chen (Beijing Normal Univ.) The first nontrivial eigenvalue Shanxi Normal Univ. 42/43



The end!

Thank you, everybody!

|9,
()}
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