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¥��., /¤#�. (��.), ¦�¤�²L`z#nØ�Ñu:; �nØ�^u²

L­½5ÿÁ�»�� (m) ýÿ; �¬��?üSÚ©a; ²L�ýÿ�N�; �¬

N��²L(�`z; Jø�§Szl
��Uz�p��{. �ÅêÆóä�Ú\

´�nØ�Ä�. �nØ�®k�²LêÆØÍ9 1969–2023 cmì��²LÆø�

Ã�Ó�?. dd��,3²L`z�¡,�nØ«Ou®knØ�Ä�A�´: ½þ!

�O�!�ýÿ!�`z!�§Sz, ?
��Uz. �©�Ñ
#?Ñ��;Í[1]�

nØV�. AO/§'u²L(�Ý
�ØCþ (½¡�ØCþ) 3�©ÄguL. �

± /̀u-�#nØ0́ °��Æ�êÆnØ.

1. Úó

þ­V 1960 c�c, êÆ?uF�ËAúnzXÚ��, êÆ�ïÄ8¥u�

�©|�Ä:5�ï9)ûêÆJK; 1960 c�±�, dunØêÆ®k��õ©|

®��¤Ù, I�m8#+�, êÆuÐ£8
\4��, =£8g,, �Ôn!)Ô

�¯õÆ�KÜuÐ. �CÛÑy�I���´�Ûd Dobrushin Æ�Mï�VÇØ

�²ï�ÚOÔn���#êÆ©|—–�Å|nØ. ÉÙK�, �7{�¬3þ­V

80 c��+�®���ÆVÇìè�ï
VÇØ��²ï�ÚOÔn��#�ïÄ

��—–Ã¡��A*ÑL§, Ñ�
5lê¼ó��²ïÚOÔn6�ïÄ;Í (=

©�, World Scientific, Singapore, 1 1� 1992, 1 2� 2004)[5]. 1980c�", ¦�2

g*¿ïÄ+�, 3nØêÆ�¡, mé
­½59Ù�Ý�OÚ#ÌØ�XÚïÄ;

3A^�¡D«uÛ�k)�²L`znØ&¢. êÆ�A^ïÄâ��?, Cc5

�?\�Ãõ+��1��,XUíý�!3D�<!�MÃâ!Ã<Å!½:¿�!Å

ì<9�3%ÇuÐ�<ó�U, ��, Úu
õ+���ÝC�. ùp�z��A^

Ñ�¹êâ�Â8!�;!̄ �©Û!�UûäÚ¯�¢�, w
´�, þãz��A

^ÑkêÆ| .
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òêÆA^u²L, ��½I¬²LuÐ5y�JøêÆþ�©Ûë�, ïá�

�@�I¬²LuÐÑÖ!kp���{, ù´uP¤mM�ïÄ��,´��ïÄ�

;�, �´·��3�¿òUY��+�.

2. Ý\�Ñ�.Úý��£

(1) Ý\�Ñ�.

�©¥�/�¬0�±´,�1�½eZ¢S�¬Ü¿
¤�/Ü�0. ò¤'%

��¬��n (�½ü :�,ë...�)P�

x “
`

xp1q, ¨ ¨ ¨ , xpdq
˘

,

Ù¥ xpiq (i “ 1, ¨ ¨ ¨ , d) L«1 i ��¬½1���þ.�
)�c�²LG¹, I�

N�Xen«êâ

• �c�Ý\�n: x0 “
`

x
p1q
0 , ¨ ¨ ¨ , x

pdq
0

˘

;

• 8c��Ñ�n: x1 “
`

x
p1q
1 , ¨ ¨ ¨ , x

pdq
1

˘

;

• (��
 (�ÑXê�
): A0 “
`

a
p0q
ij : i, j “ 1, 2, ¨ ¨ ¨ , d

˘

.

Ù¥Ý
 A0 �¹Â´: z)���ü � i a�¬, I�Ñ a
p0q
ij �ü � j a�¬.

u´k

x
pjq
0 “

d
ÿ

i“1

x
piq
1 a

p0q
ij ,

�¤Ý
/ª:

x0 “ x1A0.

�L5, éu�½� x0 Ú A0, ���(½ x1, I� A0 �_. kb½¤)�Ñ��¬

�Ü^u2)�, d=

n�z�.½Ã�¤�.

d�k xn´1 “ xnAn´1, n ě 1. l


x0 “ x1A0 “ x2A1A0 “ ¨ ¨ ¨ “ xnAn´1 ¨ ¨ ¨A0.

éu�à�/ An ” A, ·���Í¶�Ý\�Ñ�.:

x0 “ xnA
n, n ě 1. (2.1)

X�´ïÄ­½5, =� n Ñ 8 �, þªm>�4�1�, K�I^� An �ìC1

�, Ø7I� A �_. �� A �_�, (2.1) ª�du

xn “ x0A
´n, n ě 1. (2.2)

(2) Ý
Ø�ü�Ä�(J
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��ãuÛ�nØ�Ì�½n, I�^�Ý
Ø¥�ü�Ä�(J. �!���

9ü�Vg: Ø��5Ú�±Ï5. P E “ t1, 2, ¨ ¨ ¨ , du, A “ paij : i, j P Eq, An “
`

a
pnq
ij : i, j P E

˘

. Ï~, �KÝ
�Ù¤k��þ�K. Ó�½Â�Ý
.

½Â 2.1 ¡�KÝ
 A “ paijq Ø��, Xéz�é i, j P E, �3pØ�Ó� i “

i1, i2, ¨ ¨ ¨ , im “ j ¦�

ai1i2 ą 0, ai2i3 ą 0, . . . , aim´1im ą 0.

{ü/`, Ø��¿�z�é i, j pÏ, Q�3Xþ��^l i � j �Ï´, ��

3�^l j � i �Ï´. e± aij ą 0 IP8Ü E ¥ë�ü: i Ú j �m�>, K E

¥�:ëÓ>�¤��ëÏã. eã½n´Ø���KÝ
��­�(J, §�´d

²L`znØ�Ä�.

½n 2.1 [Perron-Frobenius: 1907, 1912]: �KØ��Ý
 A �Ì�» ρpAq ´��ü

­A��, Ù�!mA��þ�����.

ρpAq ´ A ���A��§�¡ÌA��. ©O± u (1�þ) Ú v (��þ) L«

A �Au ρpAq ��!m�A��þ (0B�©, A��þ�����"¦È~ê):

uA “ ρpAqu, Av “ ρpAqv.

�{¡ u Ú v ©O� A ��!mÌ�A��þ. Xþª¤«, �þ�1!�á5~�

gÄ£O, Ø7Å�IÑ.

gd±�, b½éuz�� i P E,

 

n ě 1 : a
pnq
ii ą 0

(

‰ H. (2.3)

½Â 2.2: i P E �±Ï½Â�8Ü (2.3)¥�����ú�ê,P�� di. X di “ 1,

K¡ i �±Ï. � A Ø���, �y�� i Ó±Ï (� [7] �½n 1.26). d�¡� A

�±Ï. AO/, X�Ó±Ï� 1, K¡ A �±Ï.

éuØ��� A, ��Ùé��¹k�����Ò´�±Ï�. d�kXe5�.

5� 2.1éu�KØ��!�±ÏÝ
 A,�3g,êM ď pd´1q2`1¦��m ěM

�, Am ���
 (� [12]~ 8.3.4 ÚSK 8.3.9). Xé������, K(Ø�\r�

M ď d´ 1 (� [12] � (8.3.5) ª).

P÷v^����� M � Mmin.

5� 2.2 éu�KØ��!�±Ï A, z��ØÓu ρpAq �A����þ�u ρpAq.

d±þ(J��, z���KØ��!�±Ï�Ý
 A Pkn���: ����!

