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Pélya-Eggenberger Urn (1923)

@ Suppose an urn initially contains w white and r red balls.

@ One ball is drawn at random and then replaced together
with ¢ balls of the same color. Repeat the procedure ad
infinitum.

@ Denote the added balls situation by the replacement
matrix white  red

the drawn ball is white c 0
M =

the drawn ball is red 0 ¢
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Pélya-Eggenberger Urn (1923)

@ Suppose an urn initially contains w white and r red balls.

@ One ball is drawn at random and then replaced together
with ¢ balls of the same color. Repeat the procedure ad

infinitum.

@ Denote the added balls situation by the replacement

matrix white red

/
the drawn ball is white c O
| /

the drawn ball is red 0 ¢
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o After the nth action, let W, be the number of white balls
and T, be the number of total balls. Also let
Xnp =W,/ T, and F, =c{Wi,...,W,}.
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o After the nth action, let W, be the number of white balls
and T, be the number of total balls. Also let
Xnp =W,/ T, and F, =c{Wi,...,W,}.

@ Then Tp11=T,+cand Wyi1 () W, + c&n11, where
Entt lw,~¢ Ber(Xp).
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o After the nth action, let W, be the number of white balls
and T, be the number of total balls. Also let
Xnp =W,/ T, and F, =c{Wi,...,W,}.

o Then Tpi1 = To+cand W1 2 W, + ctpy1, where
Ene1 lwy~? Ber(Xn).

e Thus

X (d) Wh+ cnia
i PR
n+1

Tn Xn+ an—i—l

7_n—i—l Tn+1

c

—(&na1 — X).
Tn+1(£ +1 )




o Note that E[épt1 | Fn] = E[ént1 | Wh] = X, as.

DA



e Then

C —
E[Xn+1 | fn] =Xy + m(E[fnJrl | -Fn] - Xn) = Xn

=] 5 = = £ DA
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o Note that E[¢n11 | Fp] = E[ént1 | Wh] = X, ass.
e Then

E[Xn—|—1|fn]:Xn+ E[£n+1|fn]_Xn):Xn

C
7-n—i—l (

e Hence {X,} is a bounded martingale.
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Note that E[én11 | Fn] = E[ént1 | Wh] = X, as.
e Then

E[Xn+1 |fn]:Xn+ (E[§n+1 |-7:n]_Xn):Xn

C
Tn—',—l

Hence {X,} is a bounded martingale.

By martingale convergence theorem, {X,} converges
almost surely. Furthermore, the distribution of lim, . X,

follows a beta distribution with parameters b/c and r/c.
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Pemantle’s urn (1989)

e Suppose an urn initially contains w white and r red balls.

e At time n, one ball is drawn at random and then replaced
together with ¢, balls of the same color, where ¢, is a
positive integer. Repeat the procedure ad infinitum.

e Then after the nth drawn, the replacement matrix

¢, O
M,=|( "
0 c,



o After the nth action, let W,, T, and X,, defined as before.

«O» «F»r « =
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o After the nth action, let W,,, T,, and X,, defined as before.

d
o Then Tn+1 = Tn + Cn+1 and Wn+1 (:) Wn + Cn+1§n+1v
where &,.1 |, ~7 Ber(Xp).



Review Multiple drawn Time-Dependent
000080000 0000000 00000000000

o After the nth action, let W,,, T,, and X,, defined as before.

d
o Then Tn+1 = Tn + Cn+1 and Wn+1 (:) Wn + Cn+1§n+1v

where £,11 \and Ber(Xh).
e Thus @ T ot
X 9, n_x + n+1Sn+1
r Tn+1 ! Tn+1

Cn
— X, + T—“(gm — X,).
n+1

and so E[X,11 | Fpn] = Xa-
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o After the nth action, let W,,, T,, and X,, defined as before.

d
e Then Tn+1 = Tn + Cn+1 and Wn+1 (:) Wn -+ Cn+1§n+1v

where &,.1 |, ~7 Ber(Xp).
e Thus @ T ot
X 9. n X + n+1Sn+1
m Tn+1 5 Tn+1

Cn
— X, + T—“(gm — X,).
n+1

and so E[X,11 | Fpn] = Xa-

e Hence {X,} is a bounded martingale and so X, converges

almost surely to a random variable X.



