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Á �: nuWÌ�dné�EÝ
)¤, <�f��(ÑdÙÌû½§g,�¦dÝ
k¢Ì.

XÓþfåÆ§�.�£ã´E�f§�*ÿþ´¢�. �ó�, ¤ã�né�EÝ
A´'u,�

ÿÝ�ESÈ�mþ�g�Ý�f"Ù�§)« QÝ
��¡, g,Ò´g�Ý�. ·�ò�0��

#����L5¤J: éu��2��g�Ýné�EÝ
, o�±�EÑ��)« QÝ
, ¦�üö

�Ì({ü/`, üök���Ó�A��). ù�¯Kfw´Ã, �·�Q3ØÓ�Ï§lVÇØ!Ú

OÔnÚO�êÆn�ØÓ��ÝïÄL,²{
û��¦¢��.

�©´�â�ö3“International Conference on Probability Theory and Its Applications”(�

H©nÆ�, 2018/7)��w�n
¤. �©nÜ©: 1) )«L§�#A^; 2) l(�é�����K

�)¢��¡Ý
�E��¡Ý
; 3) d�K�5
(O�)9Ù�OOK�A^(ÚOÔn9þfåÆ).

'�c: EÝ
; ��¡; E��¡; )«Ý
; ÚOÔn; þfåÆ.

¥ã©aÒ: O211.62; O411.1; O177.7

§1. Ú ó

4·�lk�½�ê8 E = {k ∈ Z+ : 0 6 k < N + 1} (N 6∞) þ�né�Ý


A =



−c0 b0 0
a1 −c1 b1

a2 −c2 b2
. . .

. . .
. . .

0 aN −cN


, (1)

!å§§dn�ê (ak), (−ck)Ú (bk))¤, Ïd§k�·�ò§{P¤ A ∼ (ak,−ck, bk).
AO/, XJ (ak)Ú (bk)þ��; 
�� k < N �, ck = ak + bk, 
� N < ∞�, �k

cN > aN , K¡��)« QÝ
. ±ù«Ý
�Ã¡�)¤���ÅL§Ò¡�)«L§.

gd��, �ê��Åó�Ã¡�)¤�, þ^ Q (
Ø^ A)L�. )«L§´�a�{ü

Ú¢^��ÅL§, ´·�Nõ<ÆSÚïÄ�å:Ú��/. é�3·�U
3ùg¬

Æþ��[�6)«L§��#(Øv�c)A^, Ï�ùa�ÅL§´dg¬Æ�Ì±<

��—
�+�Ç�Ì�ó�+�(·¤���¦�ØÍ¥, k 12��IKÑ¹k“)«L

∗��8¼g,�ÆÄ7 (�8?Ò: 11771046), ��ÜV�6�Æï��8Úô��p�`³Æ�ï�ó§�8]Ï.
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§”). ¦´�8ISþé)«L§ïÄ�Ñ�#Ñ�z�VÇÆ[��. ÈIõó, �P�

�ØÍé)öké�K�. =BI�¦�, 3ùp���ÑÙ¥�nÜ [20, 21, 22].

X�©IK¤«§·��#A^�9nu, @´·I��«DÚ�ÃWì(�ã 1), å


u��(ú�c 214c). �83·IH�(q¡HÑnu)!��!F��/2�61.

ã 1. nu�ªxnuÍ

@3 18­V<�Ò��, ÑWkéÐ�êÆ£ã, ~X Fourier?ê. Ïd, nuWÌ�^

Ené�Ý
£ã. ÑW�Ì´�*ÿþ, A�´¢�. ù�þfåÆ�q: �fA´E�

±�NÅÄ5, �Ì´Ôn*ÿþ, A�´¢�. ù�, g,À^ Hermitené�Ý
(�Ý

é¡). �·�ùp¦^��2��E��¡(Hermitizable)né�Ý4. Ø�,é ak+1 Ú

bk Ó��"��©¬��/
	, ��Ené�Ý4 A ∼ (ak,−ck, bk)E��¡�¿�^
�´eãü^Ó�¤á:

(1) (ck)�¢;

(2) é�� k: 0 6 k < N , ak+1bk > 0, ½�d/ bk/āk+1 > 0.

