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Ä��O, ��ý��f, #ÌØ

o>.� Hardy .Ø�ª
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né�Ý
 E“tkPZ`Z`Z` : 0ďkăN`1u

É
T
Q
�

“

¨

˚

˚

˚

˚

˝

´c0 b0 0
a1 ´c1 b1

a2 ´c2 b2
. . . . . . bN´1

0 aN ´cN

˛

‹

‹

‹

‹

‚

,

T : pakq, pbkq, pckq: n�ES�.)«
Q: aką0, bką0, ck“ak̀ bk, cNěaN .
µ0“1, µn“µn´1

bn´1

an
ôµnan“µn´1bn´1

N ď 888. �{ A�
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)« Q Ý

Q „ pak,´ck, bkq Ñ A “ paijq

bi Ñ ai,i`1 ()), ai Ñ ai,i´1 («).

r r r r r
0 i − 1 i i + 1 N

-
�

bi−1 bi

ai

-

1

r r r r r
0 i − 1 i i + 1 N

-
�

bi−1 bi

ai

-

1

r r r r r
0 i − 1 i i + 1 N

-
�

bi−1 bi

ai

-

1

½Â )«�í2

¡¢Ý
 A“paijq��¡,X�3�
S�[ÿÝ] µ“pµiq ¦ µiaij“µjaji
@i, j. paijq�é¡��þµ�� pµiaijqé¡.aii
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��¡����
X A A��K: û�Í & � 1979.
[Ög�Ì�]. �N “888, Xµk”1,
KÃ²ï�ÚOÔn: Gibbs. XÚ«
ý, VÇØ�õÃ^. ���+N?
\ÚOÔn!r�­.�v�<.
½Â ��¡�í2. 3 L2pµqþg�

¡EÝ
 A“paijq���,X�3�
S�[ÿÝ] µ“pµiq ¦� aii�¢ê

µiaij“µjāji @i, j. "Ó5,'��

paijq�����þµ�� pµiaijq ��
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����O

½n (� 2018. ?\þfåÆ)

E T �����=� (1) pckq �¢;
(2) ½ö ak`1&bk“0 ½ö ak`1bką0;
ü^�Ó�¤á. d�§

µ0“1, µn“µn´1

bn´1

ān

C.G.J. Jacobi

1846. 175c
“µ0

n
ź

k“1

bk´1

āk
.

�7{ (BNU) né�Ý
 2021 c 8 � 2 F 6 / 40



½n (� 2018. ?\þfåÆ)

EA���ðñeãü^�Ó�¤á

(1)éuz�é i, j, ½ö aij&aji“0

½ö aijajią0

ˆ

ô
āij

aji
“
aij

āji
ą0

˙

.

„

5 :
α

β̄
“
αβ

|β|2
. p1q ñaii�¢



(2)�/^�.

)º^� (2). Ø%¯K: ¦ µ“?
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�½´: i0Ñ¨ ¨ ¨Ñ in´1Ñ in, aikik`1
‰0.

÷d´r tµiku
n
k“1�Ñ5.6� tiku

pØ�Ó. aqu)«�/
k´1Ñk : bk´1, ik´1Ñ ik : aik´1ik

kÑk´1: āk, ikÑ ik´1 : āikik´1

µn“µn´1

bn´1

ān
ùñµin“µin´1

ain´1in

āinin´1n
ź

k“1

aik´1ik

āikik´1

“
µin
µi0

�{�I ik‰ ik´1

�/^�: in“ i0ñm�“1. ^�È“ ��È
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´²Ã'5=�/^�. µ ��{

k�êó: Kolmogorov 1936, 

uSchrödinger 1931.3$.Ã�öÃ�.
�¦µ�½ÂÃ©Â,I´²Ã'5.

-
6

-

�

L2

L1

L1

Inverse L2

1

-
6

-

�

L2

L1

L1

Inverse L2

1

-
6

-

�

L2

L1

L1

Inverse L2

1

-
6

-

�

L2

L1

L1

Inverse L2

1

-
6

-

�

L2

L1

L1

Inverse L2

1

-
6

-

�

L2

L1

L1

Inverse L2

1

�ã: l i0� i#�ü^´LLL 1 ÚLLL 2.
mã:òLLL 1����LLL 2Ü¿�Ñ4 .́
dd�Ñ�/^�.
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´²Ã'5��Å|Ø[û!� 1979]
n
ź

k“1

aik´1ik

āikik´1

“
ai0i1
āi1i0

ai1i2
āi2i1

¨ ¨ ¨
ain´1in

āinin´1

“
µin
µi0
.

n
ÿ

k“1

log
aik´1ik

āikik´1

“ logµin ´ logµi0.

