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o Isospectral transformation: economy A — P.

o Symmetrizing and the first/second
quasi-symmetrizing techniques.

o Mixing of three classical algorithms.
o A coupling technique.

e Hermitizable matrix. New framework, new
spectral theory, and new algorithm of
quantum mechanics (QM).
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An isospectral transformation

Nonnegative, irreducible matrix A = (a;;)

— isospectral transition prob matrix P = (p;;).
P1=1. Set o0 =A1, def D, =DiagMatrix| ],
1 :=vector with components 1.| Then

D,-1A1 =1, o%:=vector (o, Vk).
Irreducibility: V {2, 5}, 2 # 7, 3path ¢ =g ~~1,,=J:
Qigiy Qigiy * " Qi iy, > 0.

A connected graph.
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lsospectral transformation A =D,,-1.A Dy,

Perron-Frobenius Thm 3! maximal p(A),
left >0 (row), right v >0 (column).

Three characteristics! w=(w® # 0, Vk)
A Av
—D,1= =v =D,1
p(A) p(A)
= D,-1 D,1=1 =P
p(A)
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[C. 1992] Isospectral transformation: A — P
A’n

P"=D, 1

D, (isospectral. unique).
A (isosp que)

V{1, 7}: pw >O<:>a< '>o0. Irreducibility!

Theorem (C. 2022)

For x,= g A ™" & pp=poP "™ n=0, we have
Pr=pA)"Tp OV «— Tp=pA) "pn O v
for m >0 where

Oy :=(x®y") if = (x*) & y=(y").
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L.K. Hua's model on economic opmitization

e Vector of products: x = (:c<1), e ,a:(d)).

e Structure matrix (matrix of consumption
coefficients): A=(a;;). =0, Irreducible.

e Input-output method: x,=xgA™", n>1.

o Optimal initial: @g=u, speed: p(A)!

o Collapse: If g # u, then dng s.t. oy,

contains + components. ‘unique equilibrium u!‘
o A—-Ay=(1-a)A+al, ac(0,1) P,

p(Aa) = (1—a)p(A) +Q, |{A,} have same u & v

oc: consumption parameter. H: 1984-87, C: 2021
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Applications of transformation A — P

o Alternative proof of Hua's collapse theorem,
using P instead of A. 1992/8[1989/9].

e Stability: computing collapse time.

o Algorithm for computing maximal eigenpair.

Algorithm for computing (p(A), v)?
e ProductRank in economy.

e Optimization of economic structure matrix.

Last three enable us going to practicel

Mu-Fa Chen (JNU/BNU) Skills of Matrix Computation 2022 44 H 9 H



Commands on the study of economics

This year’s report of government work has
81 times used the word “stability”, which means
“balance”. Over the past few decades, it has
often deviated from equilibrium. Hence, it is the

time for further studying.

Now, mathematics has entered the front line
of many fields of natural science and technology
(weather forecast, medical treatment and surgery,
etc.), it is hard to imagine why mathematics has
not really entered the economy. We are looking
forward to the last two items above. BIFEB %
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Hua’s model: two products

1 [25 14
100 |40 12|’

p(A) :%{)(3”@),
~ 0.430408, 1/p(A) ~ 2.3
u= (2(13 +1/2409), 20),
~ (44.34397483, 20)

Computing collapse time by A and P:
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xo=(44.344,20). T,,,=8. 1/p(A)~2.3

n 1 2 3
. |(103.028, 46.4677) | (239.375, 107.96) |(556.111, 250.868)
n 4 5 6
. |(1292.85, 582.247) | (2990.66, 1362.96) | (7165.52, 2998.2)
n 7 8
. |(13054.5, 9754.73) |(89821.2, -23501.9)
o = (34.4118,20). T,,, = 8. p(P) =1
n 1 2 3
1, |(34.4118, 20.0001) | (34.4122, 19.9996) |(34.4002, 20.0026)
n 4 5 6
pn ((34.4303, 19.9815) | (34.28, 20.1318) | (35.351, 19.0608)
n 7 8
n |(27.7201, 26.6917) |(82.0905, -27.6787)
Differece 328212 _ 1094, Only 2 x 2 matrix.
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Ex. 1 (Symmetrizable, symmetrizing)
BD-type matrix ) ~ (1, -3, 2). [ flat nonzero elements |

k
A= 3-2V2sin—, k=1,....d,
d+1

N (NP Gkm
gr(J) = 2 Sin 7, k=1,...,d.

d+1
Mathematica works up to d =81 only. When
d =2050, (amplitude of g)=103".
Symm. tech. Q¥™~ (1/2, —3,/2), (amplitude of
g1) = v/2. When d = 10%, computed in8's.
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Ex. 2 (Symmetrizable, symmetrizing)
2min{i,j} 1

d
A=(aij)i 1 Gij= Y .
Mathematica ‘Eigensystem’ works up to d < 11.
MatLab ‘eig': d < 50. Output v contains + terms

