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[. Two typical new results:
Schrédinger operator,
Hermitizable matrix and its isospectral one.

[I. Hermitizable matrix. Framework, spectral,
and algorithm of quantum mechanics (QM).

III. Hermitizable differential operator and
isospectral operator.
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|. Two new results. Schrodinger operator

1) The most popular approach to study the

Schrodinger operator
1
L = EA +V ‘unbounded, spectrum‘

is the Feynman-Kac semigroup {T;}i=0:

T, () = Em{ﬂwt) exp{ [ t v<ws>ds] }

where (wy) is the standard Brownian motion.
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Wave mechanics: Schrodinger operator
2) New method to study the spectrum of
Schrodinger operator. Replacing L by

~ 1 ~
L = 5A + th, ’standard spectrum‘

where h is harmonic: Lh = 0, h # 0 (a.e.).
Then, the operator L on L?(dx) is isospectral
to the one L on L?(f1), where dfi := |h|?dx.
Remark g is eigenfunction: Lg=Ag, g+#0.

If dim=1,V, g oscillated; Lg = \g, g is monotone.
10 years may not be enough for a new theory!
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Matrix mechanics. Hermitizable matrix

Definition
A complex matrix A = (a;;) on a countable set

E is called Hermitizable if there exists a positive
measure (ug : k € E) such that

piQij = PG,  1,J € E,
where a is the conjugate of a.

Claim: A is Hermitizable (w.r.t. p) iff A is

self-adjoint on complex L?(u). Real Sp! Iu?
Symmetrizable: real case. Z.T. Hou & C.(1979).
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Spectrum of Hermitizable matrix

Theorem (C. 2018)

The spectrum of a finite Hermitizable matrix A is

equal to the union of the spectrums of ™
birth-death (BD) matrices, where m is the largest

multiplicity of eigenvalues of A. 3 string

v

To play a music =
spectrum of QM

By a Shanxian's

Music Score
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II. Matrix Mechanics. Tridiagonal /BD matrix

T~ (ak, —Ck, bk), E = {kEZ.,.: O<k<N—|—1}

KK \

a; —C bl O
a; —c2 b

0o . - by -1
\ a N _CN)

[T] (ag), (bx), (ck): complex sequences. N <w

[Q] BD: ar>0, bp,>0, cp=ar+ b, cn=apn.
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Tridiagonal matrix: T' ~ (ag, —Ck, b)

Theorem

The tridiagonal T' is Hermitizable iff the
following two conditions hold simultaneously.

o The diagonals (cg) are real.
o Either ai+1&bi =0 or a;.1b;>0

[Separated into blocks] (e b;/a;11>0).
Then
br—1
po=1, px=pr1—:
ag
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Theorem /Algorithm
Given Hermitizable T'~(ay, —cg, bg) with

Ci = ’ak’—ku’ (or ék=0k+m) Then 4 an

explicit birth—death matrix CNQ ~ (&k, —Cps Bk)

such that 7T is isospectral to Q.

In general, we have ¢ > an. We

assume that ¢nx > apn in what follows.

The case ¢y = a,y was also treated in the
published papers (C. 2018, 2019).
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EXp|iCit ug:=arbr_1>0 & cp=: ¢,

~ Uk
bk: Cr—

Uk

Ck—-1—
U2

Cp—2—

U2
Cop— ————
~ ~ ~ u]_
bo = co, bk:Ck_ukz/bk—l c1— —
Co

&kzck—bk, k<N; C~LN=’U,N/bN_1.

Exercise: Q ~ (1,-3,2) — Q =?
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Theorem
Every irreducible™ Hermitizable tridiagonal matrix

+|

T on complex L? (1) isisospectral to a birth-death
(BD) Q-matrix Q on real L2(): i = |h|?u
where Th = 0 on [0, N). Explicit h

by,
ho=1, hn=hp_1 L 1<n<AN.

n—1

é = Dgl T Dh. Unknown immortal help Z<Z1894L A FEEN

n—1 n—1
ho =1, h, = jbk,/nbk, 1<n<N.

k=0
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General Hermitizable A and A [a;; real, Vi)
A = (a;j) is Hermitizable [FIJEK] if
= (pr>0) st. pia;;=piaj;; Vi, J.