��, ·�ò��[/0�E��¡59Ù�OOK. ùp, ·�k�ã�©�1��Ì�

8I:

z�E��¡né�
(�N=∞�I��^�) A�Ì�^��)« QÝ
�ÌLÑ.

ù�´�©IK�¹Â, �´e�!�ÌK. 3 §3!¥, ·�?Ø��EÝ
���¡5

9Ù�OOK. 3 §4!¥, ·�k0�¯K�5
: Ý
�A��O�. Ï�E�A�éf

�O��5é�æ�, ·�åãÏé�ö��¦�U��äk¢Ì�Ý
a. ,�0�E

��¡5�ü�A^, �´ 30õccA^uÚOÔn, �´ò5�UA^uþfåÆ.
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§2. )«L§�#A^

·�k�ÑE��¡né�
 A��^­�5�. ½Â

µ0 = 1, µn = µn−1
bn−1
ān

, 1 6 n < N + 1. (2)

d��¡5b½, bn−1/ān > 0, �� (µn)��. d½ÂN´wÑXe�E��¡5:

µnbn = µn+1ān+1.

� µ ≡ 1�, ùòz� Hermite5�(�Ýé¡5). éu)« QÝ
, cö¡���¡5,

�ö´Ï~�é¡5. �,, 3?Ø)«L§�, ~b½N =∞. d�e QÝ
é¡, KÃ

²­©Ù, L§�4��". éu�õêA^
ó, Ik²­©Ù. �ó�, e�?né¡

�/, )«L§�A^Ò4�k�, ÒØ¬3�ÅL§nØ¥Ók@o­��/ . dd�

±wÑ, lé¡���¡ké��ål. Ã¦/, l Hermite�E��¡�k���ål.

éu���EÝ
 A = (aij), §¡�E��¡�(Hermitizable): X�3 (µi > 0)¦

�éu�� i, j, k µiaij = µj āji. EÝ
���¡5�du§���f, 3L2(µ)þg�,

l
k¢Ì. 3¿g��f´�¼©Û�­�ØK, �@pob½ÿÝ µ´�½�, Ù�E

q��@ýïÄL.

8?Ø�E��¡né�
 A = (aij)�Ì�)« QÝ
��E. �d, I�Xe^

�:

ck > |ak|+ |bk|, k ∈ E. (3)

·

m = sup
k∈E

(−ck + |ak|+ |bk|)+, (4)

0B�©, �½ a0 = 0. X N <∞, Kd?�� bN = 0. �m <∞�, ± A(m) := A−mI
(Ù¥ I �ü Ý
)�O A, ^� (3)¤á. �m =∞�, �N�¦^,«%C§S.

½Â 1 (�Ì)« QÝ
��E) b½^� (3)¤á, �P uk = akbk−1(> 0). K

½Â)« QÝ
 Q ∼
(
ãk,−c̃k, b̃k

)
Xe.

(1) · c̃k = ck, k ∈ E.

(2) · b̃0=c0 > 0, b̃k=ck−uk
/
b̃k−1. �ó�,

b̃k=ck−
uk

ck−1−
uk−1

ck−2−
uk−2

. . . c2−
u2

c1−
u1

c0

, 0 6 k < N.



4 A^VÇÚO 1 34ò

(3) · ãk=ck−b̃k, 16k<N ; · ãN =uN
/
b̃N−1X N<∞.

½n 2 (�Ì½n) ½Â 1¥¤½Â� QÝ
 Q ∼
(
ãk,−c̃k, b̃k

)
´)«.µ

ãk>0, 16k<N+1; b̃k>0, 06k<N ; c̃k= ãk+b̃k, 06k<N ; c̃N > ãN if N<∞.

§�ýk�½�E��¡né�
 A = (aij)�Ì.

A�`§½n 25gØ´, ²{
û���� [4, 9, 5, 7]. w,, ü�Ý
¤�¹�C

þ��êØé�, ¤�(Ø3�*þ¿Øw,. ½ny3�#y²®²ØJ. d?, ·�=

)ºü��:. Ù�´ b̃k Ú ãk ��5. ��~y, ·��Ä ck = |ak| + |bk|�AÏ�/.