Pemantle (1989) showed that

(i) the distribution of X has no atoms on (0, 1);

DA
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Pemantle (1989) showed that
(i) the distribution of X has no atoms on (0, 1);

2
(i) D02, (%) = oo if and only if X ~9 Bernoulli(-2-).

w—+r
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Pemantle (1989) showed that
(i) the distribution of X has no atoms on (0, 1);

2
(i) D02, (%) = oo if and only if X ~9 Bernoulli(-2-).

w—+r

2
If 22021 (T‘;"_l) < 00, what is the distribution of X?
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_ w=2,1=3, cln)=n, simulate 1000, time =10000
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_w=2, r=3,c(n)=n"2, simulate 1000, time =10000

Figure 1. ¢, =n

Figure 2. ¢, =n
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D et 7] <00

w=2, 1=3,c(n)=In(n), simulate 1000, time =100000 w=2, r=3.c(n)=In(ln(n)). simulate 1000, ime =10000
804 Wi e
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Figure 3. ¢, = In(n) Figure 4. ¢, = In(In(n))
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For Pemantle's urn, if w = r =1 and ¢, = n, then the

probability that all drawn are of the same color is

% X g X +-+ > 0. Thus the probability of X € {0,1} is positive.
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For Pemantle's urn, if w = r =1 and ¢, = n, then the

probability that all drawn are of the same color is

% X g X +-+ > 0. Thus the probability of X € {0,1} is positive.

In 1989, Pemantle showed that if {c,}n>1 is a bounded
sequence, then P(X =0) =P(X =1) =0, thatis, X has no

atoms on [0, 1].
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The urn of Johnson, Kotz, and Mahmoud (2004)

e Johnson et al. (2004) proposed a general Pdlya urn
models with multiple drawn.
@ In their model, the drawn, say m > 1, can be with or

without replacement and the replacement matrix is

#white balls drawn

m / —(m-1) m \

ml | —(m=2) m-1
M — : :

1 0 1
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e They gave an recursion formula for the distribution of

white balls.

e They also gave the expectation and the variance of the

number of white balls.
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Chen-Wei Urn (2005)

e Suppose an urn initially contains w white and r red balls.

o Chen-Wei considered that at each step, m > 1 balls are
randomly drawn and then note their colors, say k white
and m — k red balls. Replace the drawn balls together
with ck white and c(m — k) red balls. Repeat the

procedure ad infinitum.



The replacement matrix is M =

cm

c(m—1)

cm

c(m-— 1)

DA
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o After the nth action, let W, be the number of white balls
and T, be the number of total balls in the urn. Also let
Xn — Wn/ Tn.
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o After the nth action, let W, be the number of white balls
and T, be the number of total balls in the urn. Also let

Xn=W,/T,.

d

Ent1 !and Hypgeo(W,, T, — W,, m), that is,
Wi\ ( To— W, ToXo\ ( Ta(1—Xn)
P{&ni1 = kW, } = Ge) Cai) = (% )<(T,, ()

()

)m :

where 0 < k < m.



m k(Tan)(Tn(lfxn)
o Note that E[¢ni1 | Fn]l =D g —

B

) = mX,.

DA
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T"(I:;i(n))

s K (es)
e Then
T, c
Xn — n Xn + n
+ Tn+1 Tn—i—lf i
Cc
- Xn + —(gn—}—l - an)

Tn+1
and so E[X,11 | Fn] = Xa.
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m k(Tnan)(Tn(l:i(n))
o Note that E[£,41 | Fnl = > 4y (Tn)’" = mX,.

e Then
T, c
Xn — n Xn + n
L Tn+1§ +1
C
- Xn + —(fn—}—l - an)

Tn+1
and so E[X,11 | Fn] = Xa.

e Hence {X,} is a bounded martingale.
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m k(Tnan)(Tn(l:i(n))
e Then
T, c
Xn - L Xn + n
i Tn+1 Tn—i—lf i
Cc
n+1

and so E[X,11 | Fn] = Xa.
e Hence {X,} is a bounded martingale.

e Furthermore, as n — oo, X, converges almost surely to

an absolutely continuous random variable.
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The urn of Aoudia and Perron (2012)

e Aoudia and Perron (2012) proposed a new model which
at time n, M, balls are sampled and a multiple of C, of
the drawn balls are added, where M,, and C,, are random

variables.

e They showed that {X,} is a bounded martingale and

converges almost surely.

o They also showed that X ~¢ Bernoulli(5+) if and only if

ZOO E CriiMn 1 Xo (=X )(To=Mpi1) | wr
n=1

T3a(To—1) — (wr)®
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@ Assume an urn initially contains w white and r red balls.

o After the nth adding balls, suppose m > 1 balls are
randomly drawn and then note their colors, say k white

and m — k red balls.

o Replace the drawn balls together with ¢, 1k white and

Cn+1(m — k) red balls. Repeat the procedure ad infinitum.
e If m =1, then the above model is Pemantle's urn.

o If ct = ¢ =--- = c, then the above model is Chen-Wei

urn.



The replacement matrix at time n is
mcp,

o)
(m—1)c,
M, = :

Cn

Cn

DA
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o After the nth action, let W,,, T,, and X,, defined as before.

e Then {X,} is a bounded martingale and so X, converges

almost surely to a random variable, say X.

o Let pn — Cn/Tn_]_, ne N
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o After the nth action, let W,,, T,, and X,, defined as before.

e Then {X,} is a bounded martingale and so X, converges

almost surely to a random variable, say X.

o Let pn — Cn/Tn_]_, ne N

Theorem 1.
(i) If Zﬁl pJ2+1 = 00, then X follows a Bernoulli distribution

with parameter w/(w + r).