�>: ÷´ i0 Ñ ¨ ¨ ¨ Ñ in ¤�õ;

m>: å: i0 Úª: in �³�.

�Å|: ÷?Û4´¤��õ�".
�UkÃ¡õ4´!
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�I�y: Ã ����4´
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�I�y: Ã ����4´
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½n (� 2018. �Ì½n)

Jacobi Ý
 T �Ìu,)«Ý
. �
ö�^ pckq Ú pak`1bkq wªLÑ.

½n (� 2018. �Ì½n)

k����Ý
 A �Ì�u m �
)«Ý
�Ì�¿, Ù¥ m � A �
A�����­ê.

þfåÆ�#e�!#ÌØ!#�{
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���T „pak,´ck, bkq�Ìu)« rQ

ck ě |ak| ` |bk|, uk “ akbk´1 ą 0.
$

’

&

’

%

c̃k ” ck; í£. Nď 8ď 8ď 8

b̃k“ck´uk
L

b̃k´1, b̃0 “ c0;

ãk“ck´b̃k, kăN ; ãN“uN
L

b̃N´1.

rQ�ÌA��þ. DD: ], {öîüN
E��� T , e�¢, KÏ T k¢Ì

Tg “ λg ñ g �E.
T Ú rQ�ÌA��þ��ØÓ.#ÌØ
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wª uk :“akbk´1“|akbk´1| & ck

b̃k “ ck ´
uk

ck´1 ´
uk´1

ck´2 ´
uk´2

. . .

c2 ´
u2

c1 ´
u1

c0

1 ď k ă N , b̃0 “ c0.

ü�. ny²: �y 2018, ü#y 2020.
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)« Q Ý
. ÌA���O. ~f

G��mE “ t0, 1, . . . , Nu, Nď888.

ck”ak`bk. a0“0, bN “0 XNă888

A��§: Qg “ ´λg, g ‰ 0.

Ï Q1“0 ¨ 1. k²�A��: λ0“0.

e��(1��²�)A��: λ1 “?

~ (ü:!üëê)
ˆ

´b b
a ´a

˙

, λ1 “ a ` b.
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)« Q Ý
. ~f

~ (o:!8ëê b0, b1, b2, a1, a2, a3)

λ1“
D

3
´

C

3 ¨ 21{3
`

21{3
`

3B´D2
˘

3C
,

D“a1 ` a2 ` a3 ` b0 ` b1 ` b2,

B“a3 b0`a2 pa3`b0q`a3 b1`b0 b1,

`b0 b2`b1 b2`a1 pa2`a3`b2q,

C“

ˆ

A`

b

4p3B´D2q
3
`A2

˙1{3

,

�7{ (BNU) né�Ý
 2021 c 8 � 2 F 16 / 40



A “ ´ 2a3
1 ´ 2a3

2 ´ 2a3
3 ` 3a2

3b0 ` 3a3b
2
0 ´ 2b30

` 3a2
3b1 ´ 12a3b0b1 ` 3b20b1 ` 3a3b

2
1 ` 3b0b

2
1

´ 2b31 ´ 6a2
3b2 ` 6a3b0b2 ` 3b20b2 ` 6a3b1b2

´ 12b0b1b2 ` 3b21b2 ´ 6a3b
2
2 ` 3b0b

2
2 ` 3b1b

2
2

´ 2b32`3a2
1 pa2` a3´ 2b0´ 2b1` b2q

`3a2
2ra3 ` b0 ´ 2 pb1 ` b2qs ` 3a2

“

a2
3 ` b

2
0

´ 2b21 ´ b1b2 ´ 2b22 ´ a3p4b0 ´ 2b1 ` b2q

` 2b0pb1 ` b2q
‰

` 3a1

“

a2
2 ` a

2
3 ´ 2b20 ´ b0b1

´ 2b21 ´ a2p4a3 ´ 2b0 ` b1 ´ 2b2q ` 2b0b2

` 2b1b2 ` b
2
2 ` 2a3pb0 ` b1 ` b2q

‰

.

