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1 uÛ�²L�.: ­½5
¤'%��¬¤�¤��n: [�½ü :�,ë...]

x “
`

xp1q, xp2q, . . . , xpdq
˘

.

�	�c²L�n«êâ

�c�Ý\:

x0 “
`

x
p1q
0 , x

p2q
0 , . . . , x

pdq
0

˘

.

8c��Ñ: x1 “
`

x
p1q
1 , x

p2q
1 , . . . , x

pdq
1

˘

q.

(��
 (½�ÑXê�
): A0 “ pa
p0q
ij q.

z)���ü � i a�¬, I�Ñ a
p0q
ij �

ü � j a�¬.
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Ý\�Ñ{

x
pjq
0 “

řd
i“1 x

piq
1 a

p0q
ij , x0 “ x1A0.

b½¤)��ÀÜ�Ü^u2)� (n�z�.).

Kk xn´1 “ xnAn´1, n ě 1. l


x0 “ x1A0 “ x2A1A0 “ xnAn´1 ¨ ¨ ¨A0.

�à�/ An ” A. x0 “ xnA
n.

Ý\�Ñ{ : xn “ x0A
´n, n ě 1.

éÜI 1966 c. â 2000ÚO, ě 80I[z 4„5
c?��°L. ·Ig 1987 cåz 5 c?� 1
°I[!�?L. �âx�Ç: ¶�n¯�.
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uÛ�Ä�½n. ��A��þ{
n�z�.:

�Ð�Ý\ x0 “ A ����A��þ.

d�k�ZuÐ�Ý ρpAq´1.

ÄK,��A´1­ě0,Ò7,r��ï,=�ï�

T :“ inftn : xn�,�©þď0uă888888888.

u�c¤�k��z´1�^.

Perron-Frobenius ½n: ��A�����!ü�,
���!mA��þ��[���].
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~. [u 1984]

=�Äó!à�ü«�¬. �

A “
1

100

ˆ

25 14

40 12

˙

ùñ

u“

ˆ

5

7

`?
2400 ` 13

˘

, 20

˙

, 44.34397483.

Kk
x0 T x0

p44, 20q 3

p44.344, 20q 8

p44.34397483, 20q 13
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uÛ�Ä�½n�y²J� [� 1989/9]

A“P : 0ďP, P111“111, m p1,111q P n“pp
pnq
ij q,

d? 111 �©þþ� 1 ���þ. dH{½n:

p
pnq
ij Ñ πpjq @i, π“

`

πp1q, πp2q, . . . , πpdq
˘

P n
Ñ 111π as n Ñ888. 0 ď π, π111 “ 1.

π � P �²­©Ù(��­½)!): π “ πP .

éu A, ���!mA��þé¡, �ÛÀ�?
éu P , ���!mA��þ©O� π Ú 111,g
,À�!
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uÛ�Ä�½n�y²J� [� 1989/9]

�Iyxną0 @nñx0“π. �x0ą0 �x0111“1.

K 1“x0111“xnP n111“xn111, ně1.

Dtxnkukě1& x̄: lim
kÑ888

xnk“ x̄, x̄ě0, x̄111“1.

x0“px0P
´nkqP nk“xnkP

nkÑ x̄111π“π. ˝

ò A z� P .�½ A,���!mA��þ

u Úv.·P“V ´1
A

ρpAq
V, V“Diagpvq. Ù²­

©Ù�π“uV ñu“π V ´1,£�A.
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uk)�¨m4�&,¼Gu 2010c�
¨m4!ÇJ:5�ÅL§#�Ú6

­.�EÑ�úi!j�ãÖk�úiéÜÑ�.

�� 1997. ÓÏ, �û�ÍP�&(�Q�L)

1�Ù ê¼ó7kÙ©
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uk)�¨m4�&,¼Gu 2010c�
¨m4!ÇJ:5�ÅL§#�Ú6

­.�EÑ�úi!j�ãÖk�úiéÜÑ�.

�� 1997. ÓÏ, �û�ÍP�&(�Q�L)

1�Ù ê¼ó7kÙ©

m4�Ç·7m4�Ç·7m4�Ç·7:
5{CÈ���Ö¯ÿ,kÛq�5{CÈ���Ö¯ÿ,kÛq�5{CÈ���Ö¯ÿ,kÛq�.
[k�¯��: ±e�¯¢´Äk<y²L[k�¯��: ±e�¯¢´Äk<y²L[k�¯��: ±e�¯¢´Äk<y²L.

”Markov ó7k¤©.””Markov ó7k¤©.””Markov ó7k¤©.”

..................

