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1. The model of stochastic games
(S, (A)) C A, B(i) C B,i € S),Q(li,a,b), (i, a,b)}
e 5: State space, a denumerable set space S

e A(1)/B(i): Finite sets of actions available at ¢ € S for

player 1/player 2 respectively;
e (Q(jli,a,b): Transition probability from 7 to 7 at under the
pair of actions (a,b) € A(i) X B(7);

e r(i,a,b): Nonnegative reward/cost function for player 1

(i.e., the cost for player 2) under actions (a, b) at state i.
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The evolution of the game: When the system state is 7 at
the initial decision epoch 0, there is a common level \; in the
two players’ mind, that is, player 1 tries his or her best to get
rewards more than Ay, while player 2 will try to control the cost
no more than )\g). Then, the players independently of each
other choose actions ay € A(ig) and by € B(ip). Consequent-
ly, the system jumps to state iy € S with one-step transition
probability Q(i1|7¢, ag, by) at time 1, and a payoff r(iy, ag, by) is
generated, and thus there remains a level \; := \g—7r(ig, ag, bo)

for both players.



Based on the current state 77, level \{, state 73, and the
previous level )\, the players chose their actions....... The game
is developed in this way, and so we get an admissible history h,,

of the game up to the nth decision epoch, i.e.,
hn = (10, Ao, @0, Do, - - - Tn—1, A1, Gn—1, bp—1, iy An),

where (i, am, b)) € K = {(i,a,b)|i € S,a € A(i),b €
B(i)}, A € R := (=00, +00), and A\jyi1 .= A\y—7 (i, Gy b))

For convenience, we denote by H,, the set of all admissible
histories h,, of the system up to the nth decision epoch, and

assume that H,, is endowed with a Borel o-algebra.
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P1: Set of all stochastic kernels ¢ satisfying p( A(7)]i, \) = 1

History-dependent policy (for player 1): 7! = {ml n > 0} of
stochastic kernels 7! such that 7} (A(i,)|h,) = 1

Markov policy: 7k (:|h,) = @n(:|zn, A\n) € 1 for all n > 0.

Stationary policy: 7l (:|h,) = ©(:|z,, \,) for some ¢ € ;.
We write such a policy {7!,n > 0} as ¢.

[Ty /T17"/T1§: the sets of all history-dependent /Markov /stationary
policies for player 1, respectively.

Similarly, [T, /TT5" /T13: the sets of all history-dependent /stationary

policies for player 2, respectively.
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Given (i,A) € S x R and (7!, 7?) € II; x Iy, the Tul-
cea's theorem gives the existence of a unique probability space

(Q, F, Pgl’f) and a process {i,, A\, a,, b, } such that

al 2

P (an = a,by = blhy) = m,(al ) (bl ),

(2,

7Tl2

P(z’ A) (Zn+1 o jlhm Gy b ) — Q<]|Zna Unp, bn)a
foreach j € S, a € A(i), b € B(¢) and h,, € H,, with n > 0.
EZTA)Q the expectation operator associated with P( ™ )2

For the target set D, let

inf{n >0:49, € D} if {n>0:4, € D} #£0,
D = .

+00 otherwise.



2. The game problem

Probability criterion: For each (7!, 7?) € II; x Ils,

Tp—1
G(i,\, 7' m?) = P(Z.lg? (Z (1, Gy byy) > )\> ,

n=0

which gives capacity for player 1 to reach the profit level A, and
also measures the risk of player 2 to control the cost level A.

The corresponding standard expectation criterion:

Tp—1
V(i w72 = BT (Z 7 (i, an, bn)> |

n=0



The functions

L(i,\) :== sup inf G(i,\, 7', 7°),
7T1€H17T2€H2
U(i,A) == inf sup G(i, A, 7', 7)

are called the lower value and the upper value of the game

respectively. Clearly,

L, \) <U(i, \)

Definition 1: If L(i, \) = U(¢, A), then we call the com-

mon function the value of the game, which is denoted by V.



Definition 2: Suppose that the value of the game V" exists.
A policy 7*! € I1; is said to be optimal for player 1 if

inf G(i, A\, 7!, 7)) = V (i, \)

w2elly
Similarly, 7** € I1; is called optimal for player 2 if

sup G(i, A\, m, 7)) = V (i, \)

rlell
If 7% € 11, is optimal for player k(k = 1,2), then (7*!, 7*2) is
called a pair of optimal policies (also known as a saddle point).

Main goals: The existence and computation of a saddle point.



3. The main results

P(U): The set of all probability measures on the set U, en-
dowed with the weak topology.

Fom: The set of functions i : DR — [0, 1], such that A(3, -)
is Borel-measurable on R for each i € D and h(i,\) = 1 if
A < 0 for each 7 € D°.

