
êÆÏ�: 2013 
1 52 ò1 8!9 ÏV> Hardy Ø�ª9ÙAÛA^∗�7{
(�®���Æ)

(2013 
 6 � 11 F)

2014 
 7 � 8 F

8U�!�´V>� Hardy Ø�ª9Ù3AÛ¥�A^"V>�
HardyØ�ª�Uéõ<Ø´AOÙG§·¬úú0�"̄ ¢þ§Hardy-
type inequality ´NÚ©Û¥é����ÌK"e¡©n��IK§Äk´�µ0�§1��´8U�ÌK Hardy-

type inequality (Hardy-type Ø�ª)§1n�´AÛA^§0��Ì�´ùü
�ó�"
∗�©�ru5êÆDÂ6(��)2013 
1 37 ò1 2 Ï. a��7{�Ç95êÆDÂ6Ó¿�rr1�u 2012 
 10 � 22 F3���ÆU©êÆ,���ù� (d¥
ïÄ�êÆïÄ¤����ÆêÆXéÜÌ�)¤��üùP¹ (�nö: �wÎ)"�©e�5)Ǒ5êÆDÂ6¤\§±�BÖö�Ö"©¥���ã9Ù`²´dv#O�"

1



§1 �µ0��V3þ­V§Ô�
� (1970s)§ǑÒ´o!Ê�

§êÆ­#£8g,"���L5�~fÒ´VÇØ�ÚOåÆ���/¤�#�ïÄ+�"�
§·�Ò´rù��¡Ǒ�p�^�âfXÚ (interacting

particle system) �ïÄ��"ÚOåÆïÄ�¥%¯K�,´�Cy�
(Phase Transition)"�Cy��êÆ´�¡��êÆ"�¡�êÆ�óäé�§¤±�o?éóä"ÏǑù��Ï§·Ï�LO�êÆ (¼�Ù¥�néÆ�Ý
�{)§ǑÏ�L�¼©Û!AÛ�ê!êÆÔn�{��§uyAÛ��'�°ç"AÛp¡�
Nõ�O�ó�§¤±·�Ò�ÆAÛ"��ØÈ§uyVÇ�{ǑUy²AÛ(J§ù�V´3
1992 
§·�m©��:AÛ��O",���3 1999 
§å8�õ

§k�é��uy§uyNÚ©Û§ǑÒ´ HardyØ�ª1ù�óäé·�ék^"������OOK�´3�� HardyØ�ª±�â�m�!â�¤�"�õ
L�
§�VÒùü
§·�â��^VÇ�{ǑU� Hardy-type Ø�ª,ddH5
#��Ù"VÇ (q¡ǑAÇ) ���A:Ò´�Ù�+�'�å5�é
�§¤±'�m�"��¡§VÇnØ´3êÆ�õ©|�8�e¤�å5�;,��¡§�Cù

5§VÇ��
g�Ǒ'ß�éõÙ§�êÆ©|"8Uù�Ò´��~f§́ VÇA^uÙ§êÆ©|��«'��\�(J"Ó�§ǑF"4
��*lN¬�eêÆ�õÅ"·ú��êÆé��§Ý��õÅ§�MõÅ"

§2 Hardy-type Ø�ª!� Hardy-type Ø�ª§�,�lP Hardy Ø�ªm©"P HardyØ�ª´Ê�

§ǑÒ´ 1920
JÑ���Ø�ª"ù�Ø�ª�~�{ö"
∫ ∞

0

(
1

x

∫ x

0
f

)p

dx 6

(
p

p− 1

)p ∫ ∞

0
fp, f > 0, p > 1ùÒ´ Hardy 3 1920 
JÑ�Ø�ª"ùp9��§LebesgueÿÝ dx

1Godfrey Harold Hardy (1877-1947)§English mathematician, best known for his achieve-

ment in number theory and mathematical analysis.
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~Ñ�Ø�"�k�«�{r 0 � x ÛÜ�È©§�¤ Hf(x)"ù� H´Ǒ
Vg Hardy
Ï1�PÒ§¡ǑHardy�f"|^�f H§þª�U�¤
∫ ∞

0

(
1

x
Hf(x)

)p

dx 6

(
p

p− 1

)p ∫ ∞

0
fp . ~ê p

p− 1
°(�k����B�)ºµr�>U¤lÑ��Ú§0� x �Ü©Ú�²þÒ´�â²þ§�>Ò´�â²þ� p �Ý (moment)§Ø�ª¤Ǒ f��â²þ� p�Ý�u�u f ��� p�Ý�±~ê [p/(p− 1)]p§ù�ÒAON´P4:

‖Af‖Lp(dx) 6
p

p− 1
‖f‖Lp(dx).

HardyǑ�o�y²ù�Ø�ªQº�´Ǒ
Ïé Hilbert���½n���y²"Hilbert½nù�´lÑ�?ê§y²�� 2 ­?ê (Se-

ries)�Âñ5"Hilbert2 �y²´^Fá�©Û (Fourier Analysis)§Hardy�������?ê�Âñ5Ǒ�o�^Fá�©Û§v§� “p?”§�ǑA�k�����y²"¤± Hardy ÒÚ?ùo��Ø�ª§4ù� 2­?ê�Ú^��ü­?ê�Ú5��§ù´ÚÑù�Ø�ª��Ï"Hardy ù�©ÙÌ�?Ø�´lÑ?ê��¹§éÛ%�´�Ó�ǑrëY (continuous) ��¹�Ñ5§�´vk�Ñy²"ù´ 1920 
�©Ù"XJ p = 2§Hardy Ø�ªÒ¤Ǒ Poincaé inequality§ù�Ø�ª·����È§Ǒ�P�:§�llA
�ÒJÑ5
§¤± Poincaé3Ø�ª�' Hardy Ø�ª���:"ù��~{ü�Ø�ª§¢SþV�������n ºk�êÆ[§·�Ǒ���
¡�n êÆ[Ò´ùn "¤±é�
§ùo{ü�êÆ§V�
ùoõ�6�êÆ["w�ùo{ü�Ø�ª§�[Ñ¬��gCy§�e"·�éÆêÆ�<5`ù�é�;§ÏǑêÆ´�Ñ5�§Ø´ÖÑ5�,�Ø�wZ��ÒUw¬�"¤±���o¯K§Ò�gCy²§�e"3ùp§ÄkN´é�� Lp(µ)�5�§ùp µ ´VÇÿÝ (measure)"Ø�ª�����È¼ê´'uVÇÿÝ 1
x

∫ x
0 ���Ý� p g�§§É�u'