�S 3 Û� 1984.2.29�S 3 Û� 1984.2.29�S 3 Û� 1984.2.29
���cu¿Ø� MCH{(J,XÛßÑ^�?
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2 ÿ2�.. ½|²L

1983–1985 cm, uk)�uL 11 �S�á©,

\þ 1983 cuL�{0, ù
©Ù�oIKÑ

´“Oy²L����`zêÆnØ”. �c·I

¢1�´“Oy²L”. ,
, ¦�© (VII) ;Ø½

|²L. �Ñc¡��.=I��?U=�: ò

Ý
 A �¤ V ´1AV , Ù¥ ���7K¤

V ´���vi{pi�é�
, �OÉ&§õ
ppiq ´½|d�¤�¤��þ,
pviq ´ A ���mA��þ.

d�, ρpV ´1AV q “ ρpAq; �A/ u Ñ uV .
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2 ÿ2�.. ��¤����/
�ÑXê�
: A “ paijq

d
i,j“1, �K!Ø�

�!�_. x: ¤'%��¬�¤��n

Ã�¤n��.. 1 n Ú�Ñ

xn“x0A
´n, ně1. x0 : Ý\.

��¤¢^�..�¤'~αPp0, 1q.

xn “ x0B
n, n ě 1,

B “ p1 ´ αqA´1
` αI. X ρpAqă1

Ý]!ÑÑ�¿\�¤ .�Ý 1
ρpAq

`α
´

1´ 1
ρpAq

¯

ď
1

ρpAq
.

�7{ (BNU) uÛ�²L�. 2021 c 1 � 13 F 12 / 32



� α Ò �, x0 �gdÝ=����m��ê Ò.
½n (x0x0x0 �gdÝ (uÛ� & u�, 1985))

tλju:A �A��(�­),λ1“ρpAqą0ü`̀̀.·

Φpzq“

„

1`
2λ1ϕpzq

λ2
1´|z|

2

´1

, ϕpzq“|z|2´λ1Re z

d? z PC ÷v |z|ăλ1. @o

gdÝ“#tλj PC : λj ­ě0 � ϕpλjqą0,

�) λj �­êu.

3¿ Φpzq“Φpz̄q, ΦpzqP p0, 1qôϕpzqą0.
X αąΦpλ#q, K x0 �gdÝO\��(X
λ#ă0)½ü�(X λ# E�Ý)+­�­ê.
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1997cìÀ� 6Ü�Ý\�ÑL
A “ e¡�
�=�
»

—

—

—

—

—

–

.106525 .10464 0 .002742 .013753 .004744

.140497 .531081 .606984 .277311 .219445 .219056
10´6 .001836 .000324 .015089 .035205 .0454

.001946 .02247 .04405 .082288 .06774 .040897

.166163 .060775 .029865 .034568 .049044 .018104

.004297 .027266 .040428 .061835 .176096 .091463

fi

ffi

ffi

ffi

ffi

ffi

fl

λ1 “ ρpAq “ 0.651093,

g1 “ p9.39469, 47.5425, 1, 3.29471, 7.7896, 5.27587q.

Ã�¤�/ (α“0):²LXÚ4¯a
x0 T

� g1 ��êÜ© 2

� g1 �Ü 6 ê 6
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��¤�/

x0 � g1 ��êÜ©

α 0 0.4 0.6 0.84 0.94 0.99

T 2 2 2 2 4 14

α 0 0.4 0.6 0.84 0.94 0.99

T 2 2 2 2 4 14

α 0 0.4 0.6 0.84 0.94 0.99

T 2 2 2 2 4 14

x0 �� g1 � 6  ÑÑ

α 0 0.4 0.6 0.84 0.94 0.99

T 6 6 7 9 13 70

α 0 0.4 0.6 0.84 0.94 0.99

T 6 6 7 9 13 70

α 0 0.4 0.6 0.84 0.94 0.99

T 6 6 7 9 13 70

°Ý'�¤¯a. �Û��ü�wÍO\? gd
Ý 0 Ñ 2.
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ìÀ�.

A�� CQz ­ě0 � ϕpzq“ |z|2´λ1Re zą0.

λ1 “ 0.651093,

λ2,̆˘̆ “ 0.114716 ˘̆̆ 0.121987 i,

λ3,̆˘̆ “ ´0.0307444 ˘̆̆ 0.0361649 i,

λ4 “ 0.0416897.

ϕpλ2,̆˘̆q“´0.0466502, ϕpλ3,̆˘̆q“0.0222706.

Φpλ3,̆˘̆q“0.93565.

