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Abstract. A long-range Domany-Kinzel model proposed by Wu and Stanley is solved 
using random-walk formulations. In this model, for every site ( i ,  j )  in a two-dimensional 
lattice there is a directed bond present from site (i, j )  to ( i  + 1, j )  with probability one. 
There are also m + 1 directed bonds present from ( i ,  j )  to ( i  - k ,  j + l), k = -1, 0, 1, 2, 
3. . .m - 1 with respective probabilities pt+l  where m is any positive integer. An exact 
expression is obtained to determine the critical percolation angle 8, for any distribution 
of p.. The system percolates in the region 8, > 8 3 0 with probability one and zero outside 
this region where 8 is the angle measured from the x axis. If we let m go to infinity and 
p n  varies as pln-’, we find that when sc2, BC= 7. A closed form expression of BC is 
obtained for s + 2 .  When m is large but finite, 8, is also obtained for the following two 
distributions: (a) pn = a / ( a  + n )  with a > 0, (b) p .  = P/m and p > 0. 

Directed percolation has been the focus of much attention in the past few years. This 
is not only because it forms a new universality class with anisotropic scaling but also 
because of its close relationship to the Reggeon field theory in high-energy physics 
and the Markov process with breaking, recombination and absorption that occur in 
chemistry and biology, etc. (For a review see Kinzel (1982).) In two dimensions, 
various methods, like series expansion (Blease 1977, Essam and De’Belll981, De’Bell 
and Essam 1983), Monte Carlo (Kertesz and Vicsek 1980, Dhar and Barma 1981), 
and finite-size scaling (Kinzel and Yeomans 1981, Domany and Kinzel 1981) have 
been performed and much progress has been achieved. 

Recently, Domany and Kinzel (1981, hereafter referred to as DK) proposed a 
particular two-dimensional solvable model. For every site (i, j )  in a square lattice, 
they considered the case when a horizontal directed bond is present from (i, j )  to 
(i + 1, j )  with probability pH = 1 and a vertical directed bond is present from (i, j )  to 
(i, j + 1) with probability pv = p (figure 1). Let P(R, p )  be the probability that a site 
R = (N, L )  is connected to the origin. DK found that for large R there exists a critical 
percolation angle B C ( p )  such that the system percolates in the region @,>e 3 0  with 
probability one and zero outside this region, where 8 =tan-’ (LIN) .  When e > ec 
they also found that the correlation length exponent v = 2. More recently, Wu and 
Stanley (1982, hereafter referred to as ws) were able to reformulate the Domany- 
Kinzel model in terms of a random-walk problem using the fact that a unique path 
can be singled out for each percolation configuration. This reformulation greatly 
simplifies the problem. ws not only solved the case of a triangular lattice but also 
suggested that a long-range Domany-Kinzel model can be worked out using these 
random-walk formulations. 

@ 1983 The Institute of Physics L40 1 
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Domany-Kinzel model (1981)
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In this talk we consider long-range Domany-Kinzel model as
follows:
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Given any α ∈ R and m ∈ Z+, let
Nα = bαNc = sup{t ∈ Z : t ≤ αN} with N ∈ Z+.

Define the two point correlation function

τm(Nα,N) = Pp

(
(0, 0)→ (Nα,N)

)
.

Theorem (Domany and Kinzel (1981)) Let m = 1 and p0 = 0
(square lattice). Given any α > 0, there is α1,c = (1− p1)/p1 such
that

lim
N→∞

τ1(Nα,N) =


1 α > α1,c ,
1
2 α = α1,c ,

0 α < α1,c .

(1)
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Theorem ( Wu and Stanley (1982)) Let m = 1 (triangular
lattice). Given any α > 0, there is
α1,c = (1− p1)/(p0 + p1 − p0p1) such that (1) holds.

Theorem (Li and Zhang (1983))
Given any α ∈ R and m ∈ Z+, there is

αm,c =

∑m
k=1 qkqk+1 · · · qm − (m − 1)

1− q0q1 · · · qm

such that

lim
N→∞

τm(Nα,N) =


1 α > αm,c ,
1
2 α = αm,c ,

0 α < αm,c ,

where qi = 1− pi , i = 0, 1, 2, ...,m.
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Theorem (Wu and Stanley (1982)) For triangular lattice (m = 1)
and α < α1,c and α close to α1,c ,

τ1(Nα,N) ≤ e−NI (α), I (α)≈(α1,c − α)2.

