
5�ÅL§�Ø6(2007c�)— ��

1. P4§�ê151. ò
/¡�KÝ
A = (aij)Ø��§Xéu?Û� i Ú j,�3 i1, · · · , im
¦�0

U�

/¡�é�����K�Ý
A = (aij)Ø��§Xéu?Û� i Ú j,
�3pØ�Ó� i1, · · · , im 6= i, j ¦�0

2. P10§1171. ò
/XJ�3 i1, · · · , in¦�0
U�

/XJ�3pØ�Ó� i1, · · · , in 6= i, j ¦�0

3. P20§151. ò
/dd9Ún1.14ÚÚn1.21(^u P̃ )�Ñ0

U�

/dd9íØ1.14ÚÚn1.21(^u P̃ )�Ñ0

4. P23§1141. ò
/du p̃

(n)
ij = p

(nd)
ij ,m̃jj = mjj/d.�k0

U�

/du p̃
(n)
ij = p

(nd)
ij , m̃jj = mjj/d§�k0—£=éÒU�ÏÒ¤

5. P26§1131. ò
/ù
(J�¤��?3uµ^�þd P = (pij) û½. §��y²I
�¦^e�Ü©¤0��êÆóä.0

U�

/ù
(J�¤��?3uµ^�þd P = (pij) û½.duù
�O
���gdÀ�´?¿k�8§§�«ù
5���þ��6uÃ¡
�?�1�. §��y²I�¦^e�Ü©¤0��êÆóä.0
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6. P27§171. ò
/(3) üN¼ê�4�$�µ4µfn ∈ H , fnÅ:üO=⇒ lim

n
Afn ↑

A lim
n
f. 0

U�

/(3) üN¼ê�4�$�µ4µfn ∈ H , fnÅ:üO=⇒ Afn ↑
A lim

n
f.0

7. P27§181. ò
/ò÷vþã^���f A ��NP� A . é A, Ã, An ∈ A , A ≤ Ã
XJ Af ≤ Ãf,∀f ∈H ;An ↑ A XJ ANf ↑ Af,∀f ∈H . 0

U�

/ò÷vþã^���f A ��NP� A . é A, Ã, An ∈ A , P
A ≤ ÃXJ Af ≤ Ãf, ∀f ∈H ;P An ↑ AXJ Anf ↑ Af,∀f ∈H .0

8. P36§191. ò

/pij =
∂j

[( ∞∑
k=0

akx
k

)i]
j!∂xj

|x=0.0U�/pij =

{
∂j

j!∂xj

[( ∞∑
k=0

akx
k

)i]}∣∣∣∣
x=0

.0

9. P38§111. ò

/
p
(n)
i0 =

n∑
m=1

f
(n)
i0 ,0U�/
 p

(n)
i0 =

n∑
m=1

f
(m)
i0 ,0

10. P41§1131. ò
/..., τk+1 = inf{n > τk : Xn = i} − τk, k ≥ 1.0

U�

/..., τk+1 = inf{n > τk : Xn = i}, k ≥ 1.0

11. P41§1141. ò
/(a) y² τk, k ≥ 1 ÕáÓ©Ù.0

U�

/(a) y² {τk+1 − τk}k≥1 ÕáÓ©Ù.0

12. P42§111. ò
/(a) (1.37)�dué?¿��� n1, · · · , nm � n2 − n1 = nm −
nm−1, · · · 9G� i1, · · · , im ∈ E,0
U�

/(a) (1.37)�dué?¿��� n1, · · · , nm, ¦� n2 − n1 = nm −
nm−1, · · · 9?¿G� i1, · · · , im ∈ E,0
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13. P47§�ê161. ò
3/(4) ëY5^�(a^�)0þ�\�é/d	§·�g,b½0