D,A = A"D, AH:=(A)
<D,AD,' = A"

A ._1n1/2An-1/2 _ n—1/2 pAHR1/2
<[A :=]D;/?AD '? = D, 2AMD 2

A is Hermitizable< A is Hermitian|.
A: Hermitizing of A

Theory/algorithm of Hermitian matrix
— Hermitizable one
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Spectrum of Hermitizable matrix

Hermitizable A— Hermite A
Y tridiagonal, Hermite T’
— BD (by our result) [Blocks| [5; §4]

In 2000, two journals selected

“Top 10 algorithms in 20th century”. 1/3 matrix:
Householder transformation

Eigenproblem: C.G.J. Jacobi in 1846, 176 years.

Meaning of Hermite—Hermitizable:
Homogeneous medium — Inhomogeneous medium

dx, N=00. No Equil. Phys. Gibbs; Prob: dies out
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Criterion for Hermitizability of general A

Theorem (C. 2018)
Complex A = (a;;) is Hermitizable iff two
conditions hold simultaneously.
o Co-zero property. For each pair (¢, 7), either
a;;j&a;;=0 or a;ja;;>0 (< a;j/a;;>0).
o The circle condition holds for each smallest
closed path without round-trip.

A.N. Kolmogorov (1936), finite time-discrete MC.
Hou & C.(1979)[19821. The ignorant are fearless!

Schrodinger, 1931 20181 THE TR
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Kolmogorov's Circle & Conservative Field

Closed Path: 39— 41— - - — 1, =19 [ai, 7 0]
= Ui, Qi yip= Qipi, 1 Qiyig |Circle condition]

a'":O'il a’in—l":n

— — =1
Qiyig Qg1
Qjgiq a;, i
«—log—+ - +log—/——= =0
Qi iy Qi1

<:)’U)(’L() — 21) + -+ ’U)(’I:n_l — Zn) =0
<:>’U)(’L()—>’I,1—>—>’Ln*1—>’l,n) =0

<= w(each closed path) =0 [ Conservative field|
Claim: Hermitizable A with work w consists a

- - a a
conservative field. w(2—0-2)=log —= +log —~ 0.
ao2 azo
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& AIECAR B FE 2 51

6 8—61 8+141 18+41
5 13 17
3+9i 55 —5+402 30+351
A — 4 4 13 17
T |112—-212 —4-—-321 60—66 12
5 5 17
63—142 84—-98:1 T0+771 16
| 10 15 13
8 10 20 .
n=1{1, 15’ 39° 119 Hermitizing measure.

3 method for computing p: [5; Algorithm 1]
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Eﬂ@ﬂ*hiﬁ IKE Z1§IJ He=Tok, Mk= Hk—1Tk—1,k
D =@ C;+C3+C5=17

\ / Smallest closed paths

O-O-2-0
©O-30-2-0
() OD-O-2-O

a;j; 8 25 39
ri; = G 7“01=E, 7“12=5—2, 7“20=E,
7
1 20 119 238
Tii = — rog3=——y T'3a=——", T'31=—.
J rij’ 03 1197 32 78 s 131 s

O-D—->D—> O®: roriers = 1.
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Hermitizing

3 6 7
6 4-304 ] (44T — (9 + 20—
@ sin2 TS (92 o
PPNE 55 2o16i o (1
“\ 10 4 V13 “\ 51
(4 — 7i) 2+ 16 13 (10 — 114), | 22
65 V13 221
T T 42
(9 —2i)A/— (6 —Ti)a/— (10 + 11é)4/— —-16
\' 85 \ 51 \ 221

Tridiagonalizing A using Householder transformation
Refer to [1; Example 7] and [6; §2]. The transformation
in terms of a unitary matrix U; is A Ay
Al = UlAUlII, Al —>A2 . A2 = U2A1UH.

19 / 30
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Tridiagonalizing Step 1: A,

41

6 2

41 633

A, = 2 164
0 *
0 *

Algebraic expression.

