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1. íííêêê���âââ: XXXÛÛÛOOO���(((ÏÏÏAAA(1962–63)?

O�úª: cíê+�íê+FÏ ≡? (mod 7)
2009cíê: 3
�íê:

0 3 3, 6 1 4; 6 2 5, 0 3 5

1 2 3 4 5 6 7 8 9 10 11 12
31 28 31 30 31 30 31 31 30 31 30 31
3 0 3 2 3 2 3 3 2 3 2 3
0 ? ? ? ? ? ? ? ? ? ? ?
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1. íííêêê���âââ: XXXÛÛÛOOO���(((ÏÏÏAAA?

cc5K: 4c1c, 100c�1c, 400cõ1c.
íê�â: Ú(È)�íê�uíê�Ú(È).

2009c�cíê ≡ 2009−1 + 502−20 + 5
≡ −91 + 10
≡ 3 (mod 7).

cc�cíê: c 2��� 1
9{ê��{: n ê xyz�íê

≡ x + y + z (mod 9)
êØ�Ù:Ó{nØ. Æ,^. &%
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2. `̀̀ÀÀÀ{{{[Optimization] (1977, 79, 95)

±�Ð��{À`.

�7©�~ê : ω =

√
5− 1
2

≈ 0.618

½gê: Kiefer, J. (1953, 4+ε�)
Ã¡�: uÛ�(1970, 1981).

ö\%(1973, 74)
Ø½gê: �(1977)
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2. `̀̀ÀÀÀ{{{[Optimization] (1977, 79, 95)

F={fk�����: cf ,3Ùü>î�üN}
é¡üÑP: 1 1Á: x1(P). x1(W ) = ω

P� nÚ°Ý: δ(P, n)=supf∈F |cf (P, n)−cf |
cf (P, n): P �^u f 31 nÚ¤����:
P�°Ý: δ(P) = supn>1 Fn+1δ(P, n),
Fibonacciê�: F0 = F1 = 1, Fn = Fn−1 + Fn−2

½½½nnn (���, 1977)
δ(W ) = infP δ(P). #Vg,#(J.�z

5êÆÏ�6, 1991c18Ï
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3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...

Ý\�Ñ{ : xn = x0 A−n, n > 1,

xn =
(
x(1)n , x(2)n , . . . , x(d)n

)
:1nc��n(¤'%

��¬¤�¤�1�þ)
A = (aij): (��
½�ÑXê�
,
L«z)�Ñ��ü �1 ia�¬I��
Ñ aij�ü �1 ja�¬.
@3 1968c,éÜIÚOiBò§��I¬
²LØ��óä.
·Il 1974cBm©?�I¬²LÝ\�
ÑL.
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²²²LLL½½½555������`̀̀)))ÚÚÚ���$$$½½½nnn

½½½nnn (uuuÛÛÛ���, 1984–85)
±uLÙ��A��λ∗¤éA��A��þ
(7½�����): u A = λ∗u.
X� x0 = u,Kxn = x0λ

∗−n, n > 1. d�k
�¯O��Ýλ∗−1. ¡��A��þ{.
X� 0 < x0 6= u,K7½�3 n0Ú j0¦
� x(j0)n0 6 0. d�¡²Lr��$.

�A��þ{®¤�pé�|¢Ú��Ì�
êÆóä.

���777{{{ (���®®®���������ÆÆÆ) ÆÆÆêêêÆÆÆ������êêêÆÆÆ BNU 2009 8 / 25



²²²LLL½½½555������`̀̀)))ÚÚÚ���$$$½½½nnn

½½½nnn (uuuÛÛÛ���, 1984–85)
±uLÙ��A��λ∗¤éA��A��þ
(7½�����): u A = λ∗u.
X� x0 = u,Kxn = x0λ

∗−n, n > 1. d�k
�¯O��Ýλ∗−1. ¡��A��þ{.
X� 0 < x0 6= u,K7½�3 n0Ú j0¦
� x(j0)n0 6 0. d�¡²Lr��$.

�A��þ{®¤�pé�|¢Ú��Ì�
êÆóä.

���777{{{ (���®®®���������ÆÆÆ) ÆÆÆêêêÆÆÆ������êêêÆÆÆ BNU 2009 8 / 25



²²²LLL½½½555������`̀̀)))ÚÚÚ���$$$½½½nnn

½½½nnn (uuuÛÛÛ���, 1984–85)
±uLÙ��A��λ∗¤éA��A��þ
(7½�����): u A = λ∗u.
X� x0 = u,Kxn = x0λ

∗−n, n > 1. d�k
�¯O��Ýλ∗−1. ¡��A��þ{.
X� 0 < x0 6= u,K7½�3 n0Ú j0¦
� x(j0)n0 6 0. d�¡²Lr��$.

�A��þ{®¤�pé�|¢Ú��Ì�
êÆóä.