14. P49§111. òã¥�
/Ê3�m�VÇ�Ý qie

−qit0

U�

/Ê3�m�VÇ©Ù�Ý qie
−qit0

15. P50§111. ò
/Äk§e−qit = Pi[Xs3[0, t]SØa].X qi 6= 0, K3 [0, t] S7ka0

U�

/� i 6= j.Äk§e−qit = Pi[Xs3[0, t]SØa].X qi 6= 0,K3 [0, t]S
±�VÇ7ka0

16. P50§131. ò
/Ù¥ qie

−qis �3 [0, t] SØa�VÇ�Ý§ qik/qi �l i a� k �
VÇ¶0

U�

/Ù¥ qie
−qis �Ägau)3 s ?�VÇ�Ý§¼ê(ù´Ï�Äk

au)3«m (s, s+4s) ¥�VÇ� e−qis(1− e−qi4s)) qik/qi �l i
a� k �VÇ¶0

17. P50§1211. ò
/d�, P (t) �o�^�©O=z�XeÊ�^�:/

U�

/d�, P (t) �o�^�9^� P ′(t)|t=0 = Q ©O=z�XeÊ�
^�:0

18. P53§181. ò

/=
∑
k 6=i

q
(n)
ik

λ+q
(n)
i

pmin
iA (λ) + δiA

λ+q
(n)
i

0U�/=
∑
k 6=i

q
(n)
ik

λ+q
(n)
i

pmin
kA (λ) + δiA

λ+q
(n)
i

0

19. P53§1101. ò

/pmin
iA (λ) ≥ 0 =

∑
k 6=i

q
(n)
ik

λ+q
(n)
i

p
(n)
kA(λ) + δiA

λ+q
(n)
i

0

U�

/pmin
iA (λ) ≥ 0 =

∑
k 6=i

q
(n)
ik

λ+q
(n)
i

pmin
kA (λ) + δiA

λ+q
(n)
i

0
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20. P54§151. ò
/·K2.10. (pij(t)) Ø�� ⇐⇒ Q = (qij) Ø��. 0

U�

/·K2.10. (pij(t)) Ø�� ⇐⇒ Q = (qij) Ø�� (Ù½Â�14�).0

21. P54§1261. ò

pmin
ij (λ) =

∞∑
n=0

Q(λ)
n
(i, j)/(λ+ qj),

U�

pmin
ij (λ) =

∞∑
n=0

Q(λ)n(i, j)/(λ+ qj),

22. P55§111. ò
/Ù¥ Q(λ)

n
�eãÝ
� n g�:0

U�

/Ù¥ Q(λ)n �eãÝ
� n g�:0

23. P56§1131. ò
/90U�/9rê¼5(½n4.16)0

24. P57§111. ò
/drê¼5�Ñ0U�/drê¼5(½n4.16)�Ñ0

25. P57181. ò

/e
(n)
iH (λ) =

∫ ∞
0

eλtf
(n)
iH (t)dt, eiH(λ) =

∞∑
n=1

e
(n)
iH , 0 ≤ λ < qi0

U�

/e
(n)
iH (λ) =

∫ ∞
0

eλtf
(n)
iH (t)dt, eiH(λ) =

∞∑
n=1

e
(n)
iH (λ), 0 ≤ λ < qi0

26. P57§1201. ò
/.... 2- Fij = Pi[σj ≤ t], 0
U�

/.... 2- Fij(t) = Pi[σj ≤ t],0

27. P58§1121. ò
/½n2.14�y² a) b½ó~�§K....0

U�

/½n2.14�y² a) b½óH{§l
~�§K....0
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28. P60§1151. ò

/½Â mn = q−1
n,n+1(1 +

N−1∑
j=0

qnj +
n−1∑
k=N

mk

k∑
j=0

qnj),0

U�

/½Â mn = q−1
n,n+1

(
1 +

N−1∑
j=0

qnj +
n−1∑
k=N

mk

k∑
j=0

qnj

)
,0

29. P71§1181. ò
/...§Kk lim

t→∞
pij(t) = πj > 0 �

∑
j
πj = 10

U�

/...§k lim
t→∞

pij(t) = πj > 0 �
∑
j
πj = 10

30. P72§131. ò

=
∑

k≤N,k 6=i
pik(s)pkj(t) + 1− pii(t) +

∑
k≤N

pik(s).

U�
=

∑
k≤N,k 6=i

pik(s)pkj(t) + 1− pii(t)−
∑

k≤N,k 6=i
pik(s).

31. P72§141§4�Òc¡\����. =ò
/3cªü>ÓØ± s, 2�þ4�lim

s↓0
.0

U�

/3cªü>ÓØ± s, 2�þ4� lim
s↓0

.0

32. P78§111. ò
/ù�§e

∑
j
pij(t) = 1 (Ø¥ä),0

U�

/1e
∑
j
pij(t) = 1 (Ø¥ä),0

33. P78§1261. ò
/L2(π) (¢²��È¼ê��N)þé¡.0

U�

/L2(π) (äk;| �¢¼ê8)þé¡.0
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34. P79§1171. ò
/y² du3 D(L) þ, D(f, f) = −(Lf, f), 0