—6 4.52769

4.52769 —3.85976
A=

0 .146245—1.472292
0 —.998788—-.4457837 1.81102+.2783141

Numerical expression.
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—.998788+.4457831
1.81102—-.2783142
—19.6909

Hermitian
0 0
* *
2(23488+21\/615)
- 2501 *
) —100577+84/615
5002
0 0
.146245+1.472297
—19.1993
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Tridiagonalizing Step 2: A, Hermitian

—6 41/2 0 0
A, 41/2 -633/164 * 0
0 +  —30525529/1599902 "
0 0 * —386525/19511
—6  4.52769 0 0
4. _ | 452769 —3.85976 1.83992 0
2= 0 1.83992 ~19.0796 1.21995+1.340074
0 0 1.21995-1.34007¢  —19.8106

As: real, symmetric!

For tridiagonal Hermitizable matrix, optimal algorithm: O(N):
C. & Y.S. Li (2019). Development of powerful algorithm
for maximal eigenpair. Front. Math. China 14(3): 493-519.
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Tridiagonalizing the next symmetric matrix,

usmg Householder transformation. 5 steps

8074 271 373 746 1355 169 676 959 -
2601 5202 1734 2601 5202 867 2601 5202
271 31483 373 373 1355 169 338 959
5202 10404 3468 2601 10404 1734 2601 10404
373 373 2787 475 1865 271 542 245
1734 3468 1156 867 3468 578 867 3468
746 373 475 7102 1865 542 2168 _ 245
A— 2601 2601 867 2601 2601 867 2601 2601
1355 1355 1865 1865 37987 845 1690 4795
5202 10404 3468 2601 10404 1734 2601 10404
169 169 271 542 845 1223 268 1673
867 1734 578 867 1734 289 867 1734
676 338 542 2168 1690 268 11476 _ 3346
2601 2601 867 2601 2601 867 2601 2601
959 959 245 245 _ 4795 _ 1673 _ 3346 46123
L 75202 10404 3468 2601 10404 1734 2601 10404 -

Actually, use 4 steps only, since one step can be ignored.
Refer to [5; Example 9].
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Resulting tridiagonal matrix, symmetric

(3.10419 .581915 O

.581915 6.43398 1.2267
1.2267 3.6022 1.03145
1.03145 2.85964 0
T= 0 2.72146 .448281
448281 2.27854 0

O 0 3.88097 .323827
.323827 3.11903 |

The eigenvalues of the blocks are {7, 4, 3,2}, {3, 2} and
{4, 3} respectively. Here m = 3.

In genral, there are infinite many closed paths (infinite
systems for instance). However, we often need only two
types of smallest closed paths. We have seen the triangle

one as above.
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Symmetrizable (1979)—Hermitizable (2018)
Symmetrizable: real case. Z.T. Hou & C.(1979):
“Markov Processes and Field Theory”

— Statistical Physics.
C.(04) “From Markov Chains to Non-equilibrium...”
Chapter 7: Field Theory
Chapter 11: Reversible Spin Processes and ...
Section 14.3: Reversible RD-processes
Hermitizable (C. 2018) — Quantum Mechanics.
2 characteristics: wave(complex)+meas.(discrete

spectrum) < Hermitizable A+spectrum of BD.
“Hundred year war in QM": 4 randomness?
Einstein: “God doesn't roll dice!”
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[Il. Hermitizable differential operators

Let a = (aij)gl,jzl, b= (b;)", and c are

complex but V is real on R%. Define du=e"dx
and L=V (aV)+b-V—c.
Theorem (C. & J.Y. Li 2020)

Consider Dirichlet boundary. Operator L is

Hermitizable w.r.t. p iff a =a and [a7=a"
Reb = (Rea)(VV),

2lme=—((VV)+V")((Ima)(VV)+Imb).
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Isospectral differential operators

Theorem (C. & J.Y. Li 2020)

Denote Z(L) be the domain of the Hermitizable
L as above in L?(p) and let h: Lh = 0, h # 0
(a.e.). Then L is isospectral to (L, 2(L)):
L=V (aV)+b-V-0,
P(L)={feL*(n): fheD(L)};
Vh
h’
New framework, new spectral theory, and new
algorithm of QM.

b:=b+2Re(a)lj.o fi:=|h|?p.
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The end!
Thank you, everybody!
Wi KK !
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