2David Hilbert (1862-1943), German mathematician, one of the most influential and

universal mathematician of the 19th and 20th centuries.
3Jules Henri Poincaré (1854-1912)§French mathematician, theoretical physicist, engineer

and a philosopher of science, excelled in all fields of the discipline as it existed during his

lifetime.
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udÿÝ� p �Ý"Lp Ò´ p �Ý§ù�Ý¤éA��ê (norm) k��üNþ, (monotone increasing) �5�§� p �u"�§Lp(µ) �ê'u p üNþ,"k
ù�:Vg§Ò�±�Ñy²"
∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p

dx 6

∫ ∞

0

(∫ x

0
f(y)pdy

)
dx

x

=

∫ ∞

0
f(y)pdy

∫ ∞

y

dx

x
(d Fubini½n)

= ∞�ê1�1¥� 1/x ÈÑ5´�¡�§¤±ù�(Øvk^"·��1�Óy²�}
"·�Ø7Ǒda��%Ôí§¢Sþù�Ø�ª�y²ǑØ´²��"�
J�L§Hardy 3 1920 
�Ñù�Ø�ª�´vk�y²§ù�Ø�ª�y²´Ê
 (1925 
) ��âuL�"¤±Ùy²¿Ø´²��§ØU�efÒwÑ5"4·�£Þww3=pO�ªºù�y²¯KÒ3 1/x ´�uÑÈ© (divergent integral)"r 1/x ?U�e§U¤
1

x1+δ§Ò¬C¤��ÂñÈ© (convergent integral)"ù�§·��òþ¡�Øy­�Xeµ
∫ ∞

0

(
1

x

∫ x

0
f(y)dy

)p
dx

xδ
6

∫ ∞

0

(∫ x

0
f(y)pdy

)
dx

x1+δ

=

∫ ∞

0
f(y)pdy

∫ ∞

y

dx

x1+δ
(d Fubini½n)

=
1

δ

∫ ∞

0
f(y)p

dy

yδ
, ∀δ > 0, f > 0 .ù�UCéõ�ÿ�UÒØ²�§ùÒ´ý/½)"O<wv´�r§·�%rÑ�^´5"�J¤���(J¿Ø´·�¤��HardyØ�ª"TNo£� Hardy Ø�ªQºǑÒ´I�ò���1¥�©1 yδ �Ø§ÒkF"
"£Ø©1�{ü��{Ò´CþO� (variable substitution)§òØ�ªü>� f U�¤ g :� g(y) = f(y1+γ) yγ , γ =
δ

p− 1
, δ = 1ù��wÒ��´CþO�úª"ù�Ú�`´ 5�)§̂ 
ù��Ú½�§�YÒ���Ñ§£� Hardy Ø�ª
"¢Sþ§ù� δ ´�
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�z�)§�u 1§XJ����Y§r δ �?�Ò�
§�ù�¥�¹
é�Ǒ��n"ù�,·�Ò�¤
 Hardy Ø�ª�y²"ù�y²·gCú��� Û"¢Sþ Hardy 1925 
�y²��§²L
 40 
§ù�y²âd E.K. Godunova4 é�"È+��©Ù3
1970 
§ǑÒ´Ê
��È¤=©§3¥ï�êÆ¤�ãÖ,�±é�ù�©Ù�℄Æ§�´¢Sþvk<5¿�ù�ó�"��qL
�Øõ 40 
��m§3 2002 
 Stein Kaijser5 , Lars-Erik Persson6 Ú Anders

Öberg7uL
��©Ù8§­#uLù�y²§ù�ÿ�[â5¿�k��é{ü��{5y²ù�Ø�ª§Hardy©ªØ��kù���y²"ù´��÷¤��y²§�±Ny·1���`�{§NyÑêÆ�õÅ"kõÅUwÑ5§vkõÅ�´Ø1"�,§ù� Hardy Ø�ª�{ü
"`P¢{§·3�ù�����ÏÒ��§�´§é·5`vk�o^?§ÏǑ�{ü
"XJÙG�ÅL§§wwÙéA��fÒ��ù�{ü
§�´�«�~AO��¹§vk�õ^?§¤±Ò� 
r"�e5��¯Ò÷��§ÏǑ��Ú�Úu�"fâ� Hardy �f�{´ù��f§
∫ ∞

0

(
1

x
Hf(x)

)p

dx 6

(
p

p− 1

)p ∫ ∞

0
fp ½�d/

‖Hf‖Lp(x−pdx) 6
p

p− 1
‖f‖Lp(dx)y3^,��*:5w§��P Hardy?n�´ Hf � Lp �ê (norm)§�é�´ÿÝ x−pdx"�,§þª�m�ü�ÿÝÑé{ü§ÏǑ{ü§¤±e��?ÖÒ�í2�e"rü>�ÿÝ�¤���!Ä�� BorelÿÝ (x−pdx,dx) → (µ, ν)§ÒC¤�~���/ªµ

‖Hf‖Lp(µ) 6 A‖f‖Lp(ν)

4E.K. Godunova, Russian mathematician,
5Sten Kaijser, working in Uppsala University, Sweden
6Lars-Erik Persson, working in Lulea University of Technology, Sweden
7Anders Öberg, working in University College of Gavle, Sweden
8Kaijser, Sten; Persson, Lars-Erik; Öberg, Anders, On Carleman and Knopp’s inequali-

ties. J. Approx. Theory 117 (2002), no. 1, 140 õ 151.
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ùÒ´8U¤�ù� Hardy-typeØ�ª"ly3m©§Ǒ!�PÒ§Ø�ª¥�~ê A þ��Z~ê"ù� Hardy-type Ø�ª²{
��Ê�
§�3 1970

�§ù�Ø�ªâïÄ�'���§kõ�©Ù§G.

Talenti (1969)§G. Tomaselli (1969)§R.S. Chisholm & W.N. Everitt (1970-71)�§Ù¥ B. Muckenhoupt 3 1972 
uL�©Ù9 �Ú^�õ�:§�mþǑ��:"Ù��©Ù§~X M. Artola (1968-69) Ú D.W. Boyd &

J.A. Erdös (1972) ��vkuL§ÏǑ��O<®²�Ñ5
§¤±=�Ýv
�v�ǑgC�£"o�§ùp®²V��8�©Ù"e�Ú��UØU2í2����� p Ú qµ
‖Hf‖Lq(µ) 6 A‖f‖Lp(ν),ù��ÿü>A�é�
"��>´ Lp§,�>´ Lq§JÝqO\
"�Øõq�
 20
§²L P. Gurka (1984)§E.N. Batuev & V.D. Stepanov

(1989)§�� 1990 
 B. Opic & A. Kufner â��'���"A�`§ù« (p, q) �/Ǒé�Ò5¿�
§Hardy �<3 1930 
Òm©��
AÏ��¹ (G.H. Hardy & J.E. Littlewood, 1930)§ØLù�ǑvkuL"���Ñ§5Hardy-type Inequalities610 ´��;Í§o(
�
��¯§́'u Hardy Ø�ª'�²;�Í�"2 e`�
§��J�e§oN�8I´^ÿÝ µ Ú ν 5�Ñ A�������O (�,§XU sharp Ò��)"£· Hf ´ f l 0 � x�È©"XJò Hf U�¤ f§��� f Ò¤Ǒ f ′"ù�U��§�>Ò¤Ǒ f � q ��ê§m>ÒC¤ f ′ � p ��ê§2ò«mU¤�2�
�l −M � N (M,N 6 ∞) �«m, ·���Xe/ª� Hardy-typeØ�ª:
(∫ N

−M
|f |qdµ

) 1
q

6 A

(∫ N

−M
|f ′|pdν

) 1
p

.�,§ù�Ø�ªǑ�±�¤
‖f‖µ,q 6 A‖f ′‖ν,p.