T%% T 777 The operators on F,,, are defined as follows:



For any h € F,,, i € D% ¢ € P(A(7)), ¢ € P(B(i)) and
(!, %) € II§ x 113, if A >0,

T gbh Z )\ Y Y 90 ]{A<r(i,a,b)}Q<D‘iaaf7 b)
acA(i) beB(i)
+Zhg, — 15, 0,)Qli, a, b)),
jeD°
Th(i,\) .= sup inf  T%%h(i, \), (1)

peP(A(i)) P€P(B(1))
|

T h(i, A) == T BT CEN RGN,

with T%%h(i, \) = Th(i, \) = T™ ™ h(i, \) := 1 for A < 0.
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In order to calculate G(i, A, !, 7°), we rewrite

Tp—1
G(i,\, 7, %) = Pgl)’srz (Z (1, Gy by) > )\)

n=0

771,772 - .
= P (Z Ly ireneyy (ins @ns bn) > A)

n=0

= lim G,(i, A, mt, 772)
n—oo
where
. 7]'1’7]'2 L .
GTL(Za )‘7 7Tl? 7T2) = P(z',/\) (Z I{mzlzo{ikEDc}}r@mv A bm) > )‘>
m=0

ObViOUS|yv Gn(a '77-‘-177-‘-2) < Gn—l—l('a K 7T17 7T2> (by r > 0)
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Lemma 1: Given any 7t = {p,,n > 0} € II7", 7 =
{pn,n > 0} € I1}, define

Wpl.— {op,n > 1} e I Wp2 .= {on, ,n>1} elly".
Then, for each n > 0, we have

(a) Gu(-, -, 7t 7% € F, and G(-, -, 7l %) € F;

(b) Gri(-, -, 7t w2) = T900G (-, -, M 7l W) 72);

(c) G(-, -, 7, 7%) = T¥oHG(., ., (D) 7 (1 12);

(d) G(-, -, 0, 0) = T#G(-, -, , ¢) for every (p, ¢) € I} x I,
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To further show the uniqueness of the solution to the equation
h = T%%h we need the following assumption.

Assumption 1. PZSA’?)TQ(TD <o) =1

Assumption 1 indicates that, no matter what the initial state
is, what the level is, and what the pair of randomized Markov
policies is, the system will fail within finite time.

To verify Assumption 1, it is desired to give a sufficient con-
dition imposed on the primitive data of the game model.

Lemma 2. If inf(; ,)epexan)xpu @(Dli,a,b) > 0, then

Assumption 1 holds.
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Lemma 3. Under Assumption 1, for any function u in F,,

the following statements hold.

(a) If u(i,\) < T”1’¢ku(i,A) for all & > 0, 7' € II, and
72 = {¢p, k > 0} € [T, then u(i, \) < G(i, \, w1, 7).

(b) If w(i, \) > T#-™u(i, \) for all k > 0, policies 72 € II3,
and ™ = {}, k > 0} € I, then u(i, \) > G(3, A\, T, m2);

(c) For every (mt,m?) € II§ x 115 , G(-, -, w}, m?) is the unique
solution in F,, to the equation h = T,
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Let u_1(¢, A) == [(_0)(A), and for n > 0, define u,, by
Up (1, A) = Ty 1(7, A)
= Sup Hlf { S‘ S‘ 90 ]{)\<T(i,a,b)}Q<D‘i7a7 b)

peP(A() *PBUD o e B
+ Z u (5, A —r(i,a,0)Q(ji,a,b)]}
jene

for (i, \) € D x R.

Now, we state the main result on the existence of a pair of

optimal policies.
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Theorem 1. Under Assumption 1, we have the assertions:
(a) The lim,, o up(2, A) =: u*(i, \) exists and belongs to F,,;
(b) u* satisfies the Shapley's equation u*(i, \) = Tu*(i, \);

(c) There exists a pair of stationary policies (7}, m3) € 117 x 113

such that, for all (i,\) € D x R,

T (i, \) = max T9™u*(i,A) = min T %5, \)
peP(A(1)) ¢eP(B(1))

(d) u*(i, A) is the value of the game, and u*(i, \) = G (i, A\, ], 73);
(e) (7}, m5) in (c) above is a pair of optimal stationary policies.
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4. An example
Example 1 (An inventory system with capacity M):
1,. stock amount at the beginning of period n =0,1,2,...
a,: order amount from an finite set A(7,),
b,: supply amount from an finite set B(i,),
Z,: amount of the product’'s demand during the period n,

(2, 4y, by): a reward function

Thus, the stock level evolves as follows

bne1 := min{ (4, + min{a,,b,} — 2,)", M}, n=0,1,...
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{z,} is re assumed to be i.i.d. with a distribution P(z, =
k) =: p; and independent of the stock level.
Then, the state space is S := {0,---, M}, and the transition

law is the following: for any j € S,

Q(jli,a,b) ZI{]} min{ (7 + min{a, b} — k)", M)} ps
k=0

Let D := {0}, this means that the game plays only there is
at least one stock amount.
To ensure the existence of a pair of optimal policies for this

inventory system, we impose the following hypothesis:
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(C1) For some kg such that kg > M + min{||a||, ||b]

b pr, > 0,

where ||a|| == max,c () @ and ||b|| := max;cp;) b.

Proposition 1. Under the hypothesis C, there exists a

pair of optimal policies for the inventory system above.

19



Many thanks for your attention !