�´����A�� ρpAq, ÙéA����A��þ u Ú��mA��þ v.

��!�á�´²;� (�NØ5� 2.1 
	), �Ñ´~��. Ù[!�l [7] 1

�Ù, [11] ½ Wikipedia ¥�^8/Perron-Frobenius ½n0é�. ùp¦^�´ê¼

ó�â�, 3Ý
Ø¥¡ùp�/Ø��0�/Ø�©
0, 
ùp�/Ø��!�±Ï

�K�
0K�{¡�/��
0.
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���!�(å, ·�Jø��{ü~f, `²�.¥ A ��_5b�´7��.

�½ t0, 1u þ����VÇ©Ù π (1�þ). � A “ 1π, Ù¥ 1 ���ð� 1 ��

�þ. K A Ø��!�±Ï, ��²­©ÙÒ´ π: π “ πA. 1!e� x0 “ π, ´y?

�VÇ©Ù x1 Ñ÷v�§ x0 “ x1A. �� x0 ‰ π �, T�§Ã÷v^� x11 “ 1 �

)(¯¢þ, x11 “ 1 ñ x1A “ π). ù`²d�§ØU��û½��Ý\�ÑXÚ. �

ÏÒ´ A ��� 1, Ø�_.

3. uÛ�²L�`zÄ�½n

gd±�, Ø�,k(², ~b½ A �KØ����±Ï.

é��þ x “ pxp1q, ¨ ¨ ¨ , xpdqq, P mink x “ mintxp1q, ¨ ¨ ¨ , xpdqu. é��þ x Ú y,

½Â©þû� y{x “ pyp1q{xp1q, ¨ ¨ ¨ , ypdq{xpdqq. �½��Ð©�n x, ²L(�Ý
 A

�Ú�^�Ñ�n y “ xA. ÙéA�©þû� y{x “ xA{x. e¡´�dûL« A �

�A�� ρpAq �éóC©úª.

Ún 3.1 [Collatz-Wielandt (C-W) úª]: éu�KØ��Ý
 A, ·�k

max
xą0

min
k

xA

x
“ ρpAq “ min

xą0
max
k

xA

x
. (3.1)

rþª¥� xA �� Ax, (Ø½ý.

3A^¥, ·�~± C-W úª (3.1) �O Rayleigh ��{�O ρpAq. dúªk

Ê·5, =éuz���þ x, Ñke!þ.�O:

min
k

xA

x
ď ρpAq ď max

k

xA

x
.

ü��ÒÓ�¤á��=� x ��A���A��éA��þ.

XJ x0 Ú x1 ©O��c�Ý\�nÚ8c��Ñ�n§½Â mink x1{x0 �8

c�uÐ�Ý. e¡´uÛ�²L�`znØ�Ä�½n.

½n 3.1 [uÛ�Ä�½n]: � xn´1 “ xnA, ně1, ρpAq “ λmaxpAq, u, v ©O� A �

��A��!���!mA��þ, Keã(Ø¤á.

(i) �Ð�Ý\´ x0 “ u, d�k�ZuÐ�Ý� 1{ρpAq.

(ii) XJ A �±Ï� x0 ‰ u, K²LXÚ7,r��ï½�$: =�$�

T`x0 “ inftn : xn¹kK�©þu ă 8.

5 3.1 d½n`²�ÐÝ\ u 3ü«ØÓ¿Âe�`.

• l²L�ZuÐ�Ý��ÝÑu, �ZÝ\�½´�A��þ u, = x0 “ u;

• XJF"²LXÚ[�Ø�$, �ZÝ\��½´�A��þ u, = T`x0 “ 888 ñ

x0 “ u.
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e¡´��¬3 1989 c 9 �Ò A �=£VÇÝ
�/�Ñ�y².

y²: (i) ²LXÚ��¬uÐ��ú�Ý�

min
k
x1{x0 “ min

k
x0A

´1
{x0.

����ZuÐ�Ý§·�I�Ïé x0, ¦�þª����. dÚn 3.1 �§¦�þª

���� x0 ´ A ��ÌA��þ u, d�§uÐ�Ý� 1{ρpAq.

b� A “ P �=£VÇÝ
, K P111 “ 111, = P �mÌA�é� p1,111q. d��Z

uÐ�Ý� 1.

(ii) b½ P Ø��!�±Ï, Kdê¼ó�H{5½n�

P n
Ñ 111π, nÑ888,

(� [8] ½n 1.19). Ù¥ π “ pπp1q, ¨ ¨ ¨ , πpdqq (πpiq ą 0, i “ 1, ¨ ¨ ¨ , d) � P �ØCVÇ

ÿÝ.

� µ0 “ µnP
n, @n ě 1, µ0 ě 0 ÷v µ01 “ 1. Kd P111 “ 111 �

µ0111 “ µnP
n111 “ µn111 “ 1, @n.

dd9 tµnu �Kk.��3ÂñfS� tµnk
ukě1, b� µnk

Ñ µ̄ � µ̄111 “ 1. u´

µ0 “ lim
kÑ888

µnk
P nk “ µ̄111π “ π. ˝

éu����¤Ý
 A,·�UÄòÙ=z�=£VÇÝ
 P ¿�¤uÛ�Ä�

½n�y²? ùÒmé
�¼²L`z#nØ.

²ï´²L�Ø%���zccÒÙ��¯¢. Xe²ï;�»�, �Uzc�

£Ø5. P� 1990 c�§du�ä,å�íÄ, J[²L×�uÐ, Ø��Ñy
õ

�«¶8�õ�7K�¬, ��ù
�¬�Ü©���, 7K­.×�¨e, E¤¢N

²L�X���. ·�Ñ�P� 2008 c7K�Å�u�, X�\ÙI[»�.

<�~ /̀²ï´6��, Ø²ï´²~�0. 3î��êÆµeS, ²ï)¿�

XÃ�¬�m���(½�'~. ¤¢²ï)��´3�����~êÏf�¿Âe

n)�, 3¢�¥#NdgdÏfé­�. ÃØéuPkõ��¬�²L�., ²ï)

�´¤k�¬�¤���'~. ²ï)�­�53uÙ�²LXÚ���­½), =

l§Ñu, d xn “ x0ρpAq
´n �²L�z�ÚuÐÑ´Ùc�Ú� 1{ρpAq �, d?

ρpAq �XÚû½���~ê, 
�dXÚ��ZuÐ�ÝÒ´ 1{ρpAq. �ó�, z�

Ú��ÑÑ´²ï), ��¡��²­). ù´uP`znØ�1 1�Ì�(J.«O

u{¤þ®k(J�Ì�I�´: kuuP�(J�õ´�35
��E5, uP�

(J´�O��.

uP�-<¯Û�(J´1 2 �, éuØ��¤�n��/, eØl²ï)Ñu,

²LuÐ7,3,�Ú (c)¬Ñy¹kØÓÎÒ��¬, ±�òy²éu��¤��

��.(J�é, �¡²L»�½�$.

e¡´²uP{zL�
uuÜp#�[QÅ�{ü�..
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I�å����²L

d�, =k/à�/Ú0�E�/ü«�¬�½�¬�ü : Xà��Ì!ú,, �

E��º!è��. gd±�, òõ�¬�nÜ, Xü�¬ (à�, �E�), ¡��n.

eL�Ñ²L$1�5K.

ÑÑ

�Ñþ �Ñ
à� �E�

à� 0.25 0.14

�E� 0.4 0.12

L¥�1 1 1`�´: �)� 1 �ü �à�¬, I�©O�Ñ 0.25 �ü �à�¬

Ú 0.14 �ü ��E��¬. Ó�/, ��Ñ1 2 1�¹Â: �)� 1 �ü ��E

��¬, ©OI��Ñ 0.4 �ü �à�¬Ú 0.12 �ü ��E��¬.

