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MAET Y, HENHREEET, AINERSER. 52, BTl =X f 25 R T 3HEA
MR AR B B ALPE T B, AR Q FEREVTCRR, B AREh2 B ALPE. oADK AN i
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SR (TR U, P S8 A R B RFAEAE) . IX AN IR 2 2 1, (IR AEAFIR, AR, &
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IR SRR ATECAR; ERTECRR; A KAERE; gtk &1

hESES: 0211.62; 0411.1; O177.7
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IBRIMINEREAHEE ={kcZ, :0< k< N+ 1} (N < o0) LH=XF A%

—Cp bo 0

ap —c b

A = a9 —C9 bg

O Qpnr —Cpn

Y, AU (an), (—c) B (b) 2B, B, ARRATEE EIER A ~ (ar, —c, by)-
M, W15 (ap) A (b)) B9 IE; TEL k< N B, cp = ag + by, 024 N < oo B, i H
e > an, WFRZ AR Q 5BRE. LASRARIE J9 I6 55 /A T HOBEHLIL R AL FR M A TR 7S,
2 R, JLD AR KBRS AN R, W Q (TR A)R2. Rt R — KR
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FE”7). A2 254 E s EX A TGS REW SO AR TR 2 X 2 —. BR 25, e

IR X B A R, BB 77, X L2 R i =3 [20, 21, 22].
WA R 7R, JATTRET RIS b = 5%, 2R E i — P AL e dk SR ds (LI 1), k2

VTR ATTHT 214 48). BSAERBEE T CUREE =5%), 818, HARSEH ZiRAT.

K 1. =2 5%k =5%%%

FLAE 18 L ATt ANE, & A R R A, Blin Fourier 2080, BRIk, =5Z K385 m
R =AREEA. & AR R AT &, N R SE. X SR TR BN AR
PAS sz st (ERE BN &, B 252 SER. IXRE, H ARG Hermite =30 5[ (3L 4E
XFRR). AHFRATIZ BAE FH Ly )iz 1 52 A UK (Hermitizable) =X AR, B2 3EXT apyq F
by, A AZ A REGE RSN, — DNE =X A ~ (g, —cg, by) B ATECARII T %
P2 T IR P 2% IR BT

(1) (cx)
(2) A=V k: 0< k <N, agy1bg > 0, BEEMH by /ag1 > 0.

B, FRATTHRE B TR kA 21 5T RTCAR I A FE N HE . X B FRATT S PR AR ST B — AN
H b5

G—BMEHR=AME(Y N=co HERMEM) ANETHA—NMERQEMEMIE R L.
XIE A AR & S, R T — TR 8. 7 §3 e, FRATTI 18— % 5 R G e T IS PR A
B FCHIEI. AE 4 frrb, FRATSEA 48 i) R SRUR: 0 R R T 5. B SRR
ST SRAR K RT, FRA11 70 B T 4R AT HR A (R AT e K I B Sl R R, RGNl |
A ECARPE R AN, — A 30 ZAERTM A T4eit-MEE, ¥kl BN T &1 1%
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RATSe2h AT TTRUAR =X R A 19— R BT i

by
o = 1, ,un:un_lﬁl, 1<n<N+1. (2)

n

H T ECFRVEBOE , bp1/8n > 0, AT (pn) NIE. HIE CE 5 F BT K E RTECFRME:

Hnbn = tnt10n41-

B op= 10, KB Hermite PR LN FRME). X TA4K Q FFE, FI# Ry AT BC AR L,
JEE AT RIRFRIE. 2R, AETHE KRR, BEOE N = co. MR Q FEFEXTRR, NITE
FRao A, SRRV E. ST RZHNAHINE, f[a-FRaofi. 5 2, 5 KA HEXFR
T, KRR RO IR, HiA SAERENLE AR B b A A . k]
DA, A RS AT BCARA AR R ER Y. Jo%Edh, M Hermite 25 AT HUFRt A HH 2 ER 2.