9Muckenhoupt, Benjamin, Weighted norm inequalities for the Hardy maximal function.

Trans. Amer. Math. Soc. 165 (1972), 207 õ 226.
10B. Opic and A. Kufner, Hardy-type Inequalities, Pitman Research Notes in Mathematics

Series, Longman, New York, 1990
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ù���§Ò��%"�5� Hardy�f��Ǒ 0§́ 0� x�È©"¤±#�¼ê f 3�à:��u 0§>.^���þµf(−M) = 0"̄ ¢þ§ù�ÿ�±�ü�>.^�: f(−M) = 0 Ú f(N) = 0"ü�>.^�Ò´8U�ÌK§V>� Hardy-type Ø�ª"3V>��ÿ§ØU�¤ü>� Hardy�f�/ª§
Ù\d�� 0��Ñ�§���K!�"§È©�ÒØ�U2£� 0§¤±Ø�U�¤ Hardy�f�/ª"ù�§
¡�ü>�/C� (Hf, f) → (f, f ′) 
�vk�O§�´�¡�V>�/ÒkØÓ"�ö´8U?Ø�Ì��¹"ÏǑù�K8éõ<ØÙG§¤±·�rN�e"ù´���)�K8§Ò·¤�§o�®kÊ�Ö?Øù�K8"
[1] Opic, B. and Kufner, A. Hardy-type Inequalities. Longman, New York,

1990.

[2] Kufner, A. and Persson, L.E. Weighted Inequalities of Hardy-type. World

Scientific, 2003.

[3] Kufner, A., Maligranda, L. and Persson, L.E. The Hardy Inequality: About

its History and Some Related Results. Vydavatelsky Servis, 2007.

[4] Kokilashvili, V., Meshki, A. and Persson, L.E.Weighted Norm Inequalities

for Integral Transforms with Product Weights. Nova Sci. Publ., New York,

2010.

[5] Maz’ya, V. Sobolev Spaces with Applications to Elliptic Partial Differential

Equations (2nd Ed.). Springer, 2011.1��Ö´fâJ�� 1990
�¶Í"���o�Ñ´�C�
Ñy�Í�"
n��Ö¶¥Ñk Hardy Ø�ª½´ Hardy-typeØ�ª"1n�Ö!�´{¤§SN´�
�"��©|�ïÄG¹§XJÀÜ�§Òvk{¤�!; ùp>ù
Nõ{¤§`²ù�K8®²k
¿©�u�"1o�Ö¶¥vkJ�HardyØ�ª§�´ weighted norm inequalities��´ Hardy Ø�ª§�ØL��´p�� Hardy Ø�ª"1Ê�ÖIKǑvk Hardy Ø�ª§ÏǑù�Ök 894 �§Hardy Ø�ª�´Ù¥�Ü©"�m©��ÿ§·JL��^ÌnØ!AÆ�nØ5ïÄ�Cy�"·�
���
��§�Ø��k Hardy-type Ø�ª§·���k�;
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� Hardy Ø�ª§
Ø��kùo��� Hardy-type Ø�ª"ù����Ø�ªé·5`´��~�� favor"��ù�ÒØ�
§�õÀÜÑ�Ñ5
§é·��Ï�~�"'X`�[�Uf`L� log-SobolevØ�ª"Log-Sobolev Ø�ª·�Ǒ�
A�
§�´Ù criteria �´ÏǑk
 Hardy-typeØ�ª�âé��"éõé�;�(JÒ´ÏǑ^

Hardy-typeØ�ª§¤±·��
¥Øä/^"·k���L§���/k�� criteria"3���¡Ǒ��OK"Hardy-type Ø�ªǑ�o3NÚ©Û¥kXd/ Ò´ÏǑ§´é�;�§Ø%���¯K",���3�

 (2010 
)§·�é����!�5� Hardy nØ¥vk�ÀÜ§Ú�·� ù���u�"3ù·�(J�
§k)º�ePÒ"1��´ÿÝ ν̂§§´dÿÝ
ν �ýéëYÜ© (absolutely continuous part) �Ñ�"�e5¤k�¯�Ñ�ÏLÿÝ µ Ú ν̂ L«Ñ5,¤± ν̂ ´é�;�"

ν̂(dx) = ν̂p(dx) =

(
dν#

dx

) −1
p−1

dx ν# : ν �ýéëYÜ©,d?I�b½ ν# ��Ý�",ÄK�^4�LÞ"�XI�~ê kq,p:

kq,p =

(
1 +

q

p′

) 1
q
(
1 +

p′

q

) 1
p′

6 2 e q > p ,Ù¥ p′´ p��Ý�ê: 1/p+1/p′ = 1"�¡�^��ù� kq,p§� q = p�´°(�¶� q 6= p �, ��¤���
�°(~ê§d?Ñ�"ù�ªfØI�P4§���� kq,p [��u�u 2"¤±o÷/ù§r kq,p�¤ 2 �
"k
ùü�PÒ�§Ò�±?\8U�1��Ì�(J"½n2.1 (�, Acta Math. Sin. Eng. Ser. 2013). 3 Hardy-typeØ�ª¥��Z~ê A ÷v
(1) A 6 kq,pB

∗ X 1 < p 6 q <∞ � µpp = 0 ,
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(2) A > B∗ X 1 < p, q <∞, Ù¥
B∗ = sup

x6y

µ[x, y]
1
q

{
ν̂[−M,x)

q(1−p)
p + ν̂[y,N ]

q(1−p)
p

} 1
q

,

B∗ = sup
x6y

µ[x, y]
1
q

{
ν̂[−M,x)1−p + ν̂[y,N ]1−p

} 1
q

,d	§� q > p �§·�k B∗ 6 B∗ 6 2
1
p
− 1

q B∗ .�ó�§�Z~ê A kþ!e��, ©Od (1) Ú (2) �Ñ"B∗ Ú
B∗ ùü�L�ªdÿÝ µ Ú ν̂ ��Ǒy"�´éuþ.§��
^�:

q ��u�u p§ÿÝ µ �ëY"Ù�ÿÝ µ �©)knÜ©: 1�Ü©ýéëY§1�Ü©ÛÉëY (singularly continuous)§1nÜ©´X:� (discrete)§ùpb½X:´ 0§ǑÒ´ µpp = 0,vkXa�Ü©"·�X­�Ñµþ.�O´�­�!�k^�ÀÜ"XJr (1)¥�^�Ñ�K§¬´�o�¹§8
�vk�Y"¤±ùp´��m��/�§�kéõ�¯K"ù�eù�½nk�
¤��/�"Äk§1��¤��/�´þ!e.���~ê´ universal§́ ��Ê·~ê§�ÿÝvk'X"1��`:´ùpkü�>.§��´ −M§,��´ N"M Ú N Ñ�±´�¡�"�o>.^� f(−M) = 0§XJ M ´�¡�§L«ªuK�¡�� f ªu 0"ü�>.§�� −M§�� N§ùü�>.3ùü�~ê¥´é¡�§ù´��¤��/�"�Ø´ B∗ ½´ B∗§ùü�>.Ñ´é¡�§ù´1��`:"1n�`:§XJØU���þ!��e§�|^��Ǒ´�±"ÏǑ B∗ �±d B∗ Úå5§����~ê�
®"òù�~ê���§��1�1p§ù�#~êE,´�u�u 2"XJ
q = p§ü�~êÒC¤��§

