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Symmetric jump processes

Let (E ,D(E )) be a symmetric Dirichlet forms on L2(Rd; dx) as
follows

E (f , f ) :=

∫ ∫
Rd×Rd/∆

(
f (x)− f (y)

)2J(x, y)dxdy,

D(E ) := C∞c (Rd)
E1
.

J(x, y) : Rd × Rd/∆→ R+ is symmetric.
There exists a symmetric Hunt process (Xt)t>0 associated with
(E ,D(E )).
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Symmetric jump processes killed on domains

Given an open set D ⊆ Rd.
Let (ED,D(ED)) be a Dirichlet form on L2(D; dx) as follows

ED(f , f ) :=

∫ ∫
Rd×Rd/∆

(
f (x)− f (y)

)2J(x, y)dxdy,

D(ED) := {f ∈ D(E ); f (z) = 0 for q.e.z /∈ D}.

There exists a symmetric Hunt process (XD
t )t>0 associated with

(ED,D(ED)).
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Symmetric jump processes killed on domains

When D = Rd, (ED,D(ED)) = (E ,D(E )).

Let τD := inf{t > 0; Xt /∈ D}, then

XD
t =

{
Xt, t < τD;

∂, t > τD;
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Dirichlet heat kernel

Suppose the heat kernel p(t, x, y) exists for (Xt)t>0,

Px(Xt ∈ dy) = p(t, x, y)dy = p(t, y, x)dy.

(Dirichlet heat kernel) There exists a pD : R+ × D× D→ R+

such that

Ppx(XD
t ∈ dy) = pD(t, x, y)dy = pD(t, y, x)dy, x, y ∈ D.
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Dirichlet heat kernel

pD(t, x, y) = p(t, x, y)− Ex
[
p(t − τD,XτD , y)1{t>τD}

]
, x, y ∈ D

pD(t, x, y) = 0, x /∈ D or y /∈ D

Green function GD(x, y) (transient case),

GD(x, y) =

∫ ∞
0

pD(t, x, y)dy, x, y ∈ D.

Px(τD > t) =

∫
D

pD(t, x, y)dy, x ∈ D,

Ex[τD] =

∫
D

GD(x, y)dy, x ∈ D.
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Regularity condition on the boundary

We say that U ⊆ Rd is (κ, r)-fat if there exist κ > 0, R0 > 0 such
that for every x ∈ U and r ∈ (0,R0) we can find a ξx ∈ U
satisfying that B(ξx, κr) ⊆ U ∩ B(x, r).

We say that U is (uniformly) C1,1 if there exist r > 0, λ > 0 such
that for every x ∈ ∂U, we can find a C1,1-function ϕx : Rd−1 → R
satisfying ϕx(0) = 0,∇ϕ(0) = (0, . . . , 0), ‖∇ϕx‖∞ 6 λ,
|∇ϕx(y)−∇ϕx(z)| 6 λ|y− z|, and an orthonormal coordinate
system CSx with its origin at x such that

B(x, rx) ∩ U = {y = (y1, ỹ) ∈ B(0, r) in CSx : y1 > ϕx(ỹ)} ,

where ỹ := (y2, . . . , yd).
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Regularity condition on the boundary

δD(x) := dist(x, ∂D), x ∈ D.

We say that U ⊆ Rd satisfies that uniformly interior ball condition
when there exists a r0 > 0 so that for every x ∈ D with
δD(x) < r0, we could find a zx ∈ ∂D satisfying that B(x0, r0) ⊆ D,
where x0 := zx + r0(x− zx)/|x− zx|.

C1,1 =⇒ uniformly interior ball condition =⇒ κ-fat.
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Killed Brownian motion

[E.B. Davies 87], [Q.S. Zhang 02] Suppose Xt is a Brownnian
motion, D is a C1,1 bounded set,

pD(t, x, y) � t−d/2e−
|x−y|2

t

(
1 ∧ δD(x)1/2

√
t

)(
1 ∧ δD(y)1/2

√
t

)
x, y ∈ D, t ∈ (0, 1].
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α-stable process

[Z.Q. Chen, R.M. Song 98], [T. Kulczycki 98] Suppose
J(x, y) =

cd,α

|x−y|d+α , D is C1,1 bounded and d > 2,

GD(x, y) � |x−y|−d+α
(

1∧ δD(x)α/2

|x− y|α/2

)(
1∧ δD(y)α/2

|x− y|α/2

)
, x, y ∈ D.