T —IEHE A = (i), ENERTECFRE (Hermitizable): WI1FLE (u; > 0) fll
BT 1,5, 4 sy — pyage. SR TTRBRPESS 00 T8 M BT 76 L2(u) b £,
M S B R RS TR0z o B R B, (B BB I E o 4 e 1, Hoki
AP RINAHT T

SUie B E AT =X A A = (a;) FFERAE K Q MRFAIMIE. Jvit, 7FEWF %

P
ck = lag + bk, k€ E. (3)
fir
m—iup( c + lar| + b&))T, (4)
€k
BRI, A ag=0. TN < oo, MILALIEE by =0. 4 m < oo i, L AM .= A —mI

(Forp T o BHERE) ARE A, 25604 (3) AL, 2 m = oo B, I A]fili F S AE I FE .
EX 1 (FiARQMEMENME) BREFMH (3) AL, B0 up = agbr—1(> 0). N
AR QM Q ~ (ak, &, by) T
(1) % &, =cp, k€ E.
(2) 4 bo=co > 0, Ek:ck—uk/i)k_l. HEZ,
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br=cr— R 0< k<N.
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(3) /ULN\ (le:Ck—ZN)k, 1<k<N; ﬁv‘ ELNZUN/BN_l i N < o0o.

IR 2 (SFEEE) RN 1 FAEXE Q EM Q ~ (an, —cr,by) & & KA

>0, 1<k<N+1; by>0, 0<k<N; ¢p=a+bg, 0<k<N;éy>=ay if N <oo.
T EM et EHE TR =A% A= (a;) it

MY, EH2REAANY, K TEKMP A [4, 9,5, 7). BIAR, BIAHEREFTEE AR
BN S, A IRE BN EIFA R, EHIEREHE A, b, T
RPN . He— 7 by M Gy, BOIEYE. 1B NGIE, RATHERE ¢ = |ag| + |br| BRI TE.
B R wge = Ja||br—1] > 0, HUCATHEH

i)o:Co:|b0| >0,

. la1bo| |a1bol

b prg — — = — — b > 0

1= o C1 !bol ’ 1‘ )

~ |a2b1] ’CLle‘

b — — — = — = b > 0,

2 = C2 by C2 ]61] | 2‘

by_ by_ .
ay = b anbyal g e <o
bN_1 bel

NTE (3) RI— MR AE T 58 (ak, bi) IEPERRIER, JEFE R L. (a) UEW (by) 36T 1) 5 10 i
JFXEE— TG o IR, B0 (uk) 5 () LR, Frms gl FHIEgNEUEZ . (b) (ax)
TEE SR A58 o, — a + by Sth. TRIEETRATAS S (an, bx) — (dc, be) —Fh
MEAFIIAAENE: Gpby—1 = apbr—1 = up > 0 (WL [7; (6)]).

H R USSR R S . B (2), IRATCHE A BIFCARINEE (u), FIFEA Q 1)
FCARINEE (fig). TREWANE L2 2. L2(E,pu) M L2(E,f). 5% E E—A R h:

ho =1, hk+1:hkzi7 0<k<N.
k

FE X L2(E, 1) B L2(E, p) KBS f — f: f = f/h. B4, BET5W623 6] 22 8] 46 BE ik

5F, T EL GRS AH B F) — IR B B AN AR

(Afu f)M: (Qf? f)ﬁa

P(A) = {f € X(E.p): f/h e 2(Q)}
A —ATRRE T A RE S0 Q M SUIRIE T ORI, MR SRR R — IR AR
e T Ik A S5 ARORG B 2 3. RS 3, s A, R W B o8 e R AR R AL AR
N A} AR IE R B iy {g;} A {g;}, JEE RS, T2, BT

e o P R
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LA, 5% (7).

VE RO T IR, T 0 1 L4 BB 1 P 1 O % R b, AT 2 e M P BT
VEL 6] R FCrh T EISCR. 1 bR B, AR (6] o S B A A R
PRI RL) (im0 b R BRAIT B0 T R . BT T R FF el
L, B2 T A T R T S R T AR SRR B3, 1T LR S5 L4 1A
SR, TR S, A A O R O T B, NS XX KA B ) R Gt IR (6] kR ek
g —ESHR . SRR S L ST TR 2, 7RIS 0 §4 BB BRI

83. M(AEMALITRIEGHY) LA ECFRIERE 2] S AT ACFRAE 4

AFFTHIRVIL — LB AERE A = (aq;) HOPTHCRR )8, =505 A o 2 L 7 B A 451
FREZHERE A (S2)RJBCAR (symmetrizable), 41