B∗ = B∗ = sup
x6y

µ[x, y]
1
q

{
ν̂[−M,x)1−p + ν̂[y,N ]1−p

} 1
q

,ùq´,��`:"����`:§·��ù�V>�§�±£�ü>"XJr1�\� ν̂[y,N ] �K§�o y Øå�^§��Ǒ N§Ïd N �>.^�ÒØå�^§y Ò�±£� N �>§ÒC¤ü>"¤±m>�
9



>.^�Øå�^§ÒC¤ü�>.^�§ù�L�ªÒC��~{ü"ÏǑ���K�§©1�±�L5§Òé{ü"XJr1�� ν̂[−M,x]�K§ÏǑ´é¡�§>.^�ÒC¤3m>"ǑÒ´�K ν̂[y,N ], �� f(−M) = 0 , B− = sup
x

µ[x,N ]
1
q ν̂[−M,x)

p−1
p .�K ν̂[−M,x), �� f(N) = 0 , B+ = sup

y
µ[−M,y]

1
q ν̂[y,N ]

p−1
p .o(å5§·�¤ïÄ� Hardy-type Ø�ª´3(−M, N)þ, ‖f‖µ,q 6 A‖f ′‖ν,p,Ù¥ µ Ú ν ´ Borel ÿÝ"éuü>�/§X f(−M) = 0§=�> = 0§�Z~ê�¤ A−¶XJm> = 0§�Z~ê�¤ A+"«©m5§ù�ÿÒk
±eù�½nµ½n 2.2. - q > p,K B± 6 A± 6 kq,pB

±,Ù¥
B− = sup

x
µ[x,N ]

1
q ν̂[−M,x)

p−1
p ,

B+ = sup
y

µ[−M,y]
1
q ν̂[y,N ]

p−1
p .ùÒ£�
¡`�§l 1920 
� 1990 
m 70
ïÄ�(J§Ò´ù�(J"N´wÑ§l��½n�
��§k���ªÝ"y3�¯K´§TXÛlü>r�V>§ù´·�Ø%¯K§Ǒ´(J�/�"�� p = q = 2 �§·�¬y²"���uy§ǑÒ´lù�/�uy�"�´�´3^
n�óä!²Ê�Ú½�â�Ñ5�§¤±é"£"�´·�´Ø[%§ú�ù�{ü�¯K§Ǒ�oI��o��óä§AO´I�NÝ (capacity) ��"²L��m�¹¢§âé�#��{"e¡�ù�Ò´ù�#�y²"�&NõÖö§ØØ´²�P��½´�Æö§Ñ¬3d?Êe5§��UÄé�gC�y²"30�·��y²�
§4·�£��e§ü>��/(Ø®²k
"y3§·�r −M � N �«m¥m\
��: θ, ò«m©¤üÜ©"
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−M Nθ- A−
θ Ǒ3 (−M,θ)þ,� f(−M) = 0 ���Z~ê,- A+
θ Ǒ3 (θ,N)þ,� f(N) = 0 ���Z~ê.\
ù�: θ �§C¤ü�ü>"3�>ù��«mp'%�´�à:

−M§3,���>'%�´mà:� N§,�òfâ�(J­��g§��e¡�(J"- q > p . K·�k B±
θ 6 A±

θ 6 kq,pB
±
θ , Ù¥

B−
θ = sup

x<θ
µ[x, θ]

1
q ν̂[−M,x)

p−1
p ,

B+
θ = sup

y>θ
µ[θ, y]

1
q ν̂[y,N ]

p−1
p .ù��þ¡��O§l�>�«mw§��´^ θ �Lk
� N¶lm>�«mw§��´^ θ �Lk
� −M¶ǑÒ´��ePÒ
®"ù´e¡·��^��®�(J"y3§·m©y²·��þ.�Oµkq,pB

∗ > A . Äk§U� B∗:

B∗ = sup
x6y

µ[x, y]
1
q

{
ν̂[−M,x)

q(1−p)
p + ν̂[y,N ]

q(1−p)
p

} 1
q

=

{
sup
x6y

µ[x, y]

ν̂[−M,x)
q(1−p)

p + ν̂[y,N ]
q(1−p)

p

} 1
q

=:

{
sup
x6y

µ[x, y]

ϕ(x) + ψ(y)

} 1
q

m��©ê�©
§,��^Ü©'½n (proportional property)�Ñ
µ[x, y]

ϕ(x) + ψ(y)
=
µ[x, θ] + µ(θ, y]

ϕ(x) + ψ(y)
θ ∈ [x, y]

>
µ[x, θ]

ϕ(x)

∧ µ(θ, y]

ψ(y)
,

11



d? x ∧ y = min{x, y}, aq/§x ∨ y = max{x, y}"ü>é θ �þ(.§�
µ[x, y]

ϕ(x) + ψ(y)
> sup

θ∈[x,y]

{
µ[x, θ]

ϕ(x)

∧ µ(θ, y]

ψ(y)

}
.2é x 6 y �þ(.,5¿ü� sup���§�Ñ

sup
x6y

µ[x, y]

ϕ(x) + ψ(y)
> sup

x6y
sup

θ∈[x,y]

{
µ[x, θ]

ϕ(x)

∧ µ(θ, y]

ψ(y)

}

= sup
θ

sup
θ∈[x,y]

{· · · }

= sup
θ

{[
sup
x6θ

µ[x, θ]

ϕ(x)

]∧[
sup
y>θ

µ(θ, y]

ψ(y)

]}
.ü>� 1/q g�§�¤
y²�1�Ú"Ún 2.3. B∗ > supθ (B−

θ ∧ B+
θ ).ùp·��
�o? ·�rü�ü>��¹����N�V>��¹éXå5",
§m��´���§�´Ø
�§·�I��´���"dÿÝ µ �ëY5b½ µpp = 0, �3 θ̄ �� B−

θ̄
= B+

θ̄
,�,�k

B∗ > sup
θ

(B−
θ ∧ B+

θ ) > B−
θ̄
.u´

kq,pB
∗

> (kq,pB
−
θ̄
) ∨ (kq,pB

+
θ̄
).