L¥�o�ê¤�¤��
, ¡�/�ÑXê�
0½/(��
0

A “
1

100

«

25 14

40 12

ff

“

«

0.25 0.14

0.4 0.12

ff

, (3.2)

¿òü�¬1 n c��Ñ�n�¤ pxn, ynq, Ù¥ xn �1 n cà���þ, yn �1 n

c�E���þ. 2Pm©�Ý\�n� px0, y0q. XÛÀJÝ\�n´dnØ�Ø%

��.

uP�1���z´�ÑÝ\�ÑLk�� (ØO�~êÏf) ²ï)½­½),

§´�
 A ����A��þ:

u “ (à�, �E�)“

ˆ

5

7

`
?

2409` 13
˘

, 20

˙

9“p44.34397483, 20q, (3.3)

Ù¥ 9“ L«Cq. ùp�/��0´�ü�¬�'~���½�ê, �3A^¥, ü

�¬��~ê�Ñ�^. ù�,´¢�¤7L: ���è�����è�¤¦^��

¬�êþØ7áÓ�þ?�. 3·�¤ïÄ�²L�.¥, Ý\�no#N����

�~ê±·^u�«ØÓ�/. uPy²
XJÀ^�n x0 “ u ��Ý\, Kd²L

XÚ[��±²ï����ZuÐ�Ý. ¦rù��{¡�/�A�¥þ{0(ùp�

/�A�¥þ0�´þã�²ï) u), ùD´�«/U'~!p�uÐ0�{. uP�

AO°ç�(Ø´: XJÀ^ x0 ‰ u ��Ý\, K²L3$1L§¥7½3,�c¬

ÑyØÓÎÒ ("!�!K) ��¬, �¡»�½�$. ·�òÄgÑyù«�¹�c

°P� T , ¿¡���$� (½»���), ��·��¬ù�3d�ceZÚk�Å

�. XJ�$�m�~�, ·�ÒØ7�@ý. �-<�~�¯�´: ²LXÚ4�¯

a. lÐ� px0, y0q Ñu, ��g��Ñ�n tpxn, ynquně1. 3ùp·��Ñü��ä

N�~f, �Ñ§��»�� (´�), ,�éÑÙc��Å�.

~ 3.1 òÐ���²ï)�ê:� 3  : px0, y0q “ p44.344, 20q, ¤�(JXe¡�ã

3.1 ¤«. lã¥wÑ, c 7 c (Ú) �$1ûÐ, �´1 6, 7 Ú�þ,¯

, u´e

�ÚÒ�
, T “8. éudÐ�, ÊcOy�1.
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ã 3.1

~ 3.2 ò²ï)��ê:� 8  ��: px0, y0q “ p44.34397483, 20q, KXã 3.2 ¤«,

�$�� T “ 13. éud~, ¤^°Ý®²ép, ¢�¥®Ø´¢y, ��õ��U$

1 12 c. 31 13 c§þ�­�������Z� (107), e�­�������Kz

�. ´��Å�� 10 ½ 11.
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0
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发展速度~2.232337

1千万

5百万-

ã 3.2

±þüã¥��ãÑÊ�u�Å�, ù�c�$1�é­½.  cr�üÚB�K, �

¤ã¥�mã. Ï~mã�ºÝØ éõ, ��ã�'Czé�, ØáÓ�þ?, D�

g��. dùü~fv±wÑ²LXÚ�¯a5. ý�Ì*�±��. ØJn): ²L

uÐ�1���´�oXÚ²ï, ÄK¬E¤�æ�.

lþãã¥�wÑü�¬uÐ�Ýé¯, m>ã��Ü©Ñ����Ú�aùX


, c
Ú�O��ØõÑ�Ø�
. ØJ��, e?n��XÚ, S�Azg, Kd

{Ø�1 (O�ÅØU«É). IÏé#�{.
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4. ��.

1957 c, uP3¥I�Æ�êÆ¤�w
��²L.61�uÜp#�[QÅu

1936 cïá�Ý\�Ñ{ (¼ 1973 cì��ø). �[QÅ��
DÚ�«©)�

]�Ú�¤]��Ä��¦, {z
DÚ�.¿¤õ/A^u¢S. uPl Perron-

Frobenius (1907, 1912) ½nÑu��ØUò)�]�Ú�¤]�·��!, I�î�

«©. @3 1958-1959c, ¦3�¥I�ÆEâ�ÆêÆXÆ)���á5p�êÆÚ

Ø6(1oþ) ¥�Ñþã½n���#y². u�.�Ø%Ü©�3î�«©ü«Ø

Ó5��]� �DÚÜ©, 
éu��¤�., I�Ú?#�{. ù¢Sþ´·��

Ý\�Ñ�.���J:. 3 1984–1985 cm§uPQ}ÁLA«�{, k�35�Æ

Ï�6þuL
 10õ�ïÄ{�, �:´z�c�<ÑO�oþ��Ü©^u�¤


Ø´^u2)�, uk)QïÆLü«?n�{. 3© [9] Ú [8] ¥¦^

xn ´ ξn “ xn`1A, (4.1)

Ù¥ ξn ��¤þ; 
3© [10] ¥, Kòþª��P� yn “ xn ´ ξn, l
d (4.1) �

yn “ xn`1A. é α P p0, 1q, r1 n cO�� α � αpxn ´ yn´1q ���¤, K1 n c�

^u1 n` 1 c)���n�

yn “ xn ´ αpxn ´ yn´1q

“ p1´ αqxn ` αyn´1

“ p1´ αqyn´1A
´1
` αyn´1

“ yn´1
“

p1´ αqA´1 ` αI
‰

.

·����.

yn “ yn´1B, n ě 1, (4.2)

Ù¥ I �ü Ý
§
 B “ p1´ αqA´1 ` αI Ø2´�KÝ
, α P p0, 1q ��¤'~,

d�²LuÐ�Ý� p1´ αqρpAq´1 ` α.

Ò·�¤�, �� 2021 c 10 �c, <�Ñ´÷^�. (4.2). �uPéþãJ�

��.ÑØ�÷¿, ��¦l²c 50 U�m, â3¦Öv [11]5Oy²L����`

zêÆnØ6�ë�©z¥Ñ�
�c��ÜïÄ{�, ¡��/��ï½¢#0, ¿

ïÆ
��#�., =3 (4.1) ¥�

ξn “ γpxn`1 ´ xnq,

Ù¥γ P p0, 1q ��¤'~, K

xn “ xn`1A` γpxn`1 ´ xnq “ xn`1pA` γIq ´ γxn.

l
k

xn “ xn`1Aγ, Aγ “
A` γI

1` γ
, ρpAγq “

ρpAq ` γ

1` γ
.
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ù�q£��K
�Ã�¤�/

x0 “ xnA
n
γ . (4.3)

Ø3�´uP�/���{0�. (4.3) �Z
 37 c��â��7{�¬ [2] �2.

�. (4.3) éA�²LXÚ�uÐ�Ý� 1{ρpAγq, � ρpAq ě 1 �§²LXÚ 

l�~§I,�ïÄ§Ø3�©?Ø��. gd��§~b� ρpAq ă 1, éA�O��

Ý�
1

ρpAγq
´ 1 “

1´ ρpAq

γ ` ρpAq

§

đ

1´ ρpAq

1` ρpAq
ą 0, γ Ò 1.

ùL²�. (4.3) é?¿� γ P p0, 1q, ÑPk����O��Ý, ù�¢SØÎ. ¤±

�. (4.3) �3�Ø. du

1´ ρpAq

γ ` ρpAq

§

đ 0 ðñ γ Ò 8.