� αą0.93565 �gdÝ� 2. IN�(�!
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2 ÿ2�.. �Å!Ã�¤ [u 1984 (II)]
é�Ç�
, ± 1{6 �VÇ� %1 ��Ä:

raij “ aij VÇ 2/3,

“ aijp1 ˘ 0.01q VÇ 1/6.

± praijq �O paijq, �Ñ��Å�
. Ùg, �

tAn; n ě 1u �Xþ�Õá^©Ù�ÅS�, K

�Ñ�Å�/�Ã�¤²L�.:

xn “ x0

śn
k“1A

´1
k “ x0M

´1
n ,

Mn “ AnAn´1 ¨ ¨ ¨A1.
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2 ÿ2�.. �Å!Ã�¤

�,� x0“p44.344, 20q,3��Å�/ T x0“8.

38c��Å�/, ·�k

PrT x0 “ ns “

$

’

’

&

’

’

%

0, n “ 1,

0.09, n “ 2,

0.65, n “ 3.

PrT x0 ď 3s « 0.74.

�ÅÏ�Ø�ÕÑ!
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2 ÿ2�.. �Å!Ã�¤

�Å�/u(J�Û?

½n (�, 1992)

3��^�e, ·�k

PrT x0 ă 888s “ 1, @x0 ą 0.

y²Ø´. û½5�/,Mn “ AnAn´1 ¨ ¨ ¨A1

�Ì��
śd
j“1 ρpAjq. �Å�/�Û?
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2 ÿ2�.. �Å!��¤
½n (V.I. Oseledec, 1968)

� E log` }A1} ă 888. K

1
n

log }Mn}
a.s.
ÝÑ γ P t´888u Y R,

Ù¥ γ “ limnÑ888
1
n
E log }Mn}.

½n (� & o], 1994)

b½ tBnu ÕáÓ©Ù. 3Ün^�e, ·�k
PrT x ă 888s “ 1, 0 ă @x P Rd.

¯K: XÛN�²L? (�N�.
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1990cc��ó�9�YÖ
²L�`z��Å�. (I)!(II)[1989/9], 1992

²L�`z�êÆnØ (ùÂ) [1990/3].

¸À!�âè (2003),5²LÚ7KêÆ�.

�nØ�¢�6. #õg£«O�

� & o], 1994.

5�ÅL§�Ø6(� & f[u), m� [Ðv

1999], 2007. =©� 2021.

�Ö5Eigenvalues, Inequalities and ...61 10

Ù. �)¯K: 10.9, 10.10.

Ì�þ�Àª
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3 �'ØK.�{
1) êÆ: A��ÑA��þ;

2) O�: A�é

1) u (’84-II): ρpAq“ lim`Ñ888

`

d´1TrpA`q
˘1{`
.

u (’84-VI, ’10): ρpAq“ limkÑ888

`

TrpA2kq
˘1{2k

.

O� A2k �I k gS� [Opkq gÝ
¦{]:

AˆA“A2, A2
ˆA2

“A22, A22
ˆA22

“A23, ¨ ¨ ¨

�Ý
��¦{�oþ� Opkd3q.

éu�.Ý
, �5�§57�)!
A�� Ñ A��þ�7�1.
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2)O�:��A�é. Ã¤Ù�{
~ (� & o�W, 2019b2019b2019b, ~ 9)

� A“pakjq
d
k,j“1, akj“2´jp2k^̂̂j ´ 1q. K

Mathematica ¥� ‘Eigensystem’ �U��

d“11;� d“12 �,©þCÒ� PF½n��.
MatLab ¥� ‘eig’ �U�� d“188; 


‘eigs’ �U�� d“104. ü~þ��¡!

~ (� & o�W, 2019a, ~ 4)

� A �né�
: é�!e!þgé����©

O�~ê ´3, 1, 2. K ‘Eigensystem’ �U��

d“81; ’eig’ Ú ‘eigs’�©O�� d“107, 90.
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l 2015 cm©�O�, ���© [� & o�W,

2019b] �"!â�Ñ²L�.��{. T©�{

�k�5�deã�ÅÿÁwÑ.

¦^ÊÏ)P�>M, d MatLab �‘rand’)

¤��3 p0, 10q S��
, ÿÁT©'u��

A�é�Ì��{. ¤�(JXg:

� d “ 5000. $1 7 ��, �Ñ 2, 326 ~.

²þz~^� 11 ¦.
� d“1000. $1 2 ��, �Ñ 36, 448 ~.

²þz~^� 0.2 ¦.
C2¨106�DÕé¡�
,�ªÅ,A��þ©þ
ě10´317, Ñ� 1.9%.^� 309 ¦. c 6�A�é.