We say that f (n) ≈ g(n) means limn→∞ f (n)/g(n) ∈ (0,∞).

Theorem (Chang and Chen (2013)) For triangular lattice (m = 1)
, there is α1,c such that

τ1(Nα,N) ≤ e−NI (α), α < α1,c ,

τ1(Nα,N) = 1
2 + O(1)√

N
, α = α1,c ,

1− τ1(Nα,N) ≤ e−NI (α), α > α1,c ,

where I (α) ≈ (α− α1,c)2.
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Main result 1

Given m ∈ Z+ and pk ∈ [0, 1), k = 0, 1, 2, ...,m with
p0 ∨ p1 ∨ · · · ∨ pm > 0, there is a critical aspect ratio

αm,c =

∑m
k=1 qkq

2
k+1 · · · qm−k+1

m − (m − 1)

1− q0q1 · · · qm

(Li-Zhang’s result: αm,c =

∑m
k=1 qkqk+1 · · · qm − (m − 1)

1− q0q1 · · · qm
)

such that

τm(Nαm,c ,N) =
1

2
+ O(

1√
N

),

and

τm(Nα,N) ≤ e−NI (α) for α < αm,c ,

1− τm(Nα,N) ≤ e−NI (α) for α > αm,c

where
I (α) ≈ (α− αm,c)2.
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Main result 2

Let m→∞ and pn ≈ pn−s for some p ∈ (0, 1) and s > 0.

Notation: αc = limm→∞ αm,c and τ(Nα,N) = limm→∞ τm(Nα,N).
If s ∈ (0, 3] we have αc = −∞, i.e. τ(Nα,N)→ 1 as N →∞ for
any α ∈ R .
If s > 3, we have αc ∈ (−∞, 1).
Moreover given any positive regularly varying sequence {LN}
where LN →∞ as N →∞, we have

τ(Nαc ,N) =



O
(

1
LN
)
, s ∈ (3, 4),

1
2 + O

(
1√LN
)
, s = 4,

1
2 + O

(
1

N
s−4
2

)
, s ∈ (4, 5),

1
2 + O

( LN√
N

)
, s = 5,

1
2 + O

(
1√
N

)
, s > 5.
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If s ∈ (0, 3] we have αc = −∞, i.e. τ(Nα,N)→ 1 as N →∞ for
any α ∈ R .
If s > 3, we have αc ∈ (−∞, 1).
Moreover given any positive regularly varying sequence {LN}
where LN →∞ as N →∞, we have

τ(Nαc ,N) =



O
(

1
LN
)
, s ∈ (3, 4),

1
2 + O

(
1√LN
)
, s = 4,

1
2 + O

(
1

N
s−4
2

)
, s ∈ (4, 5),

1
2 + O

( LN√
N

)
, s = 5,

1
2 + O

(
1√
N

)
, s > 5.
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Main result 2

When |αc − α| < 1, we have

τ(Nα,N) ≤ e−NI (α), for α < αc ,

1− τ(Nα,N) ≤ e−NI (α), for α > αc ,

where

I (α) ≈

{(
|α− αc |

) 1+ε
ε , for s ∈ (3, 4],

|α− αc |2, for s > 4

for any ε ∈ (0, s − 3).
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Main result 3

Let

Φ(x) =
1√
2π

∫ x

−∞
e−

u2

2 du, Ψ(x) = 1− Φ(x) ≈x>0
e−x

2/2

x
.

Given pn ≈ pn−s for s ∈ (0,∞] and p ∈ (0, 1). Let ρ ∈ (0,∞) and
a positive regularly varying sequence {`n}∞n=1 and let

α−N = αc − N
− ρ(s∧4−3)

(s∧4−2) `N and α+
N = αc + N

− ρ(s∧4−3)
(s∧4−2) `N . Let LN is

any positive regularly varying sequence where LN →∞ as N →∞.
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Then for s ∈ (3, 4) as N →∞ both

τ(Nα−N
,N), 1− τ(Nα+

N
,N){

≤ exp
(
−cN1−ρ`

s−2
s−3

N

)
, ρ ∈ (0, 1),

= O
(
1
L
)
, ρ ≥ 1.