U�

/y² du3 D(L) ⊂ D(D) þ, D(f, f) = −(Lf, f), 0

35. P80§181. ò
/½n 3.8. λ1 ≥ supw∈W infe I(w)(e)−1.0

U�

/½n 3.8. λ1 ≥ supw∈W infe I(w)(e)−1, Ù¥ W � {w(e)} ��N.0

36. P83§1121. ò

/��Ø�ª¤á´Ï� 0 < g̃n ≤ gn, 0 <
n∑
i=n

πi − πng̃n/gn ≤
N∑

i=n+1
πi < 1.0

U�

/��Ø�ª¤á´Ï� 0 < g̃n ≤ gn, 0 <
n∑
i=n

πi − πng̃n/gn <

N∑
i=n+1

πi < 1.0

37. P84§131. ò
/d (3.4) 95� 2 �, �3k�4� c := lim

n→∞
µnbnun ≥ 0, 1e

N =∞. 0
U�

/d (3.4) 95� 2 �, �3�K4� c := lim
n→∞

µnbnun, 1e N =

∞.0

38. P86§1191. ò
/...¦�0 = g0 < g1 < · · · < gn−1 < gn ≥ gn+1. ½Â...0

U�

/...¦� 0 = g0 < g1 < · · · < gn−1 < gn ≥ gn+1. ½Â...0¶

39. P87§1121. ò
úª (3.18)/πiqij = πjqji.0U�/πiqij = πjqji, i, j ∈ E.0

40. P95§191§�eI�Y�. ò

/E [f |G 1] = E [f |G 2]⇐⇒
∫

Λ
E [f |G 1] dP =

∫
Λ
fdP,0
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U�

/E [f |G1] = E [f |G2]⇐⇒
∫

Λ
E [f |G1] dP =

∫
Λ
fdP,0

lùpm©, Nõ σ�ê�ü�Ñ�3ù«�Y��¯K, �Öög1
��.

41. P97§131. ò
/½n 4.2 (4.1)-(4.8) �p�d.0

U�

/½n 4.2 Ã5�(4.1)-(4.8) �p�d.0

42. P97§181§�eI�Y�§ ò

E [IB1B2 |F t] = E [E [IB1B2 |F u1 ] |F t] = E [IB1P [B2|F u1 ] |F t]

U�

E [IB1B2 |Ft] = E [E [IB1B2 |Fu1 ] |Ft] = E [IB1P [B2|Fu1 ] |Ft]

43. P97§1181. ò

P[Xt1 ∈ A1, · · · , Xtn ∈ An, Xt ∈ A,Xtu ∈ Au].

=

∫
[Xt∈A]

ξηdP =

∫
[Xt1∈A1,··· ,Xtn∈An,Xt∈A]

P[Xtu ∈ Au|Xt]

U�

P[Xt1 ∈ A1, · · · , Xtn ∈ An, Xt ∈ A,Xu ∈ Au].

=

∫
[Xt∈A]

ξηdP =

∫
[Xt1∈A1,··· ,Xtn∈An,Xt∈A]

P[Xu ∈ Au|Xt]

44. P118§1161. ò
/er^���\r�0U�/d^����\r�0

45. P130§1221§3½n6.2�cO\�ã.
/·�kÚã�ÅL§;�ëY5���Ä�(J, Ùy²�3Nõ
�á¥é�. ~X [39; §15.1] ½ [60½61; §3.2].0
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46. P131§�ê121. ò
/a) du Bt ∼ (N)(0,

√
t), ��0

U�

/a) du Bt ∼ (N)(0,
√
t), d��©Ù�ºÝC�5���0

47. P136§181. ò
/J«µdþ¡�5� (3) �Ñ0

U�

/J«µd½n 6.10 �5� (3) �Ñ0

48. P137§1191. ò

/14. �Ä¢�ëY�È¼ê f ÷v

∫ ∞
−∞

f(x)dx = a > 0.0

U�

/14. �Ä¢�ëY�È¼ê f ÷v

∫ ∞
−∞

f(x)dx > 0.0

49. P145§151IK. ò
/§7.3 �Å�©�§0U�/§7.3 �Å�©�§ (���/)0

50. P146§1111úª (7.15) þ�. ò
/Ïd0U�/dd8B�Ñ0

51. P148§1111. ò

/κ(x) =

∫ x

c
s(ξ)M(ξ)dξ, x ∈ I,0

U�

/κ(x) =

∫ x

θ
s(ξ)M(ξ)dξ, x ∈ I,0

52. P148§1131. ò

/M(ξ) =

∫ ξ

c
exp

[∫ y

c

b(z)

a(z)
dz

]
dy

a(y)
.0

U�

/M(ξ) =

∫ ξ

θ
exp

[∫ y

c

b(z)