3¿ uk = |ak||bk−1| > 0, �g�íÑ

b̃0 = c0 = |b0| > 0,

b̃1 = c1 −
|a1b0|
b̃0

= c1 −
|a1b0|
|b0|

= |b1| > 0,

b̃2 = c2 −
|a2b1|
b̃1

= c2 −
|a2b1|
|b1|

= |b2| > 0,

· · · · · ·

ãN =
|aNbN−1|
b̃N−1

=
|aNbN−1|
bN−1

= |aN | > 0, 1eN <∞.

�3 (3)ª���^�e�¤
(
ãk, b̃k

)
�5�y², �IüÚ. (a) y²

(
b̃k
)
'u�þ� 

Séz��C� ck üN�~, 3% (uk)� (ck)Ã', ¤I(Ø�^8B{y�. (b) (ãk)

��5¿ØUlð�ª ck = ãk + b̃k �Ñ. 
´
g·��Cm (ak, bk)→
(
ãk, b̃k

)
k�«

J��ØC5: ãk b̃k−1 = akbk−1 = uk > 0 (� [7; (6)]).

Ù�´`²�Ì5��O(¹Â. d (2), ·�C�Ñ A��¡ÿÝ (µk), Ó�k Q�

�¡ÿÝ (µ̃k). u´kü�E L2�m: L2(E,µ)Ú L2(E, µ̃). 8½Â E þ���¼ê h:

h0 = 1, hk+1 = hk
b̃k
bk
, 0 6 k < N.

2½Âl L2(E,µ)� L2(E, µ̃)�N� f → f̃ : f̃ = f/h. @o, dDü�m�m��åN

�, 
��±�A��g.��ØC:

(Af, f)µ =
(
Qf̃, f̃

)
µ̃
,

D(A) :=
{
f ∈ L2(E,µ) : f/h ∈ D(Q)

}
.

���1L«�f A�½Â�´d Q�½Â�p�Ñ5�. N���å59�g.��

�¤
¤ã��Ì�°(¹Â. AO/, XÌlÑ, K¿�Xü�fk���Ó�A��,

P� {λj}. �A�A�¼ê©OP� {gj}Ú {g̃j}, �öA�¢�. u´, d�å5�Ñ

‖gj‖µ = ‖g̃j‖µ̃, =

∫
E
|gj |2dµ =

∫
E
g̃2jdµ̃.
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�õ[!, �ë� [7].

5¿éu)«L§, 'u§��)lÑÌ3S�¯õ­½5, ·�k�����nØ,

�� [6]9Ù¥¤Ú©z. dþã�Ì½n, ·��ò [6]¥¤Já=��d A¤)¤�E

�+(EÄåXÚ) {etA}t>0 þ. ù�´·�¤`�)«L§�#A^. L�ù�A^û�

²�, Ï�'u)«L§�ïÄ¤J�¹
ér�VÇ�ú, 
�´²LA�c�ãåâ

�¤�. éJ��, Ø¦^)«L§�óä, U
éùaEÄåXÚ�ÑXÓ [6]@���

��@nØ. E�/��Ò'¢�/qJ�õ, 3��� §4¥�òw�ùaæ�.

§3. l(�é�����K�)¢��¡Ý
�E��¡Ý


�!m©?Ø��¢½EÝ4 A = (aij)���¡¯K, né�
´Ù{üA~.

¡¢Ý
 A (¢)��¡ (symmetrizable), X

∃(µk > 0) : ¦� µiaij = µjaji, i, j ∈ E.

¡EÝ
 AE��¡ (complex symmetrizable or Hermitizable), X

∃(µk > 0) : ¦� µiaij = µj āji, i, j ∈ E.

d½Âá�, � AE��¡�, éz i ∈ E, aii �¢. Ó���Ý
A = (aij)E��¡�

7�^�:

• "Ó5: éu?¿� i, j, aij = 0⇐⇒ aji = 0.