�d, ��¬JÑ±e�.. �

γ “
α

1´ α
,

Ù¥ α P p0, 1q ��¤ëê, l
 γ P p0,8q ��. (4.3) ¥� γ P p0, 1q ��ØÓ (¢

Sþ, 3¢�¥~k γ ą 1). ù��#�.

x0 “ xnA
n
α, n ě 1, (4.4)

Ù¥

Aα “ p1´ αqA` αI, ρpAαq “ p1´ αqρpAq ` α.

w, Aα pαă 1q � A k�Ó��!mA��þ u Ú v. �. (4.4) ¡���..

l��.�±wÑÝ
 Aα ��E©üÚ:

A
p1q
ùñ p1´ αqA

p2q
ùñ p1´ αqA` αI “ Aα.

(1) Ï�Is¤�Ü©]
^u�¤, ¤±�(��
 A I�Ø, ~X` α �^u�

¤. ù�, ý�Ý\2)��=´��
� 1´ α �.

(2) �ØÜ©Ø^u2)�,¤±#�(��
¥�ØÜ©��é������";


z��¬�,�Ñ α ��z�#�(�Ý
. Z�o^? Ò´^u�¤.

5. �KÝ
�'�C� —– �C�

c¡®²ù�, �(�Ý
 A �=£VÇÝ
�, ��¬®²�Ñ
uÛ�Ä�

½n�y². @o, ���(�Ý
UÄC��=£VÇÝ
Q? �d, ��¬²L�

ÏïÄÚ&¢.

Äk���r A C�=£VÇÝ
 P I���o. ·�������A��þ

� P �²­©Ù, P� π: π “ πP . ê¼L§nØw�·�, 3Ø��^�e, P �²

­©Ù��.



10

½Â 5.1 � P “ ppijqdˆd ��
§XJ^�µ

(i) �K5µpij ě 0, i, j “ 1, ¨ ¨ ¨ , d;

(ii) 1Ú� 1:
řd
j“1 pij “ 1, i “ 1 ¨ ¨ ¨ , d.

K¡ P �=£VÇÝ
.

r A C�=£VÇÝ
 P , ��¬�Ñ
�Y.

Ún 5.1 =£VÇÝ
 P ���A��� 1.

y²: P }x}8 “ supk |x
pkq|, }P }8 “ supx‰0 }Px}8{}x}8. Ï� P kA�� 1, ÙéA

uA��þ� 111, l
 P ���A�� λmax ě 1.

,��¡§dA��§�½Â Px “ λx �� P ���A���µ

λmax “ sup
x‰0

}Px}8
}x}8

ď
}P111}8
}111}8

“ 1.

Ïd§(Ø¤á. ˝

5µÚn 5.1 ¥§XJ P Ø��, �^ C-W úªy² P ���A��� 1. ¯¢þ§

d 1 ´ P �A��, 111 �ÙéA�A��þ. ò C-W úªA^u�þ 111, ��Ù��

A��kþ. 1.

� w ą 0, ½Â w � x �©þÈ wd x “ pwp1qxp1q, ¨ ¨ ¨ , wpdqxpdqq, Dw L«±�þ

w �©þ�é�����é�Ý
, P

Aw“̂D
´1
w

A

ρpAq
Dw, (5.1)

·�kXe(J.

½n 5.1 (�7{ 1989/1992/2022) éu (5.1) ¤½Â� Aw, eã(Ø¤á:

(i) Aw ¤�=£VÇÝ
 P ��=� w “ v;

(ii) P ����A��þ� µ :“ ud v;

(iii) P π :“ ud v{puvq, K π �P �²­©Ù, π “ πP “ πP n.

y²: Ø�� ρpAq “ 1. d (5.1) ¥ Aw �½Â�

Aw111 “ D´1w ADw111 “ D´1w Aw
?
“ 1.

(Ø (i) ¤á�¿�^�´ Aw “ Dw111, = Aw “ w. Ïd, w “ v.

'u (ii), d (i) ��

P “ D´1v
A

ρpAq
Dv (5.2)

¤á. u´k

µP “ ud vP “ ud vD´1v ADv “ uADv “ uDv “ ud v “ µ,

= ud v � P ��A��þ. (ii) ¤á.
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ò µ “ ud v 8�z, P� π “ ud v{puvq, N´�y π � P �²­©Ù. qd

P111 “ D´1v ADv111 “ D´1v Av “ D´1v v “ 111.

dÚn 5.1 � ρpP q “ 1, � P �mA��þ� 111. ˝

5 5.1 (1) ½n¥(Ø (i) �¿©5(J´ 1989 c¼�, 1992 cuL. 7�5´ 2022

cÖþ�; (Ø (ii) Ú (iii) �´ 2022 c��.

(2) ¡ (5.2) ½Â� P �Ý
 A ��C�, u 1989 cd��¬�Ñ.

5 5.2 ud v �²LÆ¹Â:

(1) µ �¹
 A ���A�� ρpAq!���!mA��þ u Ú v ��Ü&E;

(2) u L«�a�¬�êþ, v L«�A�¬zü �ý¢d�, 
�½|d�;

(3) u d v ���¬�ý¢od�, kÚ�þj, ^Ù���¬�?üS´Ün�, ·

���?Ø.

e¡´�7{�¬�Ñ���(�Ý
�/uÛ�Ä�½n�y².

uÛ�Ä�½n�y²: d�½n (i) �

D´1v

ˆ

A

ρpAq

˙n

Dv “ P n. (5.3)

Ïd, ·�k
ˆ

A

ρpAq

˙n

“ DvP
nD´1v .

b� txnuně0 ÷v px0Dvq111 “ 1, x0 “ xnA
n � xn ě 0 (n ě 0). d u Ú v �½Â9b

� px0Dvq111 “ 1 �, 3�����~êÏf^�e x0 “ u. Ï�

x0Dv“xnA
nDv“rρpAq

nxnDvsD
´1
v

ˆ

A

ρpAq

˙n

Dv“rρpAq
nxnDvsP

n, (5.4)

P yn “ ρpAqnxnDv, þªL²'u txnuně0 ��§C�

y0 “ ynP
n, n ě 0,


�k y0111 “ 1 (n ě 0). d�½nÚc¡®y A “ P �AÏ�/�� y0 “ udv{puvq,

= x0 “ u{puvq. Ïd, �¦�� xn �K, Ð��U� u. ˝

é�½� P Ú µ0, ½Âµ0 “ µnP
n, n ě 1. ¡ tµnuně0 �P �S�S�. aq/

A �S�S� txnuně0 d x0 “ xnA
n �Ñ.e¡(J�Ñ
'u A Ú P ü«S��

{���5.

½n 5.2 P Ú A �S�S� tµnuně0 Ú txnuně0 9 v ÷ve�ð�ªµ

µn “ ρpAqnxn d v, n ě 0, (5.5)

xn “ ρpAq´nµn d v
´1, n ě 0. (5.6)



12

Ïd§ü«�{��.

y²: � txnuně0 ��§ x0 “ xnA
n û½�4í)§K (5.4) ª¤á. d x0Dv “

ρpAq0x0 d v � µn :“ ρpAqnxn d v pn ě 0q Ò´�§ µ0 “ µnP
n pn ě 0q �4í), =

(5.5) ¤á. �d/, �y (5.6) ¤á. ˝

3 (5.5) �ü>m¦�þ 1 � ρpAqnxnv “ µn111. AO/, XJ� x0 “ u, K

µ0 “ ud v, 8�z^�� uv “ µ0111 “ 1 “ π111. 5¿� µn � xn �����êªÌ�

ρpAqn 9��~��þÏf v.

e¡�Ä��¤�/ Aα “ p1 ´ αqA ` αI ��C� Pα. w, Aα ���A��

� ρpAαq “ p1´αqρpAq`α, 5¿� Aα � A k�Ó���mA��þ v, l
 Aα �

�C��

Pα “Dv´1

Aα
ρpAαq

Dv

“ρpAαq
´1
“

p1´ αqDv´1ADv ` αI
‰

“ρpAαq
´1
”

p1´ αqρpAqDv´1

A

ρpAq
Dv ` αI

ı

“p1´ βαqP ` βαI, (5.7)

Ù¥ βα “ α{ρpAαq.