�7{ (BNU) uÛ�²L�. 2021 c 1 � 13 F 24 / 32



u (XI), 1985,l²c 50õU¤�
“38�c�·�ïÄêÆ�I¬²LÑÖ�¯
K�§·���‘�ØV{’§�ØÒ´�X�Á
�¥¤!��SN§V{Ò´ÚÊ�{!̀ À{©
·�k����Ò´ïá��@��¬ÌÂ²L
ÑÖ�§kp���{©” “�ÜÃv3‘©z�
�·’¥;�
‘�<§��§n��’�·$§®
²�,Ã�
,�,��<á�Oy���á�

. �,‘�Ø’á�§�Ú·�Ót‘V{’�Ó
��(ó<!à¬!�ÆEâ<
)§%®HÙ�I

©” “‘�Ø’Ãv�¢�§©ª´·�úM5�
¯©����ðm§uÑ
&Ò§·8�c�¤
��Ãv�U�^�þ
©�vJØ£5No�º
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u (XI), 1985,l²c 50õU¤�
�±�Î/­i§Ã�<5§�è�£gå¢Ò

´�ØÑ5
§yØÑ5
©»l%u§�¾A

�§3º�Ö<
��Ï§�ý&Àön��§

â¦·g´­Ï§nÑ�ÞX5§�Ñ
ùX�

Á��cÔ�5©ù´·Ô��±��ncÜ�

ù´du¶I¾¹K���ncÜ�”

—�g�:“��ïÄ�a×”�Ú©, 2020.

u©8 (2010). ��k)J9: �c3I	Ñ�
u��Ê©8�Q�Â\“�Ø”. �uk)vk
Ó¿, `ù�ó��"�¢�, Ø¤Ù. ©%F"
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3 �'ØK.­½5��Ý�O

��A�éÑ

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

²L�`z�. (1983-85)

|¢Ú�: PageRank (1998)

Ì¤©©Û

$

’

’

&

’

’

%

ÚO: SVD

�êâ

þfåÆ

��A��Ñ

#

ÌA�� “ �

²�1�A��
Ñ

#

­½5�

�Ý�O

né�
/��ý	: �a­½5 10/11 wª�O
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3 �'ØK.ïÄ´�9ë�©z

‚ 1972-1978: `À{. �L�ï?�

‚ 1978-1992: �ÅêÆ+ÚOÔn.ê�²Ñ)Ô

“FromMarkovChains toNonequilibrium...”(’92, ’04).

�^A���x�Cy�. 2008 ©: ϕ4 �..

‚ 1988-2015: �ÅêÆ+êÆÙ§©|.

“Eigenvalues, Inequality, and Ergodic Theory”(2005)

Ì�þ� 4 ò�Ø©8, 1993–

î¬è!�(% 90 u� (2019, 2020).

‚ 1915-�8: �ÅêÆ+O�êÆ�þfåÆ.
“��ïÄ�a×”, “þfåÆ�êÆ#À�”.
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3 �'ØK.þfåÆ

½n (�, 2018)

z������
�Ìu��)«Ý
.

ùp“���”´“��”�ÿ2, ��urþ!0

��¤�þ!0�;

)«Ý
´�aéAÏ�né�Ý
, ´�«�

Ä���ÅL§—)«L§�)¤�.

ddwÑüÆ��m��ål��. áuþfå

Æ�fþ�?Ú.
?�ÚÚ�ÑþfåÆ�#e�!#ÌØ!#�{.
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né�
T„pak,´ck, bkq,0ďkă d̀ 1

T

Q
“

¨

˚

˚

˚

˚

˚

˝

´c0 b0 0
a1 ´c1 b1

a2 ´c2 b2
. . . . . . bN´1

0 ad ´cd

˛

‹

‹

‹

‹

‹

‚

,

T : pakq, pbkq, pckq: n�Eê.

T ���ôpckq �¢� akbk´1 ąp“q0.

)« Q: aką0, bką0, ck“ak̀ bk, cdąad(=).

��� T �Ìu)« rQ„ pãk,´c̃k, b̃kq:
�7{ (BNU) uÛ�²L�. 2021 c 1 � 13 F 30 / 32



uk :“akbk´1“|akbk´1| & ckě|ak|`|bk| wª

b̃k“ck´
uk

ck´1´
uk´1

ck´2´
uk´2

. . . c2´
u2

c1´
u1

c0

, b̃0“c0

c̃k“ ck,

ãk“ck´b̃k, kă d; ãd“ud
L

b̃d´1 if dă888.

Schrödinger�f:L“L0`V ,VÑbh∇,Lh“0.
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http://math0.bnu.edu.cn/˜chenmf

���[�
32
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