(ii) If {cn}n>1 is @ bounded sequence by c, then X is

absolutely continuous.
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Proposition 1. (Chen and Wei(2005))
Let (2, F,P) be the probability space and let (Q2,),>1 be a

sequence of increasing events such that P{U> ,Q,} = 1.
If there exist nonnegative Borel measurable functions (f,)n>1
such that P(Q, N X1 fB x)dx for all Borel sets B,

then f = lim,_o f, exists aImost everywhere, and f is the

density of X.
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For n > 1, let

Qp={w:cm < Wy(w) < T, — cm}.

Then Q,41 D Q,and P(US2,Q,) =1
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The proof of Theorem 1.(ii) with m =1

e By Propositions 1 and 2, it is sufficient to show that the
restriction of X to Qy has a density for all positive integer

{>c.
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The proof of Theorem 1.(ii) with m =1

e By Propositions 1 and 2, it is sufficient to show that the
restriction of X to Qy has a density for all positive integer
{>c.

e Recall p, = ¢cy/ Th—1, n € N. Since {cp}n>1 is bounded

oo 2
by c, Zj:l p; < oo.
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The proof of Theorem 1.(ii) with m =1

e By Propositions 1 and 2, it is sufficient to show that the
restriction of X to Qy has a density for all positive integer
{>c.

e Recall p, = ¢cy/ Th—1, n € N. Since {cp}n>1 is bounded
by c, Zj’il pjz < 0.

e For any given ¢ > 0, choose

d=¢/(Ty_1 exp{—zj?iépj?}) > 0.
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The proof of Theorem 1.(ii) with m =1

e By Propositions 1 and 2, it is sufficient to show that the
restriction of X to Qy has a density for all positive integer
{>c.

e Recall p, = ¢cy/ Th—1, n € N. Since {cp}n>1 is bounded

oo 2
by c, Zj:l p; < oo.

e For any given ¢ > 0, choose
d=c¢€/(Typ_1exp {— Zfigpf}) > 0.

o Let xq <x1§xz<x§§---<xs<x; and

/

S —x;) < 6.
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Then by Fatou's lemma,

D OPr({x < X <x} [ Q) =D ElLyxony | Ul

— i=1
S
<Y liminf E[Ly oy oy | ]
i=1
S

= liminf P(x; < X, < x; | Q).

. n—o0
i=1
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Since X, = W,/ T,,
S

liminf P(x; < Xp < x, | Q)

n—o0
i=1
= Tliminf P(Tox; < W, < Tpxi | Q)

1 n—o00

S
=) liminf > Pr(W,=k| )

i=1 Thxi<k< T,,X;
< S . _
< [z;(x, x,)] {nnnl inf T, (mExPr(W,, k| Qg))}

<dliminf T, (m/?x Pr(W, = k| Qg)) .

n—o0



Slnce pn - Cn/Tn_]_,

To=To1+cn=To1(l4pn) == Ty [[o_,(1+4 ps).

DA
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Since pp = ¢n/ Th-1,
To=To1+cn=Toa(l+pn) == Tora [[o_,(1+ps).
Thus

D Pr({x < X <x}| Q)

i=1

< 6T,y lim inf 1‘{(1 + ) [ml?x P (W, = k | Q)] .
J:
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Observe that

max Pr(W, = k| Q)

= max {Pr(Wy = k | Wy 1 = K)Pr(Wo 1 = k| Q)
+Pr(Wp=k | W1 =k —cp)Pr(Wp_1 =k —cn | Q)}

k k — ¢,
< — =
< (1 AP ) (mkax P (Wy_1 = k | Qg))

=(1—pn) ml?x Pr(Wh—1 =k | Q)
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Therefore,

S

D Pr(xi < X < x; | Q)
i=1

n n

<6Ty_1 Izrlgrlf H(l + pj) H(l - pj)

J=t J=t
o0
<0Ty_1expg — ijz (since 1 —x < e™)
j=t

<€.

Hence by Theorem 31.7 of Billingsley (1995), the restriction of
X to Qp has a density.
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mkax Pr(W, =k | Q)

m
— ml?x{z_; Pr(W, = k| W,_1 =k —ic,) Pr(W,_1 = k —ic, | Q

m  (k—icn\ ( Tn-1—k-+icn
< <ml?x Pr(W,-1 = k| Qé)) max {ZO ( i )((T,n:,;_l ) }

max Pr(Wy 1 = k | Q) (1 — pn+ M)

n
PjCj(m—l))
< 1—pi+2—"2.
5 < b Tj_l—l
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