> A−
θ̄
∨A+

θ̄
(þ¡¤ã�®�½n)

> inf
θ

(A−
θ ∨ A+

θ )

> A (©�Eâ). ����Ú´ü��«mþ��Z~ê���«mþ��Z~ê�'�§´;.�©�Eâ§Ùy²ǑØ�§·��õ

Ò¬
§d?Ø2)º"·��Ñµ��ù�Ú9mÞ�½n 2.2, Ñ^�^� q > p.ù�y²o�kn��:§1��´©�Eâ (splitting technique)¶1��´ θ̄ ��^§�
��Là
x��¯§ØI�ò θ̄ )Ñ§L
àÒ

x¶����E|Ò´�^Ü©'§òþ.�OyÑ5"ù�y²�Ñ5���§ý¬4<p,�aå5§ÏǑ´ùo¤�qùo{
12



ü"¤±ù´��4·�é�¿�y²"¢Sþ§�·`��E,�L�ªé¤�§�Uéõ<%p¿ØÓ¿§ÏǑ�´k:E,"·`§¤�§́ ÏǑ·U�§ÏǑy²´ùo¤�§¤±�,¬U�"·®²y²
V>� Hardy��¹§̂ VÇ��óù§ù´ Transient�/"�k Ergodic��¹"
‖f‖µ,q 6 A‖f ′‖ν,p Transient,

‖f − µ(f)‖µ,q 6 A‖f ′‖ν,p Ergodic.XJ µ ´VÇÿÝ§g,�Ä Ergodic �¹"e�´òü>�u 0 �>.^�Ñ�K§�o¤�Ø�ª´²��§ÏǑð�u 1 �~ê f �Ñ
A = ∞"¤±¥m�~���VÇÿÝ�²þ�"ù´VÇØ�­���/"ù«�/4·¯
Nõ£Þ§�
J��n�óä!Ê�Ú½Ò´y²ù«�/�²1�(J",
§fâ·�¤^y²��{���±�L5§¤±·����{3uL�Ø©¥��^
ng"§Ø=U?nù«�¹§�U?n Log-SobolevØ�ª (Log-Sobolev inequality)±9 Nash Ø�ª (Nash inequality)"¤±k�õ��¯"

§3 AÛA^ù���A©¨��m·���[ùA^§ù� Hardy-typeØ�ªk�o^?"y3��[��é{ü�¹�A^"XJ q = p§ù
�OÑUU?"XJ q 6= p§ATǑ�±U?§�´�v�Ñ5§ù´���)�¯K [�v5µy®Ä�)û]"·��ÄXe� q = p = 2�AÏ~fµ
‖f‖µ,2 6 A‖f ′‖ν,2 on (−M,N), f(N) = 0.Ù¥ÿÝ µ Ú ν 5g�©�fµ
L = a(x)

d2

dx2
+ b(x)

d

dx
, C(x) =

∫ x

θ

b

a
,

µ(dx) =
eC

a
(x)dx, ν(dx) = eC(x)dx,

θ ∈ (−M,N) ´��ë�:"k��´§�Z~ê��¤
A2 = λ−1

0 ,

13



Ù¥ λ0 ´�f L ���ÌAÆ�µ
Lf = −λ0f, f 6= 0, f(N) = 0.d?§�M <∞�§�IÖ¿>.^� f ′(−M) = 0. ùÒïá
Ø�ª�AÆ��m�'X"��/ù§Ø�ª´AÆ��C©/ª¶
AÆ�¤¥y�AÆ�§´�Ø�ª¤Ǒ�ª¤�Ñ��§"¤±fâù�¤k'uØ�ª�Z~ê��OÑ´AÆ���O"3�
�¹e§k µǑk ν§·�ý�^�Ø´ ν
´ ν̂ §̂ν3ùpAO{ü§̂ν(dx) = e−C(x)dx"·�k±e���(Jµ½n 3.1. éu�½��f L, �3X� {kn}n>1 Ú {k̄n}n>1, ��� n ↑�§

↑ k−1
n 6 λ0 = A−2

6 k̄−1
n ↓ .�ó�§·��±�EÑüGê�§�G,§�Gü§úú�C λ0"¢Sþ§·�&§�ÑÂñu λ0§�´�vkyÑ5"AO/§·��Ñ� n = 1 ��e.Úþ.Xe"íØ 3.2. éu������©�f L, ·�k k−1 6 λ0 6 k̄−1§Ù¥

k = sup
x∈(−M,N)

1√
ψ(x)

∫ N

−M
ψ(· ∨ x)

√
ψ dµ

k̄ = sup
x∈(−M,N)

1

ψ(x)

∫ N

−M
ψ(· ∨ x)ψ dµ

ψ(x) = ν̂(x,N) =

∫ N

x
e−C , x ∨ y = max{x, y}.�,§ùp�þe.Ǒ´ÏLÿÝ µ Ú ν̂ LÑ�§·^u����f"e¡�Ä�AÏ�A~"~ 3.3. - (−M,N) = (0, 1),

a(x) ≡ 1 Ú b(x) = −(d− 1)α tanh (αx), x ∈ (0, 1),Ù¥ d Ú αǑ�½�~êëê"ò~ê d Ú α �\ k̄ Ú k§�)Xe�ã/"
14
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xã�§ò~ê d �½Ǒ 5§wþe.� α �CÄ�¹"ÏǑ α �U´XJê (���ÑL�ª)§¤±ùp·��
C�µα=
√

−sgn(x) |x|,
x ∈ (−2.5, π/2). ã¥kü^o�:�­�§+Ú��:�´e.�O§+Úf�:� ( uþ�)´þ.�O"lã�±wÑ§ü^������/�,Ù�ê�u�u 2"�>A��±`´­U§ù´x
ã�âuy�"���/3�éõ~f��ÿ§þe.�'Ñ�u�u 2§' 4�U?��§�´v��¬XdbC"ù�bC´éØÏ~�uy§ÏǑK��ÿ�J§#N��§3−1�/�Ò®²A��U§�O`�K��/"3ù�ã¥Ø
ü^o�:�­�	§�kü^[�:�­�"'uùü^[­���¯Òé�
"þã�¿Â5gAÛ"�Ä;�iù6/ (Riemann Manifold)§b��>§ÏǑ´;�§¤±Ì�lÑ (discrete

spectrum)§�Ä§�1���"�AÆ� λ1"�:´^n�AÛþ��O: 6/�ê d§6/�» D Ú6/­Ç�e. K"��IO~f´ d�ü ¥¡µ
S
d : D = π, Ric = d− 1, λ1 = d ∀d > 1.Ǒ�B§·�½Â