���777{{{ (���®®®���������ÆÆÆ) ÆÆÆêêêÆÆÆ������êêêÆÆÆ BNU 2009 8 / 25



~~~ [uuuÛÛÛ���]
�Äó!à�ü«�¬. �

A =
1

100

(
20 14
40 12

)
.

Ku=(5(
√

2400 + 13)/7, 20). 44.34397483. �
Au�ØÓCq�,k

x0 Tx0

(44, 20) ?

(44.344, 20) ?

(44.34397483, 20) ?
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3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...: ���ÅÅÅ���...

aij± 1/3��VÇ� 1%���Ä.b½
Ã a(n)

ij (i, j = 1, 2, n > 1)�pÕá. �´
l x0 = (44.344, 20)Ñu,

P[Tx0 = n] =


0, e n = 1,

?, e n = 2,

?, e n = 3.

���777{{{ (���®®®���������ÆÆÆ) ÆÆÆêêêÆÆÆ������êêêÆÆÆ BNU 2009 10 / 25



3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...: ���ÅÅÅ���...

aij± 1/3��VÇ� 1%���Ä.b½
Ã a(n)

ij (i, j = 1, 2, n > 1)�pÕá. �´
l x0 = (44.344, 20)Ñu,

P[Tx0 = n] =


0, e n = 1,

?, e n = 2,

?, e n = 3.

���777{{{ (���®®®���������ÆÆÆ) ÆÆÆêêêÆÆÆ������êêêÆÆÆ BNU 2009 10 / 25



3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...: ���ÅÅÅ���...

aij± 1/3��VÇ� 1%���Ä.b½
Ã a(n)

ij (i, j = 1, 2, n > 1)�pÕá. �´
l x0 = (44.344, 20)Ñu,

P[Tx0 = n] =


0, e n = 1,

0.09, e n = 2,

?, e n = 3.
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3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...: ���ÅÅÅ���...

aij± 1/3��VÇ� 1%���Ä.b½
Ã a(n)

ij (i, j = 1, 2, n > 1)�pÕá. �´
l x0 = (44.344, 20)Ñu,

P[Tx0 = n] =


0, e n = 1,

0.09, e n = 2,

0.65, e n = 3.

P[T 6 3] ≈ 0.74.
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3. ²²²LLL���`̀̀zzz���êêêÆÆÆ���...: ���ÅÅÅ���...

½½½nnn (���, 1992;���!!!ooo]]], 1994)
3·��^�e, P[Tx0 <∞] = 1, ∀x0 > 0.

²L�¯a5. �â¤ä���*^�,k§
g��Ün�uÐ�Ý.�¯!úÑØÐ.
XØ�Ä�ÅÏ�,Ò¬E¤é���ý. �
ÅêÆ�$^,¬¦¯K�)�'û½5�
?n�°�Ø´�o÷. �ÅÝ
nØ
�m��êÆ+�
�!f[uµ5�ÅL§�Ø6,p�, 2007
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4. The first (nontrivial) eigenvalue

Consider the tridiagonal (birth-death) matrix Q:

Q =


−b0 b0 0 0 · · ·
a1 −(a1+b1) b1 0 · · ·
0 a2 −(a2+b2) b2 · · ·
... ... . . . . . . . . .


ai > 0, bi > 0.

Q1 = 0 · 1. Trivial eigenvalue: λ0 = 0.
Next eigenvalue of −Q: λ1 =?
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The simplest case: two points

Q =

(
−b0 b0

a1 −a1

)
, λ1 = a1 + b0, Pt := etQ

Pt =
1

a1 + b0

(
a1 + b0e−λ1t b0

[
1− e−λ1t

]
a1
[
1− e−λ1t

]
b0 + a1e−λ1t

)
,

π0 =
a1

a1 + b0
, π1 =

b0

a1 + b0
πPt = π

|pij(t)− πj| 6 Constant× e−εεεmaxt, i, j = 0, 1.

µ0 = 1, µi =
b0b1 · · · bi−1

a1a2 · · · ai
, i > 1.

Z =
∑

i µi <∞, πi = µi/Z.
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Pt =
1

a1 + b0

(
a1 + b0e−λ1t b0

[
1− e−λ1t

]
a1
[
1− e−λ1t

]
b0 + a1e−λ1t

)
,

π0 =
a1

a1 + b0
, π1 =

b0

a1 + b0
πPt = π

|pij(t)− πj| 6 Constant× e−εεεmaxt, i, j = 0, 1.

µ0 = 1, µi =
b0b1 · · · bi−1

a1a2 · · · ai
, i > 1.

Z =
∑

i µi <∞, πi = µi/Z.
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L2-exponential convergence
Semigroup Pt = etQ. L2(π), ‖ · ‖, (·, ·).
Q self-adjoint: (f ,Qg) = (Qf , g).

Var(Ptf ) 6 Var(f )e−2λ1t, εεεmax
Chen,1991

= λ1

i.e. ‖Ptf − π(f )‖ 6 ‖f − π(f )‖e−λ1t

or ‖Pt − π‖2→2 6 e−λ1t, π(f ) :=

∫
f dπ

λ1 = inf{(f ,−Qf ) : π(f ) = 0, ‖f‖ = 1}.
λ1: the first non-trivial eigenvalue of −Q.
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Example (The difficulty of the problem)