Ê:ÑÑ 17 �.wØÑÃëêéuλ1

��z. ��
æK! ě 6 :Ø�)!
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A���A�¼ê��Ä. N“ 8“ 8“ 8

λ19ÙA�¼êg: ´Qg“λ1g, g‰0.

bi pi ě 0q ai pi ě 1q λ1 g gê
i ` β
pβ ą 0q

2i 1 1

i ` 1 2i`3 2 2

i ` 1 2i`
`

4 `
?

2
˘

3 3

A�é4¯a! �O λ1 DpJÝ.
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)« Q Ý
. o>.�/�ÌA��

�m t0, 1, . . . , Nu, Nď8ď8ď8. 1��²�

A��§: Qg“´λg, g‰0.
o«>.. ¦^�è ‘D’ Ú ‘N’. λ#

D: (áÂ) Dirichlet>.g0“0 (gN`1“0).

N: (��) Neumann>.g0“g´1 pgN“gN 1̀q.

NN: üà: 0,NþNeumann >..
DD: üà: 0,NþDirichlet>..
DN: 0: Dirichlet; N : Neumann.
ND: 0: Neumann; N`1: Dirichlet.
�7{ (BNU) né�Ý
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½n (�. 1988–2010) ν̂k“pµkbkq
1́

Ä��O
`

4κ#
˘´1
ďλ#ď

`

κ#
˘´1

, Ù¥

κNN
“ sup
măn

ν̂rm,n´1s

µr0,ms´1 ` µrn,N s´1

κDD
“ sup

mďn

µrm,ns

ν̂r1,ms´1 ` ν̂rn,N s´1

κDN
“ sup

1ďnďN
ν̂r1, nsµrn,N s

κND
“ sup

0ďnďN
µr0, ns ν̂rn,N s

1999, ν̂k“pµkakq
1́, µk`1ak`1“µkbk

=^üÿÝ µ Ú ν̂ LÑ. Ê·~êÏf 4
�7{ (BNU) né�Ý
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ND �/. éóC©úª%C§S

IIipfq“
1

fi

N
ÿ

j“i

1

µjbj

ÿ

kďj

µkfk, FFFII“tf : f ą0u.

½n (�, 2010. ?\A��ê�O�)

éóC©úª [n���]

inf
f PPP ĂFĂFĂFII

supiPPP suppsuppsupppfq IIipfq
´1

“ λ0 “ supf PPPFFFII
inf iPPPE IIipfq

´1.

%C§S!S� Dtδnu
888
n“1Ú tδ1nu

888
n“1 ¦�

λ0 Òδn
´1ěp4κNDq´1, pκNDq´1ěδ1n

´1 Óλ0.
�7{ (BNU) né�Ý
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'ÿ:: ÌA��þ{ü

ÌA��þA5

DD: ](þà), º:ü>î�üN;

NN: lK��, î�üNþ,;

DN: l"m©, î�üNþ,;

ND: l�m©, î�üNeü�".

��ò?Ø���ëY�/Ó�kù
oa>., ¤ã(J·^ulÑ�/.
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l)«��A*Ñ(�²ïÔn)
QÝ
Q“pqijq: �é����K, 1Ú�".
�f Q: Qfpiq“

ř

j qijpfj´fiq, iPE (�ê8).

½n (Feller,Reuter 1957) Q�+ tetQutě0��

ðñ�§Qu“0, 0ďuď1=k").
�½ü�)«Ý
:QxÚQy.½ÂΩr“Qx`Qy.
2½Â Ωd: x � y �m�*Ñ(£¬). �Ñ
�A*Ñ Ω“Ωr`Ωd (�A+*Ñ). <��..
òΩ�)«Q'�: Yan&C. (’83); C. (’85) (1986).
�;Í(1992, 2004), ½n 2.25; 1 4Ü©;Ã¡�
�;Í(2005), 1 9 Ù.
C.(2015) Applied Probab & Statis 31(2)
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��ý��f.E :“p´M,N q, M,N ď888

L“apxq
d2

dx2
` bpxq

d

dx
, Cpxq“

ż x

θ

b

a

µpdxq“
eCpxq

apxq
dx, ν̂pdxq“e´Cpxqdx

L“
d

dµ

d

dν̂

“

f“ae´C
`

f 1eC
˘1‰

, L˚“
d

dν̂

d

dµ
D : fpN q “ 0, N : f 1pN q “ 0.