α =
D

2

√
−K
d− 1

X K 6= 0, α = 0 X K = 0.Í¶� Myers ½näó: � K > 0 �, |α| 6 π/2.
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XmÞ¤`§3AÛ¥'u1�AÆ�k�����ïÄ"�K > 0�§�L5¤JXeL"
n�(Jéuü p�­¡���`§Ù¥�1n���¶1o�´3ü �!"­Ç����`§��Ǒ´AÛ¥�q��(J"þ�Üã¥�ü^[­�§3m�p�
���^Ò´e¡�1n�(J"d?J9§ùp·���Ñ�`�O
Ø�U!9Ù§(J§·���8I
Ø�[!"�[©z�3©"�Ø©¥é�" �ö e.�O: K > 0 �/
A. Lichnerowicz (1958)

d

d− 1
K

P.H.Bérard, G.Besson

& S. Gallot (1985)
d

{ ∫ π/2
0 cosd−1 t dt
∫D/2
0 cosd−1 t dt

}2/d

, K = d− 1

Chen & F.Y. Wang (1997)
dK

(d− 1)(1 − cosd |α|)
J.Q. Zhong &

H.C. Yang (1984)

π2

D2éuK­Ç��¹§kn��`�O"1��`u1��§§�Ñ3 α = 0 ?���`"1n�3­ÇéK�`u1��§�§�g�ØU'�" �ö e.�O: K 6 0 �/
H.C. Yang (1989)

F. Jia (1991) d > 5

Chen & F.Y. Wang (1994)

π2

D2
e−(d−1)α

Chen & F.Y. Wang (1997)
1

D2

√
π4+8(d−1)α2 cosh1−dα

Chen (1994)
1

D2

(
(d− 1)α tanhα sech θ

)2Ù¥� θ �dXe�ª��: ½Â
θ1 = 2−1(d− 1)α tanhα,

θn = θ1 tanh θn−1, n > 2, K θn ↓ θ.3"­Ç��¹§�`�OXeL"Ù¥1��`u1��"1n�3"NC`u1��§Ø��±�� 10−7§�~°("
16



�ö e.�O: K ≈ 0 �/
11 authors

π2

D2
+
K

2
, K ∈ RRR

Y.M. Shi &

H.C. Zhang (2007)
sup

s∈(0,1)
s

[
4(1− s)

π2

D2
+K

]
(∗)

Chen&E. Scacciatelli

& L. Yao (2002)

π2

D2
+
K

2
+
(
10−π2

)K2D2

16
, |K|6 4

D2Ù¥�1��(Jkwª:

(∗) =





(
π

D
+
KD

4π

)2

, −4π2 6 KD2 6 4π2

K, KD2∈
(
4π2, (d−1)π2

]

0, KD2 < −4π2o
ó�§l 1958 
�y3�ùÊ!8�
m¤��� 10 ��`�O¥§²L'�§±e 5 �(J+k"�ö e.�O
Chen & F.Y. Wang (1997)

dK

(d− 1)(1 − cosd |α|) , K > 0

Chen & F.Y. Wang (1997)
1

D2

√
π4 + 8 (d − 1)α2 cosh1−d α

Chen (1994)
1

D2

(
(d− 1)α tanhα sech θ

)2

Y. Shi &

H.C. Zhang (2007)
sup

s∈(0,1)
s

[
4(1− s)

π2

D2
+K

]

Chen & E. Scacciatelli

& L. Yao (2002)

π2

D2
+
K

2
+
(
10− π2

)K2D2

16
, |K|6 4

D2y3§·��±�Ñþã����)º"·��Ñ
#�Ú��e.�O§§Ï~`udL¥�1�!1n��O"3mà:C�§�^dL¥�1���O�Ö¿¶3":C�§�^dL¥1o��O�U?/ª�Ö¿ (§=´ã¥�,�[­�)"X
¤ã§L¥�1Ê��Oé°(§�§�·^u":������§d?Ø2?Ø"o�§dã®w«Ñ·�éuAÛ¤¼��?Ú:��Ú��e.\þü�Ö¿"ã¥�þ.�O���^¿´�Ǒ�äe.�O`��ëìÔ",
§ã¥w«Ñþ!e.�­��©�q§ùÒéu·���à²þ (convex

17



mean)"℄Àà²þ�Ñê�§g,À��L":§À,��Lmà:§ÏǑùü:Ñ´�`:"ß´·���ü^#­� η Ú η̄, �6u α Ú
d§÷v η 6 λ0 6 η̄. §�Ñ´ k̄−1 Ú k−1 �à²þ:

η = γ k̄−1 + (1− γ) k−1

γ̄ =
53/2 − 5π2/16

53/2 − 10/3
≈ 0.39 ­�²L |α| = 0 (� α, d �')

γ =
dπ2/4− k−1

k̄−1 − k−1

∣∣∣∣
|α|=π/2

­�²L |α| = π

2
(�� dk')

≈ 0.367 if d = 5ùü�à²þ¤xÑ�ãXeµ

-2 -1 0 1

2

4

6

8

10

12

ùü�þ!e.§3ã/þA�wØÑ�O§���~�"XJ���©�>f�§\¬uyùp¢SþkùÚ7ü^­�"�é{`§·��Øõrêþ�ù�� λ̄ = λ0 éÑ¬
"�^n�AÛþ d, D Ú K ��O§�ØõǑÒù�
"eãoÑ/�«
·�¤���?Ú.²Lmà:e��ü­�©O´Í¶� Lichnerowicz (1958) �`�O9®����(J Chen-Wang (1997). ¥mm����´Í¶� Zhong-Yang (1984)�`�O,
²L¥:! ue�!ª��Kü>�­�´#C��Z(J Shi-Zhang (2007). mà:Ú":´=k�ü:,3�p1�AÆ�kwª°(). ,
,·��#­�3¤k:þ,ÑC�°(.
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��ù��(J´ýkJ±���§£�Ê!8�
5��oõ<�ãå§��5�Ø´"3ù�L§¥§�k���Ú�à²þ�^�A½�AÛ1Ǒ§Ù§(ØÑ·^u�Ǒ����/"8U¤ù�¤kSNÑ´���§�uNo�lp�zǑ��§e¡�'�½n��´^VÇ�{�Ñ5§́ �~VÇ� (ë�N¹)"½n 3.4 ('�½n). ·�k
λ1 >

4

D2
λ̄ (�Ú�Â� 1994: ÍÜ�{),d? λ̄ ´�f L̄ �ÌAÆ�µ

L̄ =
d2

dx2
+ (d− 1)α tanh(αx)

d

dx
, f(0) = 0, f ′(1) = 0.Ùg§·�k

λ̄ = λ0 (� 2011: éó�{)§Ù¥ λ0 ´�f L �ÌAÆ�µ
L =

d2

dx2
− (d− 1)α tanh(αx)

d

dx
, f ′(0) = 0, f(1) = 0.d±þA^ǑN�±wÑ§VÇù�Æ�y3®²¿©/��§XJ��êÆXp¡vkVÇ§́ �~�x�"ù{·Ø�3ùp`§�
é�º�¶��*lǑ`L"±þ�¤kù
�{§éAÛÑk^"·
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ù�´;6/§vk>.§Ò�´à>. (convex boundary) Ǒ´��"¯¢þ§Ò�´�;6/§Ǒaq§�´I�V\���þ|"·w��#�´�� Finsler-Laplacian �O§(�Ǒ´��§�ØL�^ØÓPÒ
®"���[" N¹: ÍÜ�{�VÇÝþùgüù8¥uùü
�#?�§A���9VÇ�{§�ö±
�¯���QõgùL.ùpÑ�0�§±"Öö.