a(z)
dz

]
dy

a(y)
.0

53. P148§1151. ò

/S(x) =

∫ x

c
exp

[
−
∫ y

c

b(z)

a(z)
dz

]
dy.0
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U�

/S(x) =

∫ x

θ
exp

[
−
∫ y

c

b(z)

a(z)
dz

]
dy.0

54. P149§151. ò
/��, l
 Doob Ê�½n� e−t∧τnu(Xt∧τn) ´�.0

U�

/l
 {e−tu(Xt)}t≥0��. 2d Doob Ê�½n� e−t∧τnu(Xt∧τn) ´
�.0

55. P149§1151. ò

u(x) = Ex[e−eu(r−); lim
t−→e∧η

Xt = r] + Ex[e−ηu(c); lim
t−→r∧η

Xt = c].

U�

u(x) = Ex
[
e−eu(r−); lim

t−→e∧η
Xt = r

]
+ Ex

[
e−ηu(c); lim

t−→r∧η
Xt = c

]
.

56. P151§1151. ò
/3 L2(π) þ, �f L k²��A�� λ0 = 0,·�a,��´e�
�A�� λ1, 0

U�

/3 L2(π) þ, �f L k²��A�� λ0 = 0, �A�A�¼ê�~
�¼ê1. ·�a,��´e��A�� λ1, 0

57. P152§171. ò

=

∫ D

0
a(u)g′(u)2π(du)

Ze−C(u)

a(u)f ′(u)

∫ u

0
π(dx)

∫ D

u
π(dy)[f(y)− f(x)].

U�

=

∫ D

0
a(u)g′(u)2π(du)

Ze−C(u)

f ′(u)

∫ u

0
π(dx)

∫ D

u
π(dy)[f(y)− f(x)].

58. P152§1111. ò

=

∫ D

u
f(u)π(dy)−

∫ D

u
π(dx)

∫ D

u
f(y)π(dy)−

∫ u

0
f(x)π(dx)

∫ D

u
π(dy)

U�

=

∫ D

u
f(y)π(dy)−

∫ D

u
π(dx)

∫ D

u
f(y)π(dy)−

∫ u

0
f(x)π(dx)

∫ D

u
π(dy)

9



59. P154§1171. ò
/10. y² dXt = cXr

t dt �)��¿��=� r > 1.0

U�

/10. y² dXt = cXr
t dt�)��¿��=� r > 1,d? c�~ê.0

60. P159§1161. ò
/(2) (Xt −At,Ft,P) ´�.0U�/(2) (X2

t −At,Ft,P) ´�.0

61. P161§181. ò
/d�5�, þãV­Úê��3 L2(P) ¥üü��, Ï
0

U�

/d�5�, m��V­Úê��3 L2(P) ¥üü��, Ï
0

62. P167§111. ò

≤ ε

2
+ E

[∫ T

0

(
αt − β̄D(t)

)2
D(dt)

]1/2

(
Ïαt = αD−1(D(t)) = ατ(D(t)) = βD(t)

)
=
ε

2
+ E

[∫ T

0

(
βD(t) − β̄D(t)

)2
D(dt)

]1/2

≤ ε

2
+ E

[∫ T+M

0

(
βt − β̄t

)2
dt

]1/2

<
ε

2
+
ε

2
= ε.

U�

≤ ε

2
+ E

[∫ T

0

(
αt − β̄D(t)

)2
D(dt)

]1/2

=
ε

2
+ E

[∫ T

0

(
βD(t) − β̄D(t)

)2
D(dt)

]1/2

(
Ïαt = αD−1(D(t)) = ατ(D(t)) = βD(t)

)
≤ ε

2
+ E

[∫ T+M

0

(
βt − β̄t

)2
dt

]1/2

<
ε

2
+
ε

2
= ε.

63. P169, �ê%21"�. ò “
∫ T

0 f(Zt)...”U� “
∫ T

0 ∂xijf(Zt)...”
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64. P175§171. ò

/=

[∫ T

0
||σ||2H.S.dt

]
.0U�/=

∫ T

0
||σ||2H.S.dt.0

65. P175§181. ò
/3¿er

∫ t
0 σ(u, c)dBu �¤ (Y 1, · · · , Y N ), Y j ∈M 2

c ,0

U�

/3¿er
∫ t

0 σ(u, 0)dBu �¤ (Y 1, · · · , Y N ), Y j ∈M 2
c ,0

66. P180§�ê151. ò
/(F 0

t )t∈[0,T ]0¥�)ÒU�:.