(5.7) ªL² Pα pαă1q k�Ó����!mA��þ ud v Ú 111. dþã½n, �

±y²'u Aα Ú Pα �ü«S��{Ó�äk��5.

3�!(å�c§4·�5`²�C���J�Ð.�d§·�2£�~ 3.1Ú~

3.2§|^ P 
Ø´ A �­½5ÿÁ, (JXã 5.1 Ú 5.2 ¤«. �,§P ¤éA�Ð

�� A ¤éAÐ�ØÓ.

2 4 6 8
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80

2 4 6 8

-20
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40

60

80

2 4 6 8

-20

20

40

60

80

ã 5.1 éÐ�� p34.41181135, 20q, T “ 8, éAuã 3.1 �#ãã 5.1 éÐ�� p34.41181135, 20q, T “ 8, éAuã 3.1 �#ãã 5.1 éÐ�� p34.41181135, 20q, T “ 8, éAuã 3.1 �#ã
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2 4 6 8 10 12

-20

20

40

60

2 4 6 8 10 12

-20

20

40

60

2 4 6 8 10 12

-20

20

40

60

ã 5.2 éÐ�� p34.41179182, 20q, T “ 13, éAuã 3.2 �#ãã 5.2 éÐ�� p34.41179182, 20q, T “ 13, éAuã 3.2 �#ãã 5.2 éÐ�� p34.41179182, 20q, T “ 13, éAuã 3.2 �#ã

-<¿	�´§P Ú A k���Ó�­½5, =: §�äk�Ó��$�mÚ�Ó�

�$ �(3�Ó��¬þ). �-<¯ç�´§̂ P )¤�ã'^ A )¤�ã�Ð.

Ïd§3¢SA^¥§·�¦^ P ?1­½5ÿÁ.

6. �¬��?üSÚ©a

·���uÛ�²L�`z½n 3.1(ii) ´Ì��z (Ò·�¤�3Ù±cl�Ñ

yL). ��Ñ�� x0 ‰ u, XÚò±�ê�Ý�$, Ïd, 
)²LXÚ¥�¬�©a

é­�: |Î�¬!¥m�¬Ú�³�¬, Ï�XÚ  3�
�³�¬?�$.

éu�KØ��Ý
 A, ·���Ù���A��þ u ��¹ A �ü�A�, 


A ²L�C�C� P ����A��þ µ “ u d v Ò�¹
 A ��Ün�A�. c

¡`L u d v L«��¬�ý¢od�, äkÚ��þj. Ïd, ��u^ A ���

�A�� u, ¦^ P ����A�� µé�¬üS�ä�Æ5. `:´Ø
 µ�¹�

Ün�A�	, ¦^ P ½ A �­½5���Ó, �cö��Ì��u�ö.

�
`²�¬üSk¿Â, ·��Ñ�
¢S~f. ã 6.1 ´¥I 2017 c (ù

Ú)!2012 c (7Ú) Ú 2007 c (çÚ) Ý\�ÑL� 42 «�¬�ü¶. Ï�·Iz 5

c?��gÝ\�ÑL, §ºX
¥I 15 c�²L�¹�'�[&E, �ë� [1] �

1 4 Ù. �Bu*	, p�IL«=£VÇÝ
 P �²ï)ê���ê. ã¥·�¯

Û/uy, n�c°�­�ãXd q. ��±�¬���5, ©ÛùÜã�c, ·�

k`²�e: é 2007 c�Ý\�ÑL"��1 24 Ò�¬/7á�¬!Å����?

nÑÖ0�ê�?1
ê��Ö, /¤ 2007 c 42 ��¬²ï)���­�ã. lã

¥�±wÑ7!ç­�ÚùÚ­��Ì�«O3uùÚ�1 1¶l7Ú�5�1 1¶

12Ò�¬C¤1 20Ò�¬, 1 12Ò�¬�/zÆ�¬0, 1 20Ò�¬�/Ï&��!

O�ÅÚÙ¦>f��0. c[�	l 2012 c� 2017 cmÑyù��CzÒØJn
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)
, Ï�ùã�m�´ÃÅ�>f��m©�61. XJ± 2012 c�7Ú­��Ä

O, l����c 6 ¶^���êiIÑ, @o7Ú­��çÚ­��c 6 ¶Ø1 5

¶ÑkØÓ	Ù¦Ä���.

,	lã 6.1¥��±wÑ1 30Ò�¬/�Ï$Ñ0!1 33Ò/7K0!1 34Ò

/�/�0±91 35 Ò/u��ûÖ03ùn^­��ü¶�c°ÅÚþ,. ·��

uy7K!�/����¿�|Î�¬, ù�U6C
<�DÚ@�.

ã 6.1 2017!2012 c 42 �¬Ú 2007 c 41 �¬�²ï)ãã 6.1 2017!2012 c 42 �¬Ú 2007 c 41 �¬�²ï)ãã 6.1 2017!2012 c 42 �¬Ú 2007 c 41 �¬�²ï)ã

�e5�ã 6.2 ´d π )¤�©Ù¼êã. U π ©þ4OS p1 ă p2 ă ¨ ¨ ¨ ă p42

ü�, ��lÑ�\È©Ù¼êXe: p1, p1 ` p2, ¨ ¨ ¨ ,
ř42
k“1 pk.

é'©Ûn�cÝ 42 ��¬�\È©Ùã, Äk´ 2007 c, ã 6.2 ¥�î�I

���¬��?S, p¶´c n ��¬�\È©Ù, �!mü^ç�©OL«\O©

Ù�u�uz©�ÊÚ�u�uz©�Ê�. lã¥��: 2007 ck 17 �f³�¬,

5 �|Î�¬.

Ó��±xÑ 2012 cÝÚ 2017 cÝ� 42 ��¬�\È©Ùã.

yrn�cÝ�\È©Ùã�3�å©Û, çÚ!7ÚÚùÚ­�©O� 2007

c!2012 cÚ 2017 c\È©Ùã.

lã 6.2þ��ª� 15cn�cÝ�\È©Ù­�ã��~��,`²¦^\È

©Ùé�¬�?©a½��. \È©Ù�u½�u 50% �¤/|Î�¬0, �u½�

u 5% �/f³�¬0. Ï/f³�¬0êþ õ�±2?�Ú[©, 3ã¥Ö¿
�

u½�u 1%S¹ 8!9 ��¬.
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ã 6.2 2017!2012 Ú 2007 ncÝ 42 «�¬²ï)�\È©Ùã 6.2 2017!2012 Ú 2007 ncÝ 42 «�¬²ï)�\È©Ùã 6.2 2017!2012 Ú 2007 ncÝ 42 «�¬²ï)�\È©Ù

ùp¦^�nÌã�g [13].

7. þfÅVÇ

�!SNÌ��áu�k)Ø© [3]. �ÄEÝ
 A. 3���/e§·���k

�
 Perron-Frobebius½n�í2��,�(J��k�.,
,1Ê!���'�::

l A � P �C�E,k¿Â.

½Â 7.1 EÝ
 A ¡� SR1 (sum of each row equals 1)Ý
, XJ A111 “ 111, = A �

1Úþ� 1.

e¡b� λ ‰ 0 �E�Ý
 A �ü�A��. aqu1Ê!'�C���½n,

·�kXe(J.

½n 7.1 (2Â�½n) b� pλ, uqÚ pλ, vq©O�EÝ
A��!mA�é, uA “ λu,
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Av “ λv, ¿� v �z�©þþØ� 0. é©þþØ� 0 ���þ w, ½Â

Rw “ D´1w
A

λ
Dw.