[Z.Q. Chen, T. Kumagai 03,08] Suppose J(x, y) = κ(x,y)
|x−y|d+α ,

D = Rd,

p(t, x, y) � t−d/α ∧ t
|x− y|d+α

, x, y ∈ Rd, t > 0.
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α-stable process

[Z.Q. Chen, P.Kim, R.M. Song 10] Suppose J(x, y) =
cd,α

|x−y|d+α , D
is (uniformly) C1,1,

pD(t, x, y) �
(

t−d/α ∧ t
|x− y|d+α

)(
1 ∧ δD(x)α/2

√
t

)(
1 ∧ δD(y)α/2

√
t

)
x, y ∈ D, t ∈ (0, 1].

[Z.Q. Chen, P.Kim, R.M. Song 10] Moreover, if D is bounded,

pD(t, x, y) � e−λtδD(x)α/2δD(y)α/2, x, y ∈ D, t ∈ (1,+∞).
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α-stable process

[Z.Q. Chen, J. Tokle 11] Suppose J(x, y) =
cd,α

|x−y|d+α , D is
half-space like C1,1 domain,

pD(t, x, y) �
(

t−d/α ∧ t
|x− y|d+α

)(
1 ∧ δD(x)α/2

√
t

)(
1 ∧ δD(y)α/2

√
t

)
x, y ∈ D, t ∈ (1,+∞).

[Z.Q. Chen, J. Tokle 11] Moreover, if D is exterior bounded C1,1

domain,

pD(t, x, y) �
(

t−d/α ∧ t
|x− y|d+α

)(
1 ∧ δD(x)α/2)(1 ∧ δD(y)α/2)

x, y ∈ D, t ∈ (1,+∞).
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α-stable process

[K. Bogdan, T. Grzywny, M. Ryznar 10] Suppose
J(x, y) =

cd,α

|x−y|d+α , D is a κ-fat domain,

pD(t, x, y) �
(

t−d/α ∧ t
|x− y|d+α

)
Px
(
τD > t

)
Py
(
τD > t

)
x, y ∈ D, t ∈ (0, 1].

Key ingredients: boundary Harnack inequality ([R.M. Song, J.
Wu 98], [K. Bogdan, T. Kulczycki, M. Kwasnicki 08]), estimates
for exit probability, Lévy system, intrinsic ultracontractivity.
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Other jump processes

Truncated stable process J(x, y) =
cd,α

|x−y|d+α1{|x−y|61}.
[Z.Q. Chen, P. Kim, T. Kumagai 08], [P. Kim, K. Kim 14], [J.M.
Wang 2017+]

Relativistic stable process [Z.Q. Chen, P. Kim, R.M. Song
11,12,12]

Subordinated Brownian motion [Z.Q. Chen, P. Kim, R.M. Song
16], [P. Kim, R.M. Song and Z. Vondracek 12]

Non-symmetric setting [L. Xie, X. Zhang 14], [Z.Q. Chen, X.
Zhang 16]
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General symmetric jump process

General symmetric jump process

J(x, y) � κ(x, y)

|x− y|dΦ(|x− y|)χ(|x− y|)
, x, y ∈ Rd

L−1 6 κ(x, y) 6 L, |κ(x, x + h)− κ(x, x)| 6 L|h|η.

For some 0 < α1 6 α2 < 2,

C1(
R
r

)α1 6
Φ(R)

Φ(r)
6 C2(

R
r

)α2 , 0 < r 6 R.

r 7→ −(Φ(r)−1r−d)′/r is decreasing on (0,∞).
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General symmetric jump process

χ is a nondecreasing function on (0,∞) with χ(r) ≡ χ(0) for
r ∈ (0, 1] and

L1 exp(c1rγ) 6 χ(r) 6 L2 exp(c2rγ), r > 1.