µpα, βq “
şβ

α µpdxq, ν̂pα, βq.
�7{ (BNU) né�Ý
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½n (�, 2012)

Ä��O
`

4κ#
˘´1
ďλ#ď

`

κ#
˘´1

, Ù¥

κNN
“sup
xăy

ν̂px, yq

µp´M,xq´1`µpy,Nq´1

κDD
“ sup

xăy

µpx, yq

ν̂p´M,xq´1
` ν̂py,Nq´1

κDN
“ sup
xPPP p´M,N q

ν̂p´M,xqµpx,Nq

κND
“ sup
xPPP p´M,N q

µp´M,xq ν̂px,Nq.

=^üÿÝ µÚ ν̂ LÑ.Ê·~ê 4.
�7{ (BNU) né�Ý
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n�Éì

ÍÜ (coupling) nÚ­: ÚO: Copula

a) ê¼ÍÜ; ÄåXÚ: Joinning

b) �`ê¼ÍÜ; Wasserstein distance

c) ål'uÍÜ�`z.

“Chen’s coupling and distance argument”

éó(duality)Eâ. ~: L � L˚.

NÝ (capacity) �{.
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Pt “ e
tL ��êª­½5�Ý

}Ptf ´ πpfq} ď }f ´ πpfq} e
´λNN t,

π “ µ{µpEq,

}Ptf}ď}f} e
´λ# t, } ¨ }“} ¨ }L2pµq

tě0, f PL2
pµq.

λNN: L2 �êªH{�Ý.

Ù§ λ#: L2 �êªP~�Ý.
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l���p�

ÍÜ�{:î¼�mý��fÌY
ÍÜ�{:;iù6/1�A��e.
­È©z�\gÈ©.ϕ4�.°().

C. & F.Y. Wang (1997). Trans. AMS
349:3, 1239–1267.
C. & F.Y. Wang (1997). Sci. Sin.
27:1 (Chin. Ed.), 40:4 (Eng. Ed.)
C. (2008). Acta Math. Sin. New Ser.
24:5, 705–736. (3.3) ª.
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Poincaré & Hardy .Ø�ª

E“r´M,N s, M,Nď888 π“ µ
µr´M,N s

L “ apxq
d2

dx2
`bpxq

d

dx
, Cpxq“

ż x

θ

b

a
,

µpdxq “
eCpxq

apxq
dx, νpdxq “ eCpxqdx.

Poincaré Ø�ª : λNN
}f´πpfq}L2pµqď}f

1
}L2pνq.

Hardy .Ø�ª : }f´πpfq}LqpµqďA}f
1
}Lppνq,

p, q Pp1,888q. ��5, n�Éì^Øþ!
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Ì�(J. DD �/

Hardy .Ø�ª µ, ν: Borel ÿÝ

}f}Lqpµqď A}f
1
}Lppνq, fp´Mq“0“fpN q.

ν̂pdxq “ ν̂ppdxq “

ˆ

dν#

dx

˙´1{pp´1q

dx.

ν# : ν �ýéëYÜ©. p´1`p˚´1“1

kq,p“

„

q ´ p

p B
´

p
q´p
, ppq´1q

q´p

¯

ff1{p´1{q

ď2 if qěp ;

kp,p“p
1
pp˚

1
p˚. Bpx, yq“ΓpxqΓpyq{Γpx`yq.
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½n (�, 2013) DD �/

Hardy .Ø�ª��Z~êA ÷v

(1)Aďkq,pB
˚, 1ăpďqă888, 1eµpp“0;

(2) A ě B˚, 1 ă p, q ă 888, Ù¥

B˚
“sup
xďy

µrx, ys1{q

 

ν̂r´M,xq´q{p˚`ν̂ry,N s´q{p˚
(1{q

,

B˚“sup
xďy

µrx, ys1{q

 

ν̂r´M,xq1´p ` ν̂ry,N s1´p
(1{p

.

� qěp �, B˚ďB
˚ď21{p´1{qB˚. Ïd,

Aă888��=�B˚ă888.
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5. =¦^ µ& ν̂ wª).

þ!e.¥ ´M , N é¡. kq,p2
1{p´1{qď2.

� q “ p �, B˚ “ B˚ “

sup
xďy

µrx, ys1{p

 

ν̂r´M,xq1´p`ν̂ry,N s1´p
(1{p

í� ν̂ry,N s, �Ñ DN �/ f ṕ M q“0

B´
“ supx ν̂r´M,xq1{p

˚

µrx,N s1{q.