A.1 ÿÝ�ÍÜ. £�3Æ�È©Æ�­È©��ÿ§o´|^\gÈ©§z¤'�N´?n�ü­È©5O�.�ǑkAO�~	§rü­È©J,Ǒõ­È©5O�.�;.�~f´O���©Ù
∫

R

e−x2/2dx =
√
2π,ǑO����ü­È©. ·�kò§J,Ǒ�­È©

∫

R

∫

R

e−(x2+y2)/2dxdy,d��^4�IéN´�Ñ(J.ù�|©��{áu Simón-Denis Pois-

son (1781–1840). �ó�§·�rü�ÿÝ dx J,Ǒ�ÈÿÝ dx × dy.Ǒ�±`§·�rü�VÇÿÝ (��©Ù) µ(dx)J,Ǒ�È�m R×Rþ��ÈVÇÿÝ µ(dx)×µ(dy).ù®²´�«AÏ�ÍÜ§¡ǑÕáÍÜ. ��Ǒ�où«ÍÜ�A^ék�§�ÏÒ3u “Õá5”����r
. ��ølÕá5§NN�'5,�Ò´�¡2,#U/. �½ü��ÿ�m (Ek, Ek)þ�VÇÿÝ µk, k = 1, 2,¡�È�m (E1×E2, E1×E2)þ�VÇÿÝ µ̃ Ǒ µ1 Ú µ2 �ÍÜ§XJeã>Æ5^�¤á:

µ̃(A1 × E2) = µ1(A1), A1 ∈ E1,

µ̃(E1 ×A2) = µ2(A2), A2 ∈ E2.
(M)C�²��ÍÜ´ÕáÍÜµ̃µ0 = µ1×µ2. §%k�²��A^. ·�äó��þ�z��VÇÿÝ µ,o÷vXe� FKGØ�ª:

∫

R

fgdµ >

∫

R

fdµ

∫

R

gdµ, f, g ∈ M ,
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Ù¥ M ´ R þk.üNO¼ê��N. �^ÕáÍÜ µ̃0 = µ× µ Ú����S5§y²�I�1:
∫∫

R×R

µ̃0(dx, dy)[f(x)− f(y)][g(x) − g(y)] > 0, f, g ∈ M .�m���È©,=�¤�.e¡´�«ék^�Ä�ÍÜ µ̃b. � Ek = E (Hausdorff �m), k =

1, 2. P ∆ Ǒ E �éÆ�8: ∆ = {(x, x) : x ∈ E}. ·
µ̃b(dx1,dx2) = (µ1 ∧ µ2)(dx1)I∆ +

(µ1 − µ2)
+(dx1)(µ1 − µ2)

−(dx2)

(µ1 − µ2)
+(E)

I∆c,Ù¥ ν± ǑÎÒÿÝ ν � Jordan–Hahn©)§
 ν1 ∧ ν2 = ν1 − (ν1 − ν2)
+.AO/, X µk 'u Lebesgue ÿÝk�Ý hk, K (µ1 − µ2)

± Ú µ1 ∧ µ2 ½,: ©Ok�Ý (h1 − h2)
± (¼ê��!KÜ) Ú h1 ∧ h2 := min{h1, h2}.z�«ÍÜÑk§�Ä�AÆ. ùp´þª¥�1��.k
§��,d>Æ5g,�Ñþª¥�1��. ÏǑ (µ1 − µ2)

+ L« µ1 ' µ2 õÑ�Ü©, µ1 ∧ µ2 ´����kÜ©. dÍÜ�1��Ò´rù��kÜ©Ñ��éÆ�þ. AO/, XJ µ1 = µ2, K1�Ü©��.Ä�ÍÜ�­�53u§Ǒx
VÇÿÝ��C�ål. �ó�§6� ρ ǑlÑål:

ρ(x, y) =




1 x 6= y,

0 x = y.K·�kXe� Dobrushin½n:
∫

E×E
ρdµ̃b =: µ̃b(ρ) = inf

µ̃∈C (µ1, µ2)
µ̃(ρ) =

1

2
‖µ1 − µ2‖Var

(
= (µ1 − µ2)

+
)
,Ù¥ C (µ1, µ2) := {µ̃ : µ̃ ´ µ1 Ú µ2 �ÍÜ}. éu���ål¼ê ρ, Xe�½Â

W (µ1, µ2) = inf
µ̃∈C (µ1, µ2)

µ̃(ρ)¡Ǒ µ1 Ú µ2 �Wasserstein ål. ù´ 1969 
3ïÄ�Å| (VÇØ�ÚOÔn���Æ�)�Ú?�§��ÅÚ¤ǑïÄ�õêÆ�K (AO´�¡�)�Ä�óä.?�Ú§òþãål¼ê ρ�¤����¤^¼ê c (�K):

inf
µ̃∈C (µ1, µ2)

∫

E×E
c(x, y)µ̃(dx,dy),
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¿�	Ñ$¼ê T : E → E, �� µ2 ´3 µ1 �e!d T �Ñ�©Ù,
� ∫
E c
(
x, T (x)

)
µ1(dx) ��þª�e(.§ùÒ�¤
�8 PDE¥é9O�ïÄ��µ�`Ñ$ (optimal transport).�dǑ�§·�ù�´·��/ (=Ø¹�m t). e¡=\Ä��/. éu�½�ü�ê¼L§§�ìþã�{§·��±½Â§�éu�½�ØÓÑu:!3�½�Ó��m t �©Ù (VÇÿÝ) �ÍÜ. ,
§ù«ÍÜ�7´ê¼�. Ǒ,�ê¼ÍÜk§�^?§�Ǒ{üO§d?·���Äê¼ÍÜ (=�½>ÆL§´ê¼�§��ÍÜL§Ǒ´ê¼�).