Keã(Ø¤á

(1) Rw � SR1 Ý
�¿�^�´ w “ v;

(2) Rv k�A�é pλ, ud vq: pud vqRv “ λpud vq.

rd½nA^u��Ý
 A, d A ��!mA��þp��Ý��: u “ v̄, Ïd,

Rv ��A��þ� ud v “ v̄ d v. ·�kXeíØ.

íØ 7.1 ���Ý
 A ÷vþã½n�^�, K Rv ��A��þ� v̄ d v.

·���lÑz� Schrödinger�féAu��
,ÙA��éAulÑU?. 3

þfåÆ¥, Å¼ê��²�´âf©Ù�VÇ�Ý, =:

π “
v̄ d v

|v|2
“
p|v1|

2, |v2|
2, ¨ ¨ ¨ , |vd|

2q

|v|2
.

�é{`, �þ v̄ d v (Ü
��
 A �n�A�: A�� λ Ú�A��!mA��

þ u Ú v. du v̄ d v L« A �Å¼ê (�d/, A��þ) v ��Ì�²�, ùÒ)

º
��o3Å�'uÝ
åÆ�5ºpAT¦ /̂�Ì�²�0
Ø /́�Ì0. <

��±^§�8�zVÇÿÝ π 5�O v̄ d v ?Ø��âfÑy�VÇ. o�, ù�

´^ü«ØÓ��óéÓ�¯Ô�)º, Ø�3�*��Å5, Ò�OÏd"`�/þ

2Ø��f0.

3%¢é¡
�E��
�A~§�þã(Ø�·AuÌ¤©©Û.

8. ²Lýÿ�N�

é��¤�/,(½²L�uÐ�ÝI�ÚÚÏLO�ØO.éuý½�uÐ�Ý,

Äk�Ñ�¤ëê, l
O�Ñ�^�¤þ. äNXe:

O��Ýñ�¤ëêñ�^�¤þ
?
ěOy�¤þ

X®k/ě0, K�Ê�, `²XÚUUý½�ÝuÐ. ÄK, �ÏL~�O��Ý2ÿ

Á, 'X�^`À{�EÿÁ.

½n 8.1([2]) �²LO��Ý� δ P p0, 1^ pρpAq´1 ´ 1qq, K1 n` 1 c��^�¤

þ�

ξn “
1´ p1` δqρpAq

δ
pxn`1 ´ xnq, (8.1)

Ù¥ xn ���.

xn “ xn`1Aα, α :“
p1` δq´1 ´ ρpAq

1´ ρpAq

�4í), x0 �ýk�½�Ð�. ��, d1 n ` 1 c��¤Ø�L ξn �(½��O

��Ý� δ.
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y²: duÛ�Ä�½n (i) �²LO��Ý (P� δ) ��ZuÐ�Ý 1{ρpAαq ~ 1,

Ïdk

δ “
1

ρpAαq
´ 1 “

1

p1´ αqρpAq ` α
´ 1. (8.2)

)�§ (8.2) ��¤ëê�

α “
p1` δq´1 ´ ρpAq

1´ ρpAq
“: αpδq, (8.3)

�¤�ê�

γα “
α

1´ α
“
p1` δq´1 ´ ρpAq

1´ p1` δq´1
“: γpδq. (8.4)

Ïd, 1 n` 1 c�^�¤þ�

ξnpαq “ γαpxn`1 ´ xnq “
p1` δq´1 ´ ρpAq

1´ p1` δq´1
pxn`1 ´ xnq.

z{=� (8.1) ¤á. ˝

5¿� ρpAq ă 1, d (8.3) Ú (8.4) � αpδq Ú γpδq Ñ´ δ �üN4~¼ê, ùL

²�²LO�\¯�, �¤~�; ��, �²LO�ü$�, �¤O\.

þãy²L§��, XJ®�²LO� δ, d (8.3) �±O�Ñ α, l
�O�Ñ

Aα. ��Ñ1 n c�Ý\�n xn �, �^��.O�Ñ1 n` 1 c��Ñ�n xn`1,

l
��Ñ1 n` 1 c�^�¤þ ξn.

��, XJ�Ñ1 n ` 1 c�^�¤þ ξn ±91 n c�Ý\�n xn, ýÿ²L

O� δ �Ø%3uXÛ¦)�¤ëê α, ·�kXe(Ø.

íØ 8.1 �¢SI���¤þ (Oy�¤þ) � ξ̄n, �I¦ α ¦� ξ̄n ď ξnpαq. g,

/½Â ᾱ “ inftα P p0, 1q : ξnpαq ě ξ̄nu, ᾱ � ξ̄n éA��¤ëê. Ï� ξnpαq 'u α

üNþ,, ¤±, éAz� α ě ᾱ,

ξnpαq ě ξnpᾱq ě ξ̄n.

d�, ¤Oy��¤þ ξ̄n o´É�u��¤þ ξnpαq, d ᾱ �½ÂÚ (8.2) �±(½

δpᾱq.

d ξnpαq “ γαpxn`1´xnq�,� xn Ú A�½�,�^�¤þ ξnpαq�d α P p0, 1q

��(½. ¢�þ, ξnpαq �Óu�n xn`1 ´ xn. �O(/`, üö�'�'~~ê�

α{p1´αq. ù´°%�O!éAO��n. ��/,ØU�"��?À�Oy�¤þ ξ̄n

¬�u'u,� α ��^�¤þ ξnpαq. �3¢SA^¥, ¿ØI�ùor���, Ï

��7o�ÏLü$²LO�±Jp�¤þ, �N�±N��¤(�®�Cu�^�

¤þ�'~, ½ÏL,«Ù§�ª, X?��Öv�¤þ.
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9. �¬N��²L(��`z

/�¬N�0́ (½`k½­:uÐ (½=�) ��¬½��, ù�ïá3ykÄ

:þ, é²L(�?1N�Ú`z, I�î��O�ÚØy.

ù´���~(J�¯K, @3 2005 c, ��¬Ò3¦�;Í [6] ¥���)¯

KJÑ, �� 2022 c, ¦ârù�¯K�.)û. ���(¾´Û�`zIO? ¯¤

±�§DÚ�`znØ´3,
�å^�e§û½,
�ÀCþ���§¦¤À½�

8I¼ê���`. 
éu·��²L�.§̄ K´Ø��`z�8I´�o,=¤^

�¼½¼ê�Û?

£Á·��²L�.®üg`z: �´±�¯uÐ�Ý�8I, ,�´±[Ø�

$�8I. u¼Ä�½nw�·�, üö����`)´ A ����A��þ u. ù

J«·�ÀJ#��n ũ “ pũkq ��8I, �ó�, ·�é�
�¬N�8I ũ. e

�Ú, �E#�(��
 Ã �± ũ �Ù���A��þ. ¯¢þ, ¯K�'ù
E,

�õ. ~X·��Ä¹ 100��¬�XÚ,KI(½#�
� 104 ���,��½�#

²ï)=k 100 �êâ, �e� 9900 �êâ�=p�é? �WÖ#Ý
 Ã j"�&

E, ·��±�¦#��¤Ý
 Ã ¦�U/�Cu�5��¤Ý
 A, ÄK3¢�¥

�7�1.

��¤#(�Ý
��E, ·�k3e�!��
7�O�, ,�2£5UY�

!�ÌK.

10. ê¼ó!éóê¼ó9²L(�Ý
�ØCþ

£�'uÝ
 A ��C�

Ã

ρ
`

Ã
˘ “ D´1w

A

ρpAq
Dw, w ą 0. (10.1)

d�½n 5.1(i) � Ã �=£VÇÝ
 P (g,k ρpÃq “ 1) ��=� w � A ���

mA��þ v. ·��~��¡ P �ê¼ó. �Au P �n�A� (��A��9Ù

�!mA��þ) � (1, ud v, 1).