I(px > 0) + 1T pwiai; = pjaj, i,j € E.
MEHE A ERBCHR (complex symmetrizable or Hermitizable), Ul
(e > 0) : 1T piai; = pjiag, i,j € F.
HHE XL, 25 A SAECARING, X 5F @ € B, a; AL, FINSEIFERE A = (a;;) 2 TECHRIY
DAL A
L4 %Iﬁj'l‘_&u Xﬂ‘?&'%lﬁl"] 1,7, Q5 = 0 <= g5 = 0.
° IEH:{E ZID Qj; 7& O, I)_lu (Lij/(_Lji >0 (g‘{sf'ﬁl\iﬂj,, QijQji > 0).
EATECIRIE XA a;; # 0 A ERE, BWENWILNE. IKEL i — j Rz, X
. bR Z E LD

g — 1 — - — in.
XFRAM i B i, BI—&EE. Bk, BN g — i, BATE

Qigiy
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Hx, BN iy — dg, ATE LIRS aiyiy /iiy , PRIFFEH— IR B, A

Aigiy Aiyig o Aijqiq o
Z‘O — - - 7:1 — - /f[/ig'
Qi Aigiq Aoy
gt gkar, 153
Qigiy @iyi Qipy_1i
i 0?1 12 n no_ ,Uzin (5)
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F b, XAHRR =DRIE, S VAR EERER (5). AR i ASE AL R
pip = 1, WG H TR (ue) FEE. - HAR R ERR A0 M55 Bk £ 00 8%
R HERIE BB T R M (X R FA VG Kt — PR R A, Hk, B iy, = b0, WASE]T
L EER.

EIE 3 (Kolmogorov B EHE (1936)) & —WHK ig — i1 — -+ — in_1 — iy = io,
A

Qigiy Qiyig " Qip_1ip = Qigin_1 Xin_1in—2 "~ Aiyig-

I PRV 0C [14], AL RS2 B RN (8] By /R AT SRR R S ME AR AR . an[F) 5L [14] He
Fe I, A ERIE T Schrodinger [17] (IEWT [2] AriR, 3C [17] fikE T Schrodinger —A2H 3=
BN Gt SR T JIEERE. IS [17) YRS HET % NWNE). X F skt (a
LR AR Q FEREPTECPR ISR IR, A LA BAE 7 A4, filt [12, 1], M43, [1; 58
233 & 239 W] TVFZMRIYELE [10]. AP HE ) weakly symmetrizable 5 symmetrizable
J5 K43 B BN symmetrizable 5 reversible, AN FAR € i FEAS H b, DS IR [E bR _EAG@EAT
PIRVE— B0 2494, B T2 AR, 78 5E RS [16, 10) WiTE], MRAA v e AE 15 [12, 1] AT
S HISC [14] A1 [13]). RO BB 3 (178 M BRI UE A5 P B, X FEASER. 0T IE R
5, FTREAEAE 55 % 2 D TR TEAE 085 B A 1 I R R NI (0,
BES I (16, 10], 06T G 8 TAEA IRAER M.

EE 4 (BR[7) EHEME A= (ay) ETENNRELMSE TR SRR &L

(1) NTEREW L, ], HFE Qs 5 aji B B E, RE ajjaz; > 0.

(2) *AEEL Ry /DN EE, B & HHE.

Wit 5 =HAEESE A~ (ag, —ck,by) B B 7B 5T R H & F B K
(2) B i1 1 b, [ hs] %%, ‘Ejzai+1bi > 0.

PAVTER, & a0 M b FIR N, WIRHE ] 7> BRANER, SR i e 26 A, X2 e
§1 v TR 38 1) A2 =500 R A A R AR A2 ) D).
FEJR ST, TATRE §1 A LRI 8

ARAEXQEREM TG A,

B = 60 40
P 5 TIRIHR e (5T )y M RS, B R0 16
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84. [BIRRRYIREFNFER N H

KAy =Ry 1) WEE TR 2) XSRS 3) NH T E T ]

1) RBEHERE)E

AT T (8], FATH H AR TR AFAEAE AR R OR S, B A HERS (20) HOXTIE
AR HRS I, SeAE IR W (vo, 20). RJEHENIEA:

(A — Zk—l)_lvk—l B UZA’Uk»

Vg = (A = zp—1) Lop_1 ]|’ 2 = vioe k>,
XA FHRRKEKAR (v,u) = v*u LAHNFTEEL || - ||
S pir ok URFIE R 9 SE 2 1.
1/2 —-5/2 2 O
1/3 -10/3 3
o 17/4 4
) 1/5 —26/5 5
1/6 —37/6 6
LT O -50/7 7
e -1/8

FAAEGSERE AR Q: A=Q+501/7. M AU FHFAE(E:

Ao =50/7, A =6.40994,
4.26332 £ 0.8359661, 2.24838 +0.5931414¢, 0.824966, 0.0238239.