Four points. Six parameters: b0, b1, b2, a1, a2, a3.

λ1 =
D
3
− C

3 · 21/3 +
21/3

(
3 B− D2

)
3 C

,

where

D = a1 + a2 + a3 + b0 + b1 + b2,

B = a3 b0 + a2 (a3 + b0) + a3 b1+b0 b1+b0 b2

+ b1 b2 + a1 (a2+a3 + b2) ,

C =

(
A +

√
4(3 B−D2)3 + A2

)1/3

,
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Example (The difficulty of the problem)
A = −2a3

1 − 2a3
2 − 2a3

3 + 3a2
3b0 + 3a3b2

0 − 2b3
0 +

3a2
3b1 − 12a3b0b1 + 3b2

0b1 + 3a3b2
1 + 3b0b2

1 −
2b3

1 − 6a2
3b2 + 6a3b0b2 + 3b2

0b2 + 6a3b1b2 −
12b0b1b2 + 3b2

1b2 − 6a3b2
2 + 3b0b2

2 + 3b1b2
2 −

2b3
2 + 3a2

1 (a2 + a3 − 2b0 − 2b1 + b2) +

3a2
2 [a3 + b0 − 2 (b1 + b2)] + 3a2

[
a2

3 + b2
0− 2b2

1−
b1b2−2b2

2−a3(4b0−2b1 + b2) + 2b0(b1 + b2)
]

+

3a1
[
a2

2 + a2
3− 2b2

0− b0b1− 2b2
1− a2(4a3− 2b0 +

b1−2b2)+2b0b2+2b1b2+b2
2+2a3(b0+b1+b2)

]
.
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Perturbation of eigenvalues and eigenfunctions

How about the estimation of λ1?

bi (i > 0) ai (i > 1) λ1 degree of g
i + β

(β > 0)
2i 1 1

i + 1 2i + 3 2 2
i + 1 2i +

(
4 +
√

2
)

3 3

g: eigenfunction of λ1.
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Outline

1 íííêêê���âââ

2 `̀̀ÀÀÀ{{{

3 ²²²LLL���`̀̀zzz���êêêÆÆÆ���...

4 The first (nontrivial) eigenvalue
Criterion and estimates
Lifting to the product space
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Theorem (Criterion and estimates)
Criterion: (4δ)−1 6 λ1 6 Zδ−1,

Estimates: η−1
n 6 λ1 6 η̄−1

n , 16η1/η̄162

δ = sup
n∈E

n∑
j=1

1
µjaj

N∑
j=n

µj, E :={i : 16 i< N+1}

η1 = sup
i∈E

(√
ϕi +

√
ϕi−1

)[
ψi − ψ1

µ[i,N]

µ[0,N]

]
η̄1 = sup

m∈E

1
ϕm

[∑
k∈E

µkϕ
2
k∧m−

1
Z

[∑
k∈E

µkϕk∧m

]2]
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Criterion: (4δ)−1 6 λ1 6 Zδ−1,

Estimates: η−1
n 6 λ1 6 η̄−1

n , 16η1/η̄162

δ = sup
n∈E

n∑
j=1

1
µjaj

N∑
j=n

µj, E :={i : 16 i< N+1}

µ[n,m] =
∑m

j=n µj, Z = µ[0,N]

ϕi =
∑i

j=1(µjaj)
−1, ψi =

∑N
j=i µj
√
ϕj.

5êÆÏ�6, 2002c18Ï. {,�<
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Lifting to the product space

Example (Normal distribution)∫
R

e−x2/2dx =
√

2π.

∫ ∞
0

∫ ∞
0

e−(x
2+y2)/2dxdy,

use the polar coordinate system,
due to Simón-Denis Poisson (1781–1840).

Lifting : dx −→ dx dy.
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Lifting to the product space ‖ · ‖p = ‖ · ‖Lp(µ)

‖fg‖1 6 ‖f‖p‖g‖q, p > 1, p−1 + q−1 > 1,
‖fg‖1 > ‖f‖p‖g‖q, p < 1, p−1 + q−1 6 1.

Example [FKG-inequality, 1971] ������'''

f , g ↑ +? =⇒
∫
R

fgdµ >
∫
R

f dµ
∫
R

gdµ.∫
R

∫
R

[f (x)− f (y)][g(x)− g(y)]µ(dx)µ(dy) > 0.

µ −→ µ× µ. (Independent coupling)
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For Further Reading I

uÛ�.
uÛ��ÊÍ�À8.
þ°��Ñ��, 1984.

uÛ�.
`ÀÆ.
�ÆÑ��, 1981.
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For Further Reading II

M.F. Chen.
Eigenvalues, Inequalities, and Ergodic
Theory.
Springer, 2005.

M.F. Chen.
Ergodic Convergence Rates of Markov
Processes — Eigenvalues, Inequalities and
Ergodic Theory. Book[4]
http://math.bnu.edu.cn/˜chenmf, 2001–.
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The end!

���[�
53
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