òþã(JA^u A �=� A˚, KÙmA��þ� u˚, dC� (10.1)

D´1w
A˚

ρpAq
Dw, w ą 0

�Ñ,�=£VÇÝ
��=� w “ u˚. �ö�n�A�� p1, u˚ d v˚, 1q (�,,

u˚ d v˚ “ ud v). ��Kþª¥� ˚, �I�=�, �Ñ

Qw :“ Dw
A

ρpAq
D´1w .

d�, Qw ��Úð� 1 ��=� w “ u. ¡ Qu �éó=£VÇÝ
½éóê¼ó

({¡éóó). Ùn�A�¤� p1, 1˚, ud vq.
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3ïÄ²L(�Ý
�ØCþ�c, kES�e�{ü�ØCþ: �±Ç π, §Ñ

�
£ã�����Ä�ëê—–�» r, ��

π “
��±�

2 r
“
��¡È

r2
.

£�·����¤�.:

Aα “ p1´ αqA` αI, α P r0, 1q,

Ñ��xuÐ�Ý�Ì�» ρpAαq, d�
xPkü�ØCþ: =§�k�Ó���

�!mA��þ uÚ v. n�A�¥kü�¤�ØCþ (� α Ã').·�®²w�, ù

ü�ØCþ (´�þ
Ø2´êþ) 3²LnØ¥�­�/ .

y3�½ P , �ÄC� (10.1) �_C�, éu�� w, �½Â'u PPP ��C�

Aw :“ DwPD
´1
w

�� P ��qC�, ·�k ρpAwq “ 1. dd´y w � Aw ���mA��þ. Ïd,

�ìC� (10.1), d Aw ¤�Ñ�=£VÇ�
Ò´ P . ù`² P ´�
x

AP :“ tAw “ DwPD
´1
w : w ą 0u

�k�ØCþ (ØC�
, ´�

Ø2´�þ).

aq/, ·��?nÙéó�/. 8�½éóê¼ó Q, ½Â�
x

AQ :“ tAw “ D´1w QDw : w ą 0u.

éu AQ ¥��� Aw, w, ρpAwq “ ρpQq “ 1, ´y w � Aw ����A��þ, Ï

d, d Aw �Ñ�éóê¼ó­Üu Q. ùL²�
x AQ kØCþ (ØC�
) Q.

þã�ØC�þ½ØCÝ
Ú¡��ØCþ.

3%Ï w ą 0, X7�, ± w´1 �O w, 38Ü AQ �½Â¥, �ò D´1w QDw �

¤ D¯wQD
˘
w , ¤±8Ü AQ v
�,ù3¢�¥k^, Ï·�~�N� w “ ũ. �,, 3

�
8 AQ �½Â¥, �ò Aw �¤ Aw{ρpAwq ^±O\ AQ ���gdÝ.

11. �¬N��²L(��`z (Y)

y3, ·��±£8�1Ê!�ÌK:�E± ũ�²ï)�#(�Ý
 Ã, ¦�¦

�U�Cu�5� A. 8c·�Ãþ=k A 9Ù u Ú8I²ï) ũ. dþ!�, ·�

k��(½�éóó

Qu :“ Du
A

ρpAq
D´1u .

§� A{ρpAq 1-1 éA:
A

ρpAq
“ D´1u QuDu.
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ò A �¤�¦� Ã, ·�Ó��±/ªþ�Ñ�þã�ü��§��²1��§:

Qũ :“ Dũ
Ã

ρpÃq
D´1ũ ,

Ã

ρpÃq
“ D´1ũ QũDũ.


� ũ ´®²�½�. ù�, ù�ü��§¥=k Ã 9�A� Qũ ´��. �¦ Ã ¦

�U/�Cu A, nA�¦üö�ØCþ¦�U�C. �d, á=�����{ü�{

´: Qũ “ Qu. l Qũ Ú Qu Ñu, Uìþ�!��{, �½Âü�©O± Qũ Ú Qu �

ØCþ��
x

AQu “

"

A :
A

ρpAq
“ DwQuD

´1
w , w ą 0

*

,

AQũ
“

"

Ã :
Ã

ρpÃq
“ DwQũD

´1
w , w ą 0

*

.

� Qũ “ Qu �, AQũ
“ AQu . �ó�, d�·��lþã�§|)Ñ=k���þ

Ã
L

ρpÃqµ

Ã

ρpÃq
“ D´1ũ QũDũ (k3 AQũ

¥� w “®�� ũ)

“ D´1ũ QuDũ (· Qũ “®��Qu)

“ D´1ũ Du
A

ρpAq
D´1u Dũ (�� Qu �wªL«)

“ Dũ´1du

A

ρpAq
Du´1dũ (z{®´wª�m�)

“ D´1ũdu´1

A

ρpAq
Dũdu´1 .

Ï� tAα, α P r0, 1qu k�Ó�ØCþ u Ú v, d(J�á=í2���¤�/, ùB

�Ñeã½n.

½n 11.1 (�²L(�`z½n) äk���A�é pρpAαq, uq �(�Ý
 Aα '

u8I�n ũ �`zÝ
 Ãα �d (10.1) 9 w “ ũd u´1 �Ñ:

Ãα

ρpÃαq
“ D´1ũdu´1

Aα
ρpAαq

Dũdu´1 , α P r0, 1q. (11.1)

d�, Ãα ����!mA��þ©O� ũ Ú ṽ “ v d ud ũ´1.

y² �IÖy"�äó. du tAα : α P r0, 1qu k�Ó����!mA��þ u Ú

v, �e¡�y²Ñ� α Ø�.

(a) ky ũ � Ã ����A��þ, ù´�E Ã �Ì�8I. �y

ũ
Ã

ρpÃq
“ ũ.

3%éu?���þ x Ú y, ·�k xDy “ xd y “ Dxy. u´

ũD´1w “ ũd w´1 “ ũd ũ´1 d u “ u,
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d (10.1) �Ñ

ũ
Ã

ρpÃq
“ ũD´1w

A

ρpAq
Dw “ u

A

ρpAq
Dw “ uDw “ ũ.

ùy�/�0��/.

(b) aq/�y/m0��/. ù´Ý
 Ã �n�����, �¡��^�. d w Ú ṽ

�½Â�

Dwṽ “ w d ṽ “ ũd u´1 d v d ud ũ “ v, (11.2)

·���
Ã

ρpÃq
ṽ “ D´1w

A

ρpAq
Dwṽ “ D´1w

A

ρpAq
v “ D´1w v “ ṽ. ˝

·�®²y²
d (11.1)¤½Â�(�`zÝ
¢y
±ý½8I�n��#�

²ï), k
 Ã9Ù ũ, B�?\#�²LXÚ.�
)#XÚÚ�¬©a9­½5ÿ

Á, g,��¦^Ùéóó Qũ (®�r�� Qu) �²ï� ud v. �ö´éóó��

�mA��þ, ,
§�´�(�Ý
�Ñ�ØCþ P �²ï). ddw�, ���

�� Ã �3XÙc��¢DÄÏ P . ¯¢þ, 'u`zÝ
 Ã ��¬�?SÚ­½

5ÿÁ, ·��{ü/£��XÚ A ¤�Ñ� P , ��^ØX¦^éóó Qũ. 8y²

Xe. d®�� ṽ 9 w “ ũd u´1, 3 (11.2) ¥®y w d ṽ “ v, u´�Ñ

P̃α “ D´1ṽ
Ãα

ρpÃαq
Dṽ “ D´1ṽ D´1w

Aα
ρpAαq

DwDṽ “ D´1v
Aα
ρpAαq

Dv “ Pα.

�ó�, ·�y�e¡`zÝ
�Ì�5� (1).