AT PR ANE A2 S 8. SR, WIMEEN wo = (=7,1,1,1,1,1,1,1)*, vy = wo//wiwy K%
20 = Ao = 50/7.
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12

70

681

66

64 . .
62
0 i 2 : '
2 RHILEAIET 3 L[ ERE T

g5 R A I IE TR TR (LI 2):
{zx}d: 50/7 = Ao, 6.24817, 6.42141, 6.41, 6.40994 = \,.

A 1 BB HAR R WA vo FI— ARG 10 o1 SR v, vs, 04 BB ZEH, BIS
ST EBLE 3).
P S LR,

~1/2 1/2 0
Q=0 -1 1
1 0 -1

Har A=Q+21. WA, ABFEE: Ao =2, Mt = 0.75 £ 0.6614384. R K& 24, 5
PIAFFIEE N ISR B AT O S2EE: 0.75. B 4 A 5 R4S AE(E LR RE L. 14
39 SA1RE) 0.75 (FEHE] 6 £i7).
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K5 Re(z,): n=10,...,39
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HEE {v,} WARAWSL, TR LER (AAEI) A& 2 [AE
(.707107, —4.23422- 1077, —.707107)*,  (.408248, —.816497, .498248)*.

gy B E 2.

BN =5+ BRIk, 3F 208 aE. Har A= P 'BP, Hr

3 o 3+7+ 2 3 1 3+
5 4 247 4 5 1 {
3—1 2—1 b 147 2 1 3+
P = 2 4 1—-¢ 2 1 2
3 ) 2 - 1 1 2
1 2 3 5 2 3
7 6 5 3 2 1

{Re(zn)}12: 20=62+6.21, z12=5+1

0 2 4 6 8 10 12

K6 RFAEAE SE B K i B 7 RFIE R

BRI, SEACE AR AEE {2, } SEEBHWCSE AR (LI 6). (EAH RLTAURFAE ) & {v, 2
etk mt 5 a7 A ok 1 (LI 7). AR TR R R s (B AN AR T S 1 1



10 N RS 34 5

Fhh). B FEDG 7 A RERT . IEF VB RIX A, FATA LB AR
A S 0 T 8 R R ) ) S PR . IAE TR SR, XA {on 2 HIHRER
PEIE XS ). Wi — 8! B 50E: DUONER R, FALr & e AR ZE — DR 1 v A
—gmax AHZE—ANBAN € EEH T, B R 2 ek, £E 7 L A5 F XA . &
BE HE RGH K {v, )2y FIBENE.

2) ML AR

40 ZAERT, T BIE R BT A AR LR, FIH B R, TR RS ) # B, B
R L MR 5 Ge it BRI A8 SR 29, TR BT I8 3 1) — AR AR () R e [X 4y 42
AT E P S S AE NI R IS SR, - 2is i, SEREZ )
—ifg, TAVIRE 7 RECRRAE TR, BARTFURR B, AR T AT HORAS 2 ), SR T IX H1 2 3RAT
FE TG 55 4 AN W] H s TR) A . T B i3, G 55 e R s R) I = 0, o A T AR 2 T
ROE, BATTER T — RS Fln™ g BR & T /75 (1982a, b), JH5F1E(1982), ZEit:
HY(1983), HECiisE. VW [3; Parts I & V] K H S k.

i, R E RSN {-1,+1}. RERREZME E = {1, +1}2". BER T Fm
Fsk s 72 RAMHSHEEZN—KE ) 2 = (z,) € E1ENE u € 22 LHPF
RE 2, = 210 FWATH 4o BRNEF o B kME f, ERAS o NAE u bR BTk
(u¥)y = 2y, MIELTINE v #£u b, BIERE: (y2) = 2. IIE, TATH c(u,2) >0
FoME R« BEBIE o B E (rate). FRATLAACHE S /R v] RAE N — 5 i B3 —
JIHER: § — 4, AN q;; (WK 8). TTE, EREBUEMMIE u Fl v, T4, B o fEXH
ML E R AT, SR T — 2 MU A % (LKL 9). I X AN DY TR RS T e A Y

———¢—¢— —¢—¢—
> J| at fate |g;; 72
oL o—o—4 —o—0—
v Tl (% : % € Z?)
——0—0—¢— *——o—o
«LF jump only 3t u
—@ 4 4 4 4 4 4 o—
—@ @ 4 4 4 o—
T —p 42| at fate [c(u)z) > 0
e ) 4 ¢ *r—

K 8 Ising AP AL
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AN R SRR N, 2 ST I I 170 ) DY AN =R SRR, e BTS2 b ] FCAR I (R L TP R s
VIR R R A A

c(u,n)