67. P181§1151. ò
ù�±d Itô úª�Ñµ

EP

{
e
√
−1λ(B̃t−B̃s)hZT

}
= EP

{
EP

[
e
√
−1λ(Bt−Bs+

∫ t
s urdr)−

∫ t
s urdBr−

1
2

∫ t
s u

2
rdr|F 0

s

]
hZT

}
= EP [hZT ]− λ2

2

∫ t

s
EP

[
e
√
−1λ(Bσ−Bs+

∫ σ
s urdr)hZT

]
dσ.

U�

ù�±d Itô úª�Ñ(A^u exp[
√
−1λ(B̃t − B̃s) −

∫ t
s urdBr −

1
2

∫ t
s u

2
rdr])µ

EP

{
e
√
−1λ(B̃t−B̃s)hZT

}
= EP

{
EP

[
e
√
−1λ(B̃t−B̃s)−

∫ t
s urdBr−

1
2

∫ t
s u

2
rdr|F 0

s

]
hZT

}
= EP [hZT ]− λ2

2

∫ t

s
EP

[
e
√
−1λ(B̃σ−B̃s)hZT

]
dσ.

68. P181§1201O\SN. ò
/..., Ù)�´·�¤¦�.0

U�

/..., Ù)�´·�¤¦�. þª1�Ú^� {ZT } ��5, éuz
ξ ∈ F o

t ,E[ξZT ] = E[ξE[ZT |F 0
t ] = E[ξZT ] 0

69. P181§1221. ò

/h = exp

[
−
√
−1

m−1∑
j=0

λj(B̃tj+1 − B̃tj )

]
0
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U�

/h = exp

[
−
√
−1

m−2∑
j=0

λj(B̃tj+1 − B̃tj )

]
0

70. P182§141. ò
/= EP[hZt] exp

[
−1

2λ
2
m(tm+1 − tm)

]
.0

U�

/= EP[hZt] exp
[
−1

2λ
2
m−1(tm − tm−1)

]
.0

71. P183§121§ò�ª¥�eI¥sNi1U��iÒ§=

/vFσ,c(T, x) = exp

[
− inf
u∈U (T )

JFσ,c(T, x, u)

]
, T > 0, x ∈ Rn.0

72. P187§191§ò�ª¥�eI¥sNi1U��iÒ§=
/−σ log vFσ,c(T, x) = inf

u∈U (T )
σJ(t, x, u), (·K 8.28)0

73. P188§1121. ò
/K u Ú v î�þ,, l
A�??��. · w(r) = (1 − λ)u(r) +
λv(r). @o f(u(r))u′(r) = g(v(r))v′(r) = 1, ?
d�â²þ)AÛ²
þØ�ª,0

U�

/K u Ú v î�þ,, l
A�??��. 
� f(u(r))u′(r) =
g(v(r))v′(r) = 1. · w(r) = (1 − λ)u(r) + λv(r)§d�â²þ)A
Û²þØ�ª�0¶

74. P188§1171. ò

/

∫
R
h(x)dx ≥

∫
Range(w)

h(x)dx ≥
∫ 1

0
h(w(r))w′(r)dr0

¥�/Range0U��iÒ.

75. P192§151. ò
/Ùgéu (b), 5¿� ∀Y ∈M 2

c ,0

U�

/Ùgéu (b), 5¿� ∀Y ∈Mm
c ,0

76. P192§191. ò
/RN⊗ Re0U�/RN⊗ Rm0
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77. P192§1131. ò
/〈〈X,Y 〉〉 = (〈Xi, Y j〉 : 1 ≤ i ≤ d, 1 ≤ j ≤ e);0
U�

/〈〈X,Y 〉〉 = (〈Xi, Y j〉 : 1 ≤ i ≤ d, 1 ≤ j ≤ m);0

78. P193§111. ò
/(a) �½Â0U�/(i) �½Â0

79. P193§1111. ò
/(b) �c¡'u 〈θ•X, η•Y 〉 �y{�yµ0
U�

/(ii) �c¡'u 〈θ•X, η•Y 〉 �y{�yµ0

80. P193§1171. ò
/(c) ky Y =

∫ •
0 σdX ÷v�ª. Ï�0

U�

/(iii) ky Y =
∫ •

0 σdX ÷v�ª. Ï�0

81. P197§141O\�ã. ò
/��§·�©%a�@
VÇÆ[(�N3ùpvk�Ñ¦��¶
i)é�Æ�¤�Ñ��z, �©%a�@
�ö�±9¦��Í��
�Ö¤�Ñ��z�0

������: �öa�
÷¿�Ç�¤d©�� TeX��.
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