½n 11.2 �½8I�n ũ ¿�½ α P r0, 1q, P Ã �þ�½n¤(½�`zÝ
 Ã,

K·�k

(1) `zÝ
 Ãα
L

ρ
`

Ãα
˘

�ØCþ P̃α ­Üu�Ý
 Aα{ρpAαq �ØCþ Pα.

(2) ­½5�I (�$�m, �$/: (=�¬)) ´ Aα, Ãα Ú Pα ���ØCþ.

y² �L2yäó (2). duAα, Ãα Ú Pα �­½5Ñ´ÏL Pα 5¢y�, 
�d

äó (1) �, üök�Ó�ØCþ Pα, ù�, �yäó (2), �Iy² Aα Ú Pα k�Ó

�­½5�I.ù�le�(J�Ñ.�ó�,Ï�'%´ü�n µn Ú xn Û� (= n)

9Û? (=1A��¬) ÑyKÒ, ¤±�3ð�ª (11.3) ü>Ñ��êÏf ρpAαq
n

Ú v, ,�¤Iäów
´�. ˝

eã(J´½n 5.2 �g,*¿§ÃI2y².

½n 11.3 (=�½n/���n) [[1]: ½n 7.3] Pα �S�S� tµnuně0 � Aα �S

�S� txnuně0 9 v ÷vð�ª:

µn “ ρpAαq
nxn d v, n ě 0, (11.3)

xn “ ρpAαq
´nµn d v

´1, n ě 0. (11.4)
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Ïd, ü«�{��.

X3 (11.3) ¥� x0 “ u, K µ0 “ u d v. 23 (11.3) ü>m¦�þ 1, �Ñ

ρpAqnxn d v1 “ µn1. AO/, � n “ 0 �, �Ñ8�z^� uv “ µ01 “ 1 “ π1. 3¿

µn � xn �����êªÌ� ρpAqn 9�~��þÏf v.

þã½n�·^ud (10.1) ¤½Â���C�: AÑ Ã.

12. �§Sz?
��Uz�p��{

u¼²L�`znØkOuÙ¦yk�²LÆnØ�I�´�O�Ú�§Sz.

�¼²L`z#nØ�­�Ä���Ò´�KÝ
��A��9Ù�A��!mA�

�þ�O�. lXÚ­½5©Û��, Ø=I�ùn�þ§�I�ÙO�°Ý.

N´��, °��ÆI�p°ÝO�. �{3#nØ¥Ók­�/ . C
c§�

�¬|^�ÅêÆ��{,3Ý
A�é¯��{�ïÄ+���
éõ­�?Ð,�

²L`zïÄ�O�¯KC½
�{Ä:. 'uÝ
A��IO�{��{Ú��{,

<�Ï~@��{Âñ�Ý�ú, vkõ�^?, 
��{Ï¦^
 Rayleigh ��O,

�7��, �7{�¬Ú?
#�S��O, ��;�
 Rayleigh �, ¿/^ÅìÆ

S�g�, ?�Úrþãü«�{9ÙC/·Ü¦^, ¢y
Ï^�p��{.

äN/, éuÝ
���A��9�A�A��þO�,duy3O�ÅM�!̂

�õUÑér�, $�Ý
½é¡Ý
®ØJ¢y. ,
, éup��é¡��Ý
,

�,��é�. �d, ��¬JÑ
ü«k��{: Ý
[é¡zEâÚA��þ!²

Eâ. cö^uü$Ý
��Ì (maxA ´minA “ maxij aij ´minij aij), �ö¦mA

��þ v ¦�U²"§= max v{min v “ maxi vi{mini vi C�~ê.

Ý
[é¡zEâ: �½�KØ�� A “ paijq. ½ÂXe Q Ý
 (ê¼óâ�, =�

é�����K!1Úþ���Ý
. ùp1Úþ�"):

Q “ A´DA1.

dØ��5��§

µQ “ 0

k÷vÐ©^� µp1q “ 1 ����) µ “ pµp1q, µp2q, ¨ ¨ ¨ , µpdqq. k
��þ µ, ·�B

�½Â A �[é¡zÝ
 Â:

Â “ Dµ1{2ADµ´1{2 .

Ú?ù�Vg�­��Ï3u: A 'u µ ��¡, =

DµA “ A˚Dµ r“ pDµAq
˚
s (§´é¡5�4­�í2).

�ó�, A'u µ��¡��=� Âé¡. ù�,ù�Eâ���¹
��¡�/,ä

k���Ä. © [4] §4 ÏL��{üné�
, `²
é¡zEâéu�é¡!���
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¡Ý
A�éO��Ã�O��%å. ��/, ·�ØU�" A ��¡, � Â ~¬ü

$ A ��Ì.

A��þ!²Eâ: �{Ú��{Ñ´±O�A��þ�¥%�. XJTA��þ�

�Ì��, ù��ÒØ�U¢y. ¤±?�Úò Â C��A��þ¦�U²" (=

max v{min v C��~�) �Ý
, g,éO�k|. Ðwå5, dKJu\Ã, �k


�½n 5.1, ¤Ï��(ØÒég,
.

½n 12.1 � w �?���þ, P

Ā :“ Aw “ D´1w ADw “
`

w´1 b w
˘

d A,

Ù¥ w´1 b w “ pwj{wiqdˆd ��þ w´1 Ú�þ w �ÜþÈ. K A1 “ A. P Aw ��

�mA�é� pρpAwq, gwq. ��/, ·�k

ρpAwq “ ρpAq, g “ g1 “ Dwgw.

AO/, e maxi |w
piq ´ vpiq| v
�, K gw ��Cu~���þ.

y²: Ï� Aw � A ��qC�, A��ØC, A��þ gw ÷v

ρpAqgw “ D´1w ADwgw.

u´k ρpAqDwgw “ ApDwgwq, ùL²1��äó¤á. ey"�äó. Ï�

Dwgw “ g “ Dvgv “ Dv1,

·�k

gw “ D´1w Dv1 “ Dw´1dv1 “ w´1 d v.

dd�Ñ¤Iäó, Ï� w´1 d v ´�Cu~���þ. ˝

y3�±�ã·��A��þ!²Eâ. b½ w � v �Cq), K Ā �mA�

�þC�~��þ.

nþ���C� ('�C�: AÑ P ) 3�¼²L`z#nØ¥�/ Ú�^. �

�#nØ¥, ��¦^
Ôg'�C�:

(1) 1 3 !Ú1 5 !uÛ�Ä�½n�y²;

(2) 3­½5ÿÁ¥, ± P �O A ïÄXÚ�­½5;

(3) 3�¬��?üS�©a¥, ^ P �²ï), = A ����!mA��þ�©þ

È, §k²(�²LÆ¿Â;

(4) 3²L(�`z¥üg¦^éóó, =üg¦^
'�C�;

(5) `z��#²L(� Ã �­½5ÿÁ£� P (P̃ “ P );

(6) �g`z��#²L(� κÃ ­½5ÿÁ�´^ P , A, Ã, κÃ � P k���Ó

�­½5.
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dd��§=£VÇ�
 P ´��Ã#�ØCþ.

��µ�©1��öu 1988 c�g�!§k33���Æ“õ�I�ÅL§Æâ¬

Æ”ÏmÐ��7{�¬. 3d�n�{1�Æâ{§¥§�k)©ªØ�/��·�

G%���ÃhJ�§Ù�þ�ÆâEÅ�pÿ���º�-<µ�. g 2019cÁ�

k)��ô����Æ±5§�±�Ò�cù���ïÄìè§cÙé²L`znØ

�A^ïÄ,k)G%��¦·�ÉÃ�f. �d�7{�¬l�u�ZÏ§>±d©

¹z§ö6k)Æâ�ä~�§;o÷	¥�.
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