A.2ê¼L§�ÍÜ. �½ (Ek,Ek)�ê¼�+ Pk(t)½=£VÇ Pk(t, xk,

·), k = 1, 2, ¡�È�mþ�ê¼�+ P̃ (t) ½=£VÇ P̃ (t;x1, x2; ·) ´
Pk(t) ½ Pk(t, xk, ·) (k = 1, 2) �ÍÜ§Xeã ('uL§�)>Æ5¤á:

P̃ (t;x1, x2;A1 × E2)= P1(t, x1, A1),

P̃ (t;x1, x2;E1 ×A2)=P2(t, x2, A2), t > 0, xk ∈ Ek, Ak ∈ Ek, k = 1, 2.
(MP)�d/,

P̃ (t)f(x1, x2) = P1(t)f(x1), f ∈ bE1

P̃ (t)f(x1, x2) = P2(t)f(x2), f ∈ bE2, t > 0, xk ∈ Ek, k = 1, 2,
(MP)d? bE ´k. E �ÿ¼ê��N;3�ª��>§�ǑüCþ�¼ê fÑ�ÀǑVCþ¼ê.þã½Â “(MP)”¢Sþvkõ�^?,ÏǑ Pk(t)½ Pk(t, xk, ·) (k =

1, 2) Ñ´���. ,
,l§�Ñu,g,�ÑXe'u�f�ÍÜ.

A.3 ê¼L§�ÍÜ. ©O± Lk (k = 1, 2) Ú L̃ L>Æ�+ Pk(t) (k =

1, 2) ÚÍÜ�+ P̃ (t) �/ª�¡�)¤�§3 (MP) ü>'u t3 0?��ê§�ÑXe ('u�f)�>Æ5:

L̃f(x1, x2) = L1f(x1), f ∈ F1,

L̃f(x1, x2) = L2f(x2), f ∈ F2, xk ∈ Ek, k = 1, 2;
(MO)Ù¥ Fk ´ bE2 �·�f8;�
¡� (MP)��§�ª�>�¼ê f Ñ�ÀǑVCþ¼ê.
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y3§éuê¼L§�ê¼ÍÜ,·�k
�fÍÜ��1�ã. ~X,éu R
d þ�*ÑL§§·�k���©�f

L =

d∑

i, j=1

aij(x)
∂2

∂xi∂xj
+

d∑

i=1

bi(x)
∂

∂xi
.Ǒ{üO§�¤ L ∼

(
a(x), b(x)

)
. 8�½>Æ�fLk ∼

(
ak(x), bk(x)

)
, k =

1, 2,KdÍÜ�f�>Æ5,�È�m R
d×R

dþ�ÍÜ�f L̃ ∼
(
a(x, y),

b(x, y)
) AkXe/ªµ

a(x, y) =

(
a1(x) c(x, y)

c(x, y)∗ a2(y)

)
, b(x, y) =

(
b1(x)

b2(y)

)
,Ù¥Ý
 c(x, y)∗ ´ c(x, y) �=�§^�´�y a(x, y) �K½. �äN
§� L1 = L2 ∼

(
a(x), b(x)

)
, a(x) = σ(x)σ(x)∗, detσ 6= 0. K��

c(x, y) = σ(x)
[
I − 2ūū∗

]
σ(y)∗, x 6= y,Ù¥ ū = (x− y)/|x− y|. Ý
 I − 2ūū∗ ´��Ý
 (=1�ªǑ −1���Ý
). ù�ÍÜ¡Ǒ��ÍÜ.

A.4 A^uAÆ��O. £� {Pt}t>0 �g��ÍÜ {
P̃t

}
t>0
÷v>Æ5: éu�� f ∈ C2

b (R
d) 9 (x, y) (x 6= y)§k

P̃tf(x, y) = Ptf(x)
(�A/, P̃tf(x, y) = Ptf(y)

)
, (A1)d?�´ò f ÀǑVCþ¼ê. ·�ddÑu5y²AÆ��O.1�Ú.� g ´�Au λ1 ��f −L �AÆ¼ê: −Lg = λ1g. Kd'u�+�IO��©�§ (= Kolmogorov �
�©�§)§·�k

d

dt
Ptg(x) = PtLg(x) = −λ1Ptg(x).�½ g Ú x,)ù�'u¼ê t→ Ptg(x) �~�©�§§�Ñ
Ptg(x) = g(x)e−λ1t, t > 0. (A2)ù�ð�ªé¤�§§òAÆ�!AÆ¼êÚ�+nöÚ����{'�úªp. �JdǑù�úª�^§ÏǑnöþ��.1�Ú.3$�´: ÍÜ�{��þãúªC�rkå. ·�¤I���´'uÍÜ�f�eã�Oµ
L̃ρ(x, y) 6 −αρ(x, y), x 6= y, (A3)

23



Ù¥ α > 0Ǒ~ê. §�du
P̃tρ(x, y) 6 ρ(x, y)e−αt, t > 0. (A4)8�Ä;�m�/. d� g 'u ρ Lipschitz ëY. PÙ Lipschitz ~êǑ

cρ. · g1(x, y) = g(x), g2(x, y) = g(y). �o,·�k
e−λ1t|g(x) − g(y)| =

∣∣Ptg(x)− Ptg(y)
∣∣ (d (A2))

=
∣∣P̃tg1(x, y)− P̃tg2(x, y)

∣∣ (d (A1))

=
∣∣P̃t(g1 − g2)(x, y)

∣∣ (ÏÍÜ3Ó��È�mþ)

6 P̃t|g1 − g2|(x, y)

6 cgP̃tρ(x, y) (Lipschitz 5)

6 cgρ(x, y)e
−αt (d (A4)).ÏǑ g �~ê,�3 x 6= y �� g(x) 6= g(y). �½ù��é (x, y),,�-

t → ∞, 7,�Ñ λ1 > α. ²Lùo{ü�üÚ, ·�Ò��
¤I�e.�O.3%þ¡�;5b½´�±;��, �I�^ÛÜz§S. Ïd, ·���{·^u�~����/. �Ǒ«~,�Ä O.U.L§:

L =

d∑

i=1

(
∂2

∂x2i
− xi

∂

∂xi

)
.� ρ(x, y) = |x − y| (Ï~�î¼ål), ��O�, B�wÑ^� (A3) éu��ÍÜ9 α = 1 ¤á, d���°(�O: λ1 = 1 = α. A��Ñ, 3���¹e,d^� (A3)��,Ǒ����e. α,Ø=I�ÀJ��ÍÜ, �I�À���ål. ØJ��,ùpkéõ�¯.õ

,·�Q²a�éÛ%,Ǒ�o©zþ?n�A�Ñ´ Dirich-

let >.�/, �5â²xù«�/�du4���n: ÙAÆ¼ê3SÜǑ�!3>.þ����� 0. éu λ1,AÆ¼ê�"�­¡3«�SÜ, 4���nØ·^. ¤±, ùp�'�:´^ÍÜ�{ù�VÇØóä�O
4���n.�� �öa�¥ï�êÆ¤��� (hosts: �éa!N^3)§a��!N!ñyL!±�<Ú��Å<��9�±�"a���Û!Mö%!Û�A!H{¨!o�W9Å<!N�SÚ�E¥��Ç9Ùìè���Ú9�±�"�dÅ¬§Ǒa�êÆ¤�Ù�Ó;§�Ö|!ãÖ,�1
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