• �'�: X aji 6= 0, K aij/āji > 0 (�d/, aijaji > 0).

E��¡�½Â=� aij 6= 0âk¿g, ÄK�ª�ü>�". d�± i → j «�. ù

´�Ú�´. 4·�õrAÚ:

i0 → i1 → · · · → in.

ù¡�l i0 � in ��^´. Äk, Ï� i0 → i1, ·�k

µi0
ai0i1
āi1i0

= µi1 .

Ùg, Ï� i1 → i2, �3þªÓ>Ó¦±©ê ai1i2/āi2i1 , ,�2^�gþª, �Ñ

µi0
ai0i1
āi1i0

· ai1i2
āi2i1

= µi1
ai1i2
āi2i1

= µi2 .

XdUY, ��

µi0
ai0i1
āi1i0

ai1i2
āi2i1

· · · ain−1in

āinin−1

= µin . (5)
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¯¢þ, ù�{ü�nÚØy, �Ñ
�~­���ª (5). eò i0 À�ë�:, ¿�

µi0 = 1, Kdª�Ñ
�¡©Ù (µk)��{. ¿��Ñ�¡©Ù�O��¤ÀJ�´Ã

'—d=´“´²Ã'5”(ù´·��5?�ÚuÐ�Ä�). Ùg, e� in = i0, K��e

ãÍ¶(J.

½n 3 (Kolmogorov�/½n (1936)) éz�4´ i0 → i1 → · · · → in−1 → in = i0,

Ñk

ai0i1ai1i2 · · · ain−1i0 = āi0in−1 āin−1in−2 · · · āi1i0 .

d½n
u© [14], ?n�´lÑ�mê��Åó�=£VÇÝ4. XÓ© [14]¥¤

�Ñ�,¯K5
u Schrödinger [17] (�X [2]¤ã,© [17]KÜ
 Schrödinger�)¥�Ì

�,�: ÚOåÆ�þfåÆ)º. Ïd© [17]�,¹kþfåÆ�S%). éuëY�m

ê��ÅóQÝ
��¡�aq(J, ®kA�Öp�
0�, ~X [12, 1]. A�`, [1; 1

233� 239�]¥�Nõá�þ�g [10]. @p� weakly symmetrizable� symmetrizable

�5©OU� symmetrizable� reversible, �Ø2b½L§Ø¥ä, ±B�ISþ�Ï1

�^{��. �c, du^�¤�, 3�¤© [16, 10]Ïm, ��Ø�U��Ö [12, 1]¥¤

Ú^�© [14]Ú [13]. ´�Ã! ½n 3�¿©5�¦�y�Ü4´, ù¿Ø¢S. éuÃ�

8, �U�3Ã¡õ^4´. ·�@c�?ÚÒ´ò§{z�“� ����4´”(�û�

Í�� [16, 10], ùéu�Yó�k��5K�.

½n 4 (� [7]) EÝ
 A = (aij)E��¡�¿�^�´eãü^�Ó�¤á.

(1) éu?¿� i, j, ½ö aij � ajiÓ��", ½ö aijaji > 0.

(2) é� ����4´,�/^�÷v.

íØ 5 né�EÝ
 A ∼ (ak,−ck, bk)E��¡�¿�^�´eãü^�Ó�¤
á.

(1) (ck)�¢�.

(2) ½ ai+1Ú biÓ��", ½ ai+1bi > 0.

·�5¿§e ai+1 Ú bi Ó��", KdÝ
�©¬?n, �~�Ñd^�. ùÒ´3

§1¥¤�ã�Ené�Ý
E��¡5��OOK.

3�Y©Ù¥, ·�òr §1¥�Ì�(Øÿ2�:

�^)« QÝ4­�z�E��¡Ý
�Ì.

=üØ“né�”^�.

'uE��¡Ý
(�f)�­�5ÚA^, 3�e!?Ø.



1 5Ï �7{: )«Ý
­�nuWÌ 7

§4. ¯K�5
Ú�O�A^

�!©�nÜ©: 1) 
gO��¯K; 2) éÚOÔn�A^; 3) A^uþfåÆ��

U5.