For s = 4, as N →∞ both

τ(Nα−N
,N), 1− τ(Nα+

N
,N)

≤ exp
(
−cN1−ρ`2N

)
, ρ ∈ (0, 1),

= O(1) max{
√LN
`N

e
− 2`N√

LN , 1√LN }, ρ = 1,

if limN→∞
`N√LN =∞,

= Ψ(C) + O(1) max{ `N√LN − C,
1√LN }, ρ = 1,

if limN→∞
`N√LN = C,

= 1
2 + O( 1√LN ) ρ > 1.
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Main result 3

For s ∈ (4, 5) as N →∞ both

τ(Nα−N
,N), 1− τ(Nα+

N
,N)

≤ exp
(
−cN1−ρ`2N

)
, ρ ∈ (0, 1),

= O(1) max{ 1
`N
e−2`N , 1

N
s−4
2
}, ρ = 1,

limN→∞ `N =∞,
= Ψ(L) + O(1) max{`N − L, 1

N
s−4
2
}, ρ = 1,

limN→∞ `N := L ∈ [0,∞),

= 1
2 + O

(
`N

N
ρ
2−

1
2

)
, ρ ∈ (1, s − 3],

= 1
2 + O

(
1

N
s−4
2

)
, ρ > s − 3.
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For s = 5 as N →∞ both

τ(Nα−N
,N), 1− τ(Nα+

N
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≤ exp
(
−cN1−ρ`2N

)
, ρ ∈ (0, 1),

= O(1) max{ 1
`N
e−2`N , LN√

N
}, ρ = 1, limN→∞ `N =∞,

= Ψ(L) + O(1) max{`N − L, LN√
N
}, ρ = 1,

limN→∞ `N := L ∈ [0,∞),

= 1
2 + `N

N
ρ
2−

1
2
, ρ ∈ (1, 2],

= 1
2 + O

( LN√
N

)
, ρ > 2.
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1
2 + O

(
1√
N

)
, ρ > 2.

Lung-Chi Chen Asymptotic behavior for a long-range Domany-Kinzel model



For s > 5 as N →∞ both

τ(Nα−N
,N), 1− τ(Nα+

N
,N)

≤ exp
(
−cN1−ρ`2N

)
, ρ ∈ (0, 1),

= O(1) max{ 1
`N
e−`N , 1√

N
}, ρ = 1, limN→∞ `N =∞,

= Ψ(L) + O(1) max{`N − L, 1√
N
}, ρ = 1,

limN→∞ `N := L ∈ [0,∞),
1
2 + O

(
`N

N
ρ
2−

1
2

)
, ρ ∈ (1, 2],

1
2 + O

(
1√
N

)
, ρ > 2.
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Idea of the proof (I)

τm(Nα,N) =
∑
k≤Nα

Cm,N(k)

for N ∈ N.
By the definition of our model, for any k ∈ Z , n ∈ Z+, we have

Cm,n+1(k) =
∑
j∈Z

Cm,n(k − j)Dm(j)
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If m = 2, consider D2(0) = q2(p1 + p2 − p1p2) :
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FIG. 1: Directed percolation.
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FIG. 2: P ({(0, 0) → (0, 1)}) = p1q2.
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FIG. 3: P ({(1, 0) → (0, 1)}) = p2(q1q2).
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consider D2(1) = q1q
2
2(1− q0q1q2)
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FIG. 4: P ({(0, 0) → (1, 1)}) = (p0q1q2)q2.
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FIG. 5: P ({(1, 0) → (1, 1)}) = (q0q1q2)(p1q2).
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FIG. 6: P ({(2, 0) → (1, 1)}) = (q0q1q2)(q1q2)p2.
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In general, we can obtain that

Dm(j) =


0, if j ≤ −m,
1− qm if j = −m + 1,

Um(j) if j ∈ {−m + 2, ..., 0},
(q̄m)j−1(

∏m
l=1 q

l
l )(1− q̄m) if j ≥ 1,

and if j = {−m + 2, ..., 0}

Um(j) = q−j+2q
2
−j+3 · · · qm+j−1

m (1− q−j+1 · · · qm),

where q̄m := q0q1 · · · qm.
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Idea of the proof (II)

Since σ2 =∞ for s ∈ (3, 4], we can’t use Berry-Esseen theorem
directly.