í� ν̂r´M,xq, �Ñ ND �/ fpN q“0

B`
“ supy µr´M,ys1{q ν̂ry,N s1{p

˚

.
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®�(J (8 �Ö, 1990–2011)

p´M,N qþ�Hardy .Ø�ª µ, ν: BorelÿÝ

}f}Lqpµq ď A}f
1
}Lppνq, DN & ND �/

A´ : fp´M q “ 0; A` : fpN q “ 0.

½n (1920–1992. kq,p �Z~ê)

� q ě p. K B˘ ď A˘ ď kq,pB
˘, Ù¥

B´“ supx ν̂r´M,xq1{p
˚

µrx,N s1{q,

B`“ supy µr´M,ys1{q ν̂ry,N s1{p
˚

.

B˘ ¥�éó: µ Ø ν̂. o>.={e NN �/.
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½n (�, 2013) NN �/

� µr´M,N să888. K Hardy .Ø�ª��Z

~ê A ÷v

(1)Aďk2,pB
˚, 1ăpď2ďqă888, 1e µpp“0

(2) A ě B˚, 1 ă p, q ă 888, Ù¥

B˚
“sup
xďy

ν̂rx, ys1{p
˚

 

µr´M,xq´p {̊q`µry,N s´p {̊q
(1{p˚

,

B˚“sup
xďy

ν̂rx, ys1{p
˚

!

µr´M,xq
1

1´q`µry,N s
1

1´q

)1{q˚
.

?�Ú, B˚ďB
˚ď21{p´1{qB˚, 1e qěp.

LqÑB. Nash,éê Sobolev, Sobolev .Ø�ª.
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�YuÐ(Ü©)
Þü©?nlÑ�/, )û��)JK. 1 3©Ú

�?nDN �/�ëY9lÑ. T©9���Z

~ê�1 4 ©^u6/þ� Sobolev Ø�ª.

Liao, Z.W. (2015) Advanced Nonlinear

Studies 15, 805–834.
Liao, Z.W. (2016) Acta Math. Sin., Eng.

Ser. 32(9): 993–1013.
Li, Y. & Mao, Y.H. (2020). Math. Inequal.

Appl. 23(1): 257–266.
Andreucci, D. & Tedeev, A.F. (2021).

Sobolev ineq. Riem. mfd. Preprint, arXiv.
�7{ (BNU) né�Ý
 2021 c 8 � 2 F 35 / 40



~. n«�{O���A�é

6���
,�"��ê 30�,�Ý .093̂ 10´3,

�Ké¡, �� Pp0, 154.8089s

�ªÅ: AMD Ryzen 5 2600, 6 Øü CPU �Ý�

3.85 GHz, S� 32 GB. Matlab v. R2015b,

Windows 10.

�{ 3©þ�ê í©þ�� S�ê ^�
# 56515, 94.2% 8.1̂ 10´316 288 5.1

eigs 3311, 5.5% 3.1̂ 10´8 5¦
PI 56460, 94.1% 1.9̂ 10´315 1.5̂ 106 894
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~. n«�{O�c 6�A�é
New algorithm MatLab-eigs

` |x̃p`q| # iteration time ` |x̃p`q| time
1st 56515 8.1e-316 (288, 40, 5) 5.1 3311 3.7e-08

30

2nd 57294 8.7e-316 (319, 45, 6) 5.8 3883 3.2e-08
3rd 57936 9.2e-316 (244, 40, 5) 4.6 4306 4.1e-08
4th 58515 8.7e-316 (274, 45, 7) 5.2 4599 8.6e-08
5th 59020 1.2e-315 (276, 45, 5) 5.4 5138 2.9e-08
6th 59536 9.1e-316 (312, 45, 6) 6.3 5401 5.2e-08

Modified Power Iteration (PI)
` |x̃p`q| time # PI

1st 56460 1.9e-315 894 1.5e+06
2nd 57246 1.8e-315 1173 1.5e+06
3rd 57896 1.7e-315 1442 1.5e+06
4th 58472 1.7e-315 1718 1.5e+06
5th 58988 2.0e-315 1998 1.5e+06
6th 59480 2.0e-315 2292 1.5e+06
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The end!
Thank you, everybody!
���[�
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