1) 
gO��¯K

�!�áu [8]. ·��8I´O�A���g��¢Ü. Ì�¦^�í£ (zk)�_S

�. oÑ/`, k°%ÀÐÐ� (v0, z0). ,�?\S�:

vk =
(A− zk−1)−1vk−1
‖(A− zk−1)−1vk−1‖

, zk =
v∗kAvk
v∗kvk

, k > 1,

ùp¦^�´î¼SÈ (v, u) = v∗u9�A��ê ‖ · ‖.

kw¤'%�A���¢�~.

Q =



−1 1

1/2 −5/2 2 0
1/3 −10/3 3

1/4 −17/4 4

1/5 −26/5 5

1/6 −37/6 6

1/7 0 −50/7 7

1/8 −1/8



^�KÝ
 A�O Q: A = Q+ 50 I/7. K AkXeA��:

λ0 = 50/7, λ1 = 6.40994,

4.26332± 0.835966 i, 2.24838± 0.593141 i, 0.824966, 0.0238239.

cü�Ñ´¢ê. d�, Ð��� w0 = (−7, 1, 1, 1, 1, 1, 1, 1)∗, v0 = w0/
√
w∗0w0 9

z0 = λ0 = 50/7.
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0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

0 1 2 3 4

6.2

6.4

6.6

6.8

7.0

7.2

1 2 3 4 5 6 7

-0.8

-0.6

-0.4

-0.2

0.2

1 2 3 4 5 6 7

-0.8

-0.6

-0.4

-0.2

0.2

1 2 3 4 5 6 7

-0.8

-0.6

-0.4

-0.2

0.2

ã 2 A���%C ã 3 A��þ�%C

(JA���%Cé¯(�ã 2):

{zk}40 : 50/7 = λ0, 6.24817, 6.42141, 6.41, 6.40994 = λ1.

A��þ�%C�é¯: Ð� v0 Ú�ÚS��� v1 ���� v2, v3, v4 k²w�O, ��

n�A²­U(�ã 3).

2wE�Ý�/. ·

Q =


−1/2 1/2 0

0 −1 1

1 0 −1

 .
2· A = Q+ 2 I. @o, AkA��: λ0 = 2, λ1± = 0.75± 0.661438 i. Ø��ö�	, ,

ü�A����ÝEê. ·�'%�Ù¢Ü: 0.75. ã 4Úã 5´A��¢Ü�%C. S�

39Úâ�� 0.75 (°(� 6 ).

ã 4 Re(zn): n = 0, . . . , 10 ã 5 Re(zn): n = 10, . . . , 39
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�$ö, {vn}��ØÂñ§
´3ü(Ø�')�þ�mÌ�:

(.707107, −4.23422 · 10−7, −.707107)∗, (.408248, −.816497, .498248)∗.

e¡�Ñ�õÿÁ. ·

B =



4 + 3 i

4− 3 i 0
3 + 2 i

3− 2 i

2 + i

0 2− i
λ


� λ = 5 + i. §�¢Ü��, ¿�´üA��. 2· A = P−1BP , Ù¥

P =



3 5 3 + i 2 3 1 3 + i

5 4 2 + i 4 5 1 i

3− i 2− i 5 1 + i 2 1 3 + i

2 4 1− i 2 i 1 2

3 5 2 −i 1 1 2

1 2 3 4 5 2 3

7 6 5 4 3 2 1


.

0 2 4 6 8 10 12

10

20
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0 2 4 6 8 10 12

10

20
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0 2 4 6 8 10 12

10
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-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

-0.4 -0.2 0.2 0.4

-0.4

-0.2

0.2

0.4

ã 6 A��¢Ü�%C ã 7 A��þ�%C

d�, S�CqA�� {zn}¢Ü�Âñ5Ø�(�ã 6). ��ACqA��þ {vn}12n=9 �

Âñ5Ò��wØÑ5
(�ã 7). ã¥IÑ
z��þ�å:(§Úª:Ñ u¢¶��
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�¶). z��þd 7�:ë�
¤. �Ï���ù
(J, ·�â=�ïÄ: Û���E

Ý
k¢Ì? ?
é�E¡Ý4���¡�OOK. y3£L5w, ù� {vn}12n=9 �Âñ

5�´é�. Ã����! �Y´: Ï�3E�/, A��þ�±����Eê. 
 v12 Ú

−gmax =����/X eiθ �EÏf, §�´��^=. 3ã 7þ, N´wÑù�^=. d

dwÑEXÚ�5 {vn}12n=9�ÅÄ5.