Given any N ∈ N, let

Nt(s) =

{
(−αc ∨ 1)

(
N

(LN)2
) 1

s−2 , s ∈ (3, 4),

(−αc ∨ 1)
√
N, s ≥ 4,

where {LN} is any slowly very sequence where LN →∞ as
N →∞.
Define S̃N =

∑N
k=1 Ỹk where {Ỹk} is i.i.d. random variable with

distribution

Prob.(Ỹk = j) = D̃(j) =

{
cD(j), if j ≥ −Nt(s),

0, if j < −Nt(s),

where c is normalization constant. Let α̃c,N = Exp.(Ỹ1).
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Then we obtain

α̃c,N − αc ≈

{
(LN)

2(s−3)
s−2 N−

s−3
s−2 , s ∈ (3, 4),

N−
s−3
2 , s ≥ 4,

σ̃2N := var(Ỹ1) ≈


N

4−s
s−2 (LN)

− 2(4−s)
(s−2) , s ∈ (3, 4),

LN , s = 4,

1, s > 4.

and

η̃N = Exp.(Ỹ1)3 ≈


N

5−s
s−2 (LN)−

2(5−s)
s−2 , s ∈ (3, 4),

N
5−s
2 , s ∈ [4, 5),

LN , s = 5,

1, s > 5.
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Use Berry-Esseen theorem we obtain

Prob.(S̃N ≤ αcN)

=

∫ N(αc−α̃c,N )√
Nσ̃2

N

−∞

1√
2π

e−
u2

2 du +
O(η̃N)√
Nσ̃3N

=



O
(

1
LN
)
, s ∈ (3, 4),

1
2 + O

(
1√LN
)
, s = 4,

1
2 + O

(
1

N
s−4
2

)
, s ∈ (4, 5),

1
2 + O

( LN√
N

)
, s = 5,

1
2 + O

(
1√
N

)
, s > 5.
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Since

Prob.(SN ≤ αcN) = Prob.(S̃N ≤ αcN)

+Prob.(SN ≤ αcN,∃j ∈ {1, 2., , ,N} such that Yj < (αc ∧ −1)N),

and

Prob.(SN ≤ αcN : ∃Yj < −Nt(s))

≤ Prob.(∃j ∈ {1, 2., , ,N} such that Yj < −Nt(s))

≤ N max
j>Nt(s)

D(−j)

≈

 (LN)
2(s−1)
s−2

N
1

s−2
, s ∈ (3, 4),

N−
s−3
2 , s ≥ 4.

With the definition of Nα given in the introduction, we have

τ(Nαc ,N) ≈ Prob.(SN ≤ αcN) ≈ Prob.
(
S̃N ≤ αcN

)
.
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Idea of the proof (III)

Using Chernov’s inequality, we obtain that when α 6= αc ,

Prob.(SN ≤ Nα) < e−NI (α), Prob.(SN > Nα) ≤ e−NI (α)

where

I (α) = sup
t∈(0,1)

{
α log t − log D̂(t)

}
:= α log tα − log D̂(tα).

Hence

α

tα
=

dD̂(tα)
d t

D̂(tα)
.

Note that d2 D̂(tα)
dα2 |α=αc =∞ for s ∈ (3, 4], So we use the

fractional derivative.
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It is easy to check that for s ∈ (3, 4]

d1+ε D̂(tα)

dα1+ε
|α=αc =

d ε D̂ ′(tα)

dαε
|α=αc = O(1)

∑
n∈Z

n1+εD(n)

exists, so, dε tα
dαε |α=αc also exists, for ε ∈ (0, s − 3). By Taylor

formula, for ε ∈ (0, s − 3) and |α− αc | ∈ (0, 1), we have

I (α) = (α− αc)(tα − tαc ) + O(1)(tα − tαc )1+ε,

and

tα − tαc = O(1)(α− αc)
1
ε .

Then
I (α) ≈ |α− αc |

1+ε
ε , ε ∈ (0, s − 3).

Lung-Chi Chen Asymptotic behavior for a long-range Domany-Kinzel model



Thank