Lemma (Fp >0 s.t. pia;; = pjaji, Vi, J)
A symmetrizable: 3pu>0st. D,A=AD,

<A:= DM1/2A Du_1/2 symmetric A: symmetrizing of A

where pu® = (ug,vk). A & A isospectral,

ga=D, 1294 p=2"

Theory on this topic (Z.T. Hou & C.1979).
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Ex. 2 max(v)/ min(v) = 648.912

0.030}

0.025}

0.020}

0.015}

0.010}

0.005}

we = 27%, d = 2043
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_1, Not symmetrizable!
2min{i,j} —1

aij = 57 + 1<y
First quasi-symmetrizing technique: use A with
suitable > 0 instead of A in the computation.
The measure o can be chosen arbitrarily, but it is
reasonably to choose the one which is the
symmetrizing measure of A, whenever A is
symmetrizable. The solution of the last p goes as

follows. Let Q = A—D 41. By the irreducibility,
the maximal left eigenpair (0, ) of Q

pQ=0, p=(p1, 2y -5 pa), M1 =1
is what we required. adopt puy, = 2% for simplicity
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Ex. 3 max(v)/ min(v)=1.79 x 10
0.5}
0.10f

0.05

100 200 300 400 500
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Second quasi-symmetrizing technique

o First quasi-symmetrizing technique: leveling
the matrix elements.

e Second quasi-symmetrizing technique: leveling
the maximal eigenvector.

C.+Y.S. Li (2019): Make two endpoints at the
same level.

1 1
- ? - HPEe= ok . 102k/39°

The last power: found by optimal search.

1.79x1014 11 1700 __

i
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Second technique max(v)/ min(v) =480
0.035

0.030 |
0.025

0.020 |

0.015}
0.010} uk=(2><102/39)_k, d=1700
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Comparison of symmetrizable/not symm.

0035
0030}

0030
0025}

0025
0020}

0020
o0ts}

0015
0010p me =27, d = 2043 0010 = (2x10%%)7* d=1700
0005} 0005

0 500 1000 1500 2000 0 50 1000 1500

o Factor 10%/39, direct search (optimization).

o Method for leveling the maximal eigenvector v?
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Algorithm for computing maximal eigenpair

Aim: Making the required eigenvector to be a
nearly constant one.
D, 1AD,1 =p(A)1 = constant1
If | —v|w < €, Then A := D5 1 ADj satisfies
Al ~ constant 1.

Hence we can use A instead of A to compute
the maximal eigenpair. Since the aimed
eigenvector of A is nearly a constant one, the

convergence speed of the computation should be
very fast (cf. C. 2022, in Chinese).
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Mixing of three classical algorithms

Big data, Al, Machine Learning, tools are limited.
o Power lteration (Pl), widely used. Less effective.
o Inverse Power lteration (IP1). How to choose

shift? Rayleigh Quotient: very dangerous.
Except A > 0, nearly no practical estimates.

o Large scale, eigenvector contains many nearly
zero components, often ignored. Reordering

IPI with varying shifts (IPl,), and
IPI with fixed shift (IPI¢). Mixing of PI, [P, IPl.
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Mixing of three classical algorithms

Take the advantage and avoid the disadvantage

of each of these three algorithms.

Allow matrix to be real /complex. Top six eigenpairs
Careful design for shifts of IPI, esp. for IPl,.
Ex.'s, scale 6 x 10% 2 x 108 sparse, using PC.

C. & R.R. Chen (2022). Top Eigenpairs of Large
Scale Matrices. CSIAM Trans. Appl. Math.
2022, 3(1): 1-25.

Z.G. Jia, H.K. Pang. Two preprints (2022)
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Trouble of non-symmetry

E={keZ;:0<k<N +1}.

~

Q~(1,-3,2)BD-type—BD: Q@ ~ (+, -7, +)

221
( —3 53 O \
22_2 _3 231
- 221 221
Q= 232 _3 24-1
231 231
2N+1_2
K O oN+1_1 _3)

Q1L=0, 0 :=(0,...,0,7), ?<0.
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~ sym ~ sm'vI v
Q— Q¥ For Q/Q™ 12U ~

Q" = V2 -3 V2 ;
\ 0 V2 -3/
However, QY™ becomes BD-type, but not BD.