2) éÚOÔn�A^

40õcc, Ü©êÆ[lmúnz´�, £8g,. m©&¢ÚOåÆ�êÆÄ:, /

¤�Å|�VÇ�ÚOÔn���Æ�. �c, ·�¤�����Ä�¯K´XÛ«©²

;ÚOÔn�²ï���cff,å��²ï�ÚOÔn. �©3$�´, �ÿ�ÍP�

�å, ·�é�
��¡�#óä. �,m©�ã, =�u�êG��m, ,
ù%´·�

r�Ã¡�Ø�ê�m�Ä�. {ü/`, Ã¡¦È�m�ÛÜ, ~´�ê8. Äuù


�{, ·��¤
�1Ø©. ~Xî¬è!� &¶�» (1982a, b), /Å�(1982), o­

�(1983), Q©­�. �� [3; Parts III & IV]9Ùë�©z.

~X, �Äg^�m {−1,+1}. XÚ�G��m´ E = {−1,+1}Zd
. Ã��u²¡

þ��:8 Z2. XÚ�|�(����Üã¡) x = (xu) ∈ E 3 � u ∈ Z2 þkü«

G� xu = ±1. ·�^ uxL«lã¡ xCL5�ã¡, §�|� x=3 u?u)g^:

(ux)u = ±xu, 
3Ù§� � v 6= uþ, §��ØC: (ux)v = xv. y3, ·�^ c(u, x) > 0

L«lã¡ xa�ã¡ ux��Ç (rate). ·�±d�Oê��Åó¥l�: ia�,�:

j �£ã: i→ j, �Ç� qij (�ã 8). ð3, ?¿�½ü� � uÚ v, @o, ã¡ x3ùü

� �þÓ6g^, Ò�¤
�^o>/4´(�ã 9). ÷Xù�o>/�^�����o

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1

Z2Z2Z2
uuu

vvv

i → ji → ji → j at rate qijqijqij

x → uxx → uxx → ux at rate c(u, x) > 0c(u, x) > 0c(u, x) > 0

x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)x = (xu : u ∈ Z2)

ux :ux :ux : jump only at uuu

1

ã 8 Ising�.�üz
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��Ç�¦ÈA��u_�����o��Ç�¦È, d=´þã��¡5(�Au²­�

ÚOÔn)��/^�.

vx

c(v,x)

��

c(u,vux)
//
vux

c(u,vx)oo

c(v,ux)

��
x

c(v,vx)

OO

c(u,ux)
//
ux

c(u,x)oo

c(v,vux)

OO
vx

c(v,x)

��

c(u,vux)
//
vux

c(u,vx)oo

c(v,ux)

��
x

c(v,vx)

OO

c(u,ux)
//
ux

c(u,x)oo

c(v,vux)

OO
vx

c(v,x)

��

c(u,vux)
//
vux

c(u,vx)oo

c(v,ux)

��
x

c(v,vx)

OO

c(u,ux)
//
ux

c(u,x)oo

c(v,vux)

OO

ã 9 g^XÚ�o>/^�

½n 6 ([3; ½n 11.2 (1)]) ±k�8 S �O Zd. Kdg^XÚ��¡(=á²ï

�)��=�eã o>/^�¤á

c(u, x)c(v, ux)c(u, uvx))c(v, vx) = c(v, x)c(u, vx)c(v, vux))c(u, ux),

u, v ∈ S, x = (xu : u ∈ S).

(Øéu Zd�é, d�4´kÃ¡õ.