(tyout) vul
c(v,z)||e(vywz) c(vuz)|| e(v,vuz)
c(u,x)

c(u,u)

K9 BRRARGNINLEAMT

EIE 6 ([3; wH 11.2(1)]) UHRE S REZEZL. NKEKRZSETEAAEETHE
B)YER S TR W& MR
c(u, ) (v, @) e(Uy 4 )) (v, ) = (v, 2)e(U, ) c(V, pu ) )e(u, ),
u,v €S, x=(xy:u€S).
gEpxt T 74t SR BE LS £,

3) RATETFNFNA RN

AR R, & 050 o N R D) S R B 1 PR oy AR k. R E .
TREMW, (AE AT HERE, 1BOAUESR, X R HRHIE eR 2 (6 bR 50 50 6 e N E ). 1X
UL AERE B 22 B 8 Hermite HiRE IR IR & BRVE.

Z 51 Werner Karl Heisenberg (3% 1932 4 Nobel %) B #] & A 2 H 51 R 405
J& A SRENIR & 3805 o e ) Fe R 3. At )18 30 J 5 Max Born M1 Pascual Jordan &1
BUMNAZ T 1925 AR R R =R IR0, MR T 5 RBAR VR B ) 2 i B R AR, AT By
PHIE T ECPRAE BE, #1655 Hermite 55 B 58 2 A0 A I 963l B 5 11X P RRRE, 7T WL
Mo AL, MHT T 5 T 0 FR AR R e A — R (AT C PR ) A K B ) 1 1, 2 DA B
Hermite %] Hermitizable 5 #& 1R K HIEE &, W1, Hermite A 35/ I WRIE, fid 45 Wik,
#B4 Hermitizable Xt AE¥EIA 5 B 2446 H .

W3 7155 Erwin Schrodinger T 1926 5|3 i (fh Bl 1t 5 Paul Adrien Maurice Dirac
— 23K 1933 4 Nobel %), FEARK 7 SL I HA, [RIRE B A 935 0 T 01 550, (1950 B ) 0 T
R AWUA BF B R IR K 3l 77 FEARRT 25 5 A B, I 3N 7 1B N 1 &1 )15
2k, Hsz, BAE 1926 4, Schrodinger 5t MYIEE _FAERH 7 PR 1122254, f§)5, John von
Neumann (1932) [19] 45 H T 5474 SRR,
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I SBAESR, B TR NUR A0 28 AR HERI 5 T SR 38 A0 e, 4B RS J125 8 fUK
BYIEE, 20 (11, 15, 18, 19]. Hs, FEEIETERN, o8 F R Z8 ik, <Bah” i fEstmE
B HREFE AR, BUBCHE IR, R 5 B R0 AR B LR, — KA.

Bt A BEHR 80 BEZ IR, AN LR H T ILTF R H T, LA
B, AR TR K

2 F X M|
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Reconstructing the Sanxian’s Music Score by a
Birth-Death Matrix

Mu-Fa Chen

(School of Mathematical Sciences, Beijing Normal University; Laboratory of Mathematical
and Complex Systems (Beijing Normal University), Ministry of Education, Beijing, 100875, China)

Abstract: The Sanxian is a traditional Chinese three-stringed plucked instrument. Its
music can be generated by tridiagonal complex matrices. The sound people hear is deter-
mined by its spectrum and naturally requires that the matrix has a real spectrum. As in
quantum mechanics, the description of the model is a complex operator and the observ-
able measurement is real. In other words, the tridiagonal complex matrix described is a
self-adjoint operator on the complex inner product space with respect to a measure. It is
well known that the birth—death @) matrix can be matched and naturally self-adjointed.
We will introduce the latest representative results: for a fairly wide range of self-adjoint
tridiagonal complex matrices, a birth—death ) matrix can always be constructed to make
both isospectral (in simple words, both have the same eigenvalues). This problem is sim-
ple and easy to understand. But we have studied it from three different perspectives:
probability theory, statistical physics and computational mathematics at different times,
and have gone through a long time of exploration.

This article is based on the author’s report on “International Conference on Proba-
bility Theory and Its Applications” (Hunan University of Arts and Science, 2018/7). It
consists of three parts: 1) the new application of the birth-death processes; 2) from the
real matrices (with non negative off-diagonal element) to the complex matrices; 3) the
source of this topic (Computation) and the application of its criterion (Statistical Physics
and Quantum Mechanics).
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