Fall into an infinite loop.
Be alive in desperation! 2018/3 /13 &b F4&t5. &F/E
ghi8, daithiEE
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Coupling of é and Q>

Q [BD-type] % Q [BD>' Q%™ [BD-type]

[teration equation:
( - Q- z(k’_l))’w(k’) — plk-l) — original

( QY™ — k 1))w(k) — v(k_l) — new

Q — Q™ at the same time, use z(k-1)

deduced from @ for which a complete theory.
BERZA T, RINREE R
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O(d) algorithm for tridiagonal matrix

Coupling of Q
&Q*Y™(1991)

20167 |Default algorj
s I %

L.H. Thomas
algo (1949)
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Hermitizable | 2018
T, A 2014

2018
—

Tridiagonal Q

2016 l h-transformation (2014)

Q. Initial (v©®, 2()) | 2016

2016‘

2018

Iterative equation
(— Q™ —2z*-DJ1)x

w(k) = tv(k_l)

shift (%) =
tv(k)*(_Q)tv(k)
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Symmetrizable—Hermitizable  |a;; real
A = (a;;) is Hermitizable [RJJEK] if

= (pr>0) st. pa; = piag; Vi, j.
A: symmetric/selfadjoint on complex L? ()

D,A = A"D, AH:=(A)
<D,AD, ' = A"
1241-1/2 _ n~1/2 AHRQ1/2
<D /7AD" =D, ""A"D;
=: A Hermitizing of A

Theory/algorithm of Hermitian matrix —
Hermitizable one
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Criterion for Hermitizability

Theorem (C. 2018)
Complex A = (a;;) is Hermitizable iff two
conditions hold simultaneously.
o For each pair ¢, j, either a;;&a;; =0 or
a;jaj; > 0 (<:> aij/c_tji > O).
e The circle condition holds for each smallest
closed path without round-trip.
Path: 29 — 23 — -+ — 1, = 19, Q45,,, 70
= Qigiy Wiy qin= Gipi, 1 Qigiy- Circle cond.
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Tridiagonal /Birth-death (BD) matrix
T~ (ak, —Ck, bk), E = {k: €ely: 0<k <N—|—1}

. bya
\O apn _CN/

[T] (ax), (bx), (ck): complex sequences.

[Q] BD: ar>0, bp.>0, cp=ar+ b, cn=apn.
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Tridiagonal matrix: T' ~ (ag, —Ck, b)

Theorem

The tridiagonal T' is Hermitizable iff the
following two conditions hold simultaneously.

o The diagonals (cg) are real.
o Either ai+1&bi =0ora; 1b6;,>0

éj\ﬁ% (<:> bi/&i+1>0).
Then
br—1
Mo =1, pp = pg_1—
ag
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Theorem /Algorithm
Given Hermitizable T'~(ay, —cg, bg) with

Ci = ’ak’—ku’ (or ék=0k+m) Then 4 an

explicit birth—death matrix CNQ ~ (&k, —Cps Bk)

such that 7T is isospectral to Q.

In general, we have ¢ > an. We assume that
cN > apn in what follows. The case ¢y = an
was also treated in the published papers (2018,

2019).
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Explicit g :=arbr_1>0 & ¢ =:¢y

Uk

bkz Cr—
Uk—1

Ck—-1—

U2

Cr—2—

Co—

br, = ¢, —ug/br_1, by = co

U2

Uy
cC1— —
Co

&kzck—bk, k<N; dN:uN/bN_l.

Ex: Q ~ (1,-3,2) —> Q.
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Theorem
Every irreducible™ Hermitizable tridiagonal matrix

T on complex L?( ) isisospectral to a birth-death
(BD) Q-matrix Q on real L2(f1): fi = |h|?p,
where Th = 0 on [0, N). Explicit h

b,

ho=1, hp=hn 1 L 1<n< N
n—1
Q=D,'TDy
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Remove “tridiagonal” condition

A is Hermitizable = DL/zA D;l/z is Hermitian

.U .. .
Hermite — tridiagonal, real, symmetric

— BD (by our result) [Blocks]
Eigenproblem: C.G.J. Jacobi in 1846, 173 years.

In 2000, two journals selected

“Top 10 algorithms in 20th century”. 1/3 matrix:

Householder transformation
Hermite—Hermitizable: Homogeneous medium
— Inhomogeneous medium — BD.
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Differential operators

Let @ = (a;;)%._,, b= (b; and c are
J/1,7=1" zl

complex but V is real on R%. Define dpu=eVdx
and L=V (aV)+b-V—c.
Theorem (C. & J.Y. Li 2020)

Dirichlet boundary. Operator L is Hermitizable
w.r.t. p iff at! = a and

Reb = (Rea)(VV),
2lme=—((VV)+V")((Ima)(VV)+Imb).
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Isospectral differential operators

Theorem (C. & J.Y. Li 2020)

Denote Z(L) be the domain of the Hermitizable

L as above in L?(u) and let h: Lh = 0,h#0

(a.e.). Then L is isospectral to (L, 2(L)):
L=V (aV)+b-V-0,
P(L)={feL?(n): fheD(L)};

Vh

h’

New framework, new spectral theory, and new

algorithm of QM. 1979—Statis. Phys., 2018—QM

fi:=h|*p.

I~) :=b+2 Re(a)l[h¢0]
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FMZPR(2019.11), HAKE(EIE D).
EEMREAFGE: BIREFENRAYE,
8, ETHE BEEE, SRR
RE—MAL, BERAMENNEETESE, G
BEAZIHILRIFEE, SBERAT ...
http://math0.bnu.edu.cn/“chenmf
The end!

Thank you, everybody!
s KK
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