3) A^uþfåÆ��U5

¯¤±�, þfåÆ�©�Ý
åÆÚÅÄåÆüÜ©. Ù�5�Å!âü­5. �

f´E�§����h	þ§Ì7L´¢�§éA�A�¼ê(Ì¼ê)%7½�E�. ù

Ò`²3Ý4åÆp, ¦^ HermiteÝ
�U,Ün5.

L�Werner Karl Heisenberg (¼ 1932c Nobelø) ��Ðuy�´^�L?n, �

�â¼�@´êÆ[¤��Ý
¦{. ¦�Ø©9� Max BornÚ Pascual JordanÜ�

½Õáu 1925 cuL�n�Ø©, �¤
�5�¡�Ý
åÆ�CÄ�. ·�ùp¤

ù�E��¡Ý
, Pk� Hermite Ý
���Ó�¢Ì!E�fùü�A�, ��A

�¬k:^?. lc¡'ué¡)«Ý4Ú��(��¡))«Ý4�?Ø, v±`²l

Hermite� HermitizablekXé��ål. �N, Hermitekþ!0����, 1eXd,

@o Hermitizableé�þ!0�A�k^.

ÅÄåÆ´ Erwin Schrödingeru 1926Ú?�(¦Ïd� Paul Adrien Maurice Dirac

�å¼ 1933c Nobelø). 3é��{¤�Ï, ÏÝ
�ÌJuO�, ¦�Ý
åÆJu

uÐ. ØX±�©�f¤Lã�ÅÄ�§�éN´?n, ÅÄåÆÅì¤�
þfåÆ�

Ì�. Ù¢, @3 1926c, SchrödingerÒlÔnþy²
ü«åÆ�d. ��, John von

Neumann (1932) [19]�Ñ
��î��êÆy².
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C
c5, �XO�Å�Æ�â��?ÚÎÒO�^��ÅÚ¤Ù, Ý
åÆk:�

�Ð2, ë� [11, 15, 18, 19]. Ù¢, 3ý�O��, �©�fo�lÑz, “ÅÄ”�§Ò£

�“Ý
”�§. ÒêÆ��N
ó, “ëY”�“lÑ”�´ä*~, �[<.

�� �d��+�Ç 80u��S, =±dQ©a��P�A�c5���!|±Ú�

Ï, ¿6
P�èx�Æ.

ë � © z

[1] Anderson, W.J. Continuous-Time Markov Chains: An Applications-Oriented Approach [M]. Springer,

New York, 1991

[2] Bergmann, O. A quantum mechanical version of the paper by E. Schrödinger “Über die Umkehrung
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Reconstructing the Sanxian’s Music Score by a

Birth-Death Matrix

Mu-Fa Chen

(School of Mathematical Sciences, Beijing Normal University; Laboratory of Mathematical

and Complex Systems (Beijing Normal University), Ministry of Education, Beijing, 100875, China)

Abstract: The Sanxian is a traditional Chinese three-stringed plucked instrument. Its

music can be generated by tridiagonal complex matrices. The sound people hear is deter-

mined by its spectrum and naturally requires that the matrix has a real spectrum. As in

quantum mechanics, the description of the model is a complex operator and the observ-

able measurement is real. In other words, the tridiagonal complex matrix described is a

self-adjoint operator on the complex inner product space with respect to a measure. It is

well known that the birth–death Q matrix can be matched and naturally self-adjointed.

We will introduce the latest representative results: for a fairly wide range of self-adjoint

tridiagonal complex matrices, a birth–death Q matrix can always be constructed to make

both isospectral (in simple words, both have the same eigenvalues). This problem is sim-

ple and easy to understand. But we have studied it from three different perspectives:

probability theory, statistical physics and computational mathematics at different times,

and have gone through a long time of exploration.

This article is based on the author’s report on “International Conference on Proba-

bility Theory and Its Applications” (Hunan University of Arts and Science, 2018/7). It

consists of three parts: 1) the new application of the birth–death processes; 2) from the

real matrices (with non negative off-diagonal element) to the complex matrices; 3) the

source of this topic (Computation) and the application of its criterion (Statistical Physics

and Quantum Mechanics).

Keywords: Complex matrix; symmetrizable; Hermitizable; birth–death matrix;

statistical physics; quantum mechanics.
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