Related results [Z.Q. Chen, P. Kim, T. Kumagai 11], [Z.Q. Chen,
P. Kim, R.M. Song 14], [Z.Q. Chen, P. Kim 16], [T. Grzywny, K.
Kim, P. Kim 16]
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horn-shaped domain

Suppose that f : (0,∞)→ (0,∞) is a bounded and continuous
function such that limu→∞ f (u) = 0. The open set
Df = {x ∈ Rd : x1 > 0, |x̃| < f (x1)} is called the horn-shaped
domain.

Df is not (uniformly) C1,1 nor κ-fat.

[M. Kwasnicki 09], [X. Chen, P. Kim, J. Wang 17+] If
J(x, y) =

cd,α

|x−y|d+α , D = Df , f (s) = log−θ(1 + s) with θ > α−1,
then (TD

t )t>0 is intrinsically ultracontractive.
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Main results

[M. Kwasnicki 09], [X. Chen, P. Kim, J. Wang 17+] If
J(x, y) =

cd,α

|x−y|d+α and (TD
t )t>0 is intrinsically ultracontractive, then

pD(1, x, 0) � φ1(x) � δD(x)α/2f (x1)
α/2(1 + |x|)−d−α, x ∈ D.

For simplicity, suppose f : R+ → R+ is non-increasing, define

t0(y) := inf
{

t > 0; exp
(
− c1t

f (y1)α
)
6

c2t
(1 + |y|)d+α−1

}
, y ∈ D.

Ψ(t, y) :=
(

1 ∧
δD(y)α/2

(
f (y1)

α/2 ∧
√

t
)

t

)
, y ∈ D, t > 0.
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Main results

Γ(t, y) :=

∫
{z∈D,|z|6 |y|2 ∧z0(t)}

e−
ct

f (z1)
α dz, y ∈ D.

z0(t) := inf{s > 0; f (s)α log(1 + s) 6 t}.

Theorem
Suppose lims→∞ f (s)(1 + s)k =∞ for some k > 0, then for every
x, y ∈ D with x1 > y1,

pD(t, x, y) � Ψ(t, x)Ψ(t, y) ·


exp

(
− c1t

f (y1)α

)(
t−d/α ∧ t

|x−y|d+α

)
t ∈ (0, t0(y) ∧ 1],

t
(1+|x|)d+α

t
(1+|y|)d+αΓ(t, y)

t ∈ (t0(y) ∧ 1, 1],
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Example

Theorem
Suppose f (s) = log−θ(1 + s) with some θ > 1

α
, then

pD(t, x, y) � Ψ(1∧t, x)Ψ(1∧t, y)·



exp
(
− c1t

f (y1)α

)(
t−d/α ∧ t

|x−y|d+α

)
t ∈ (0, c0 log−(θα−1)(1 + |y|)],

t
(1+|x|)d+α

t
(1+|y|)d+α exp(ct−1/(θα−1))

t ∈ (c0 log−(θα−1)(1 + |y|), 1]

e−λt, t ∈ (1,+∞).
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Examples

Theorem
Suppose f (s) = log−θ(1 + s) with some θ 6 1

α
, then

pD(t, x, y) � Ψ(t, x)Ψ(t, y) ·

{
exp

(
− c1t

f (y1)α

)(
t−d/α ∧ t

|x−y|d+α

)
t ∈ (0, 1].

Theorem
Suppose f (s) = exp(−c1s), then

pD(t, x, y) � Ψ(t, x)Ψ(t, y)·


exp

(
− c1t

f (y1)α

)(
t−d/α ∧ t

|x−y|d+α

)
t ∈ (0, e−c0(1+|y|)],

t2 exp(−c1(1 + |x|)) exp(−c2(1 + |y|)),
t ∈ (e−c0(1+|y|), 1]
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Idea of proof

Ex[τB(zx,t1/α)] 6 c1δD(x)α/2(√t ∧ f (x1)
α/2), x ∈ D.

Px(τD > t) 6 c1Ψ(t, x)
(

e−
ct

f (x1)
α +

t
(1 + |x|)d+α−1

)
, x ∈ D.
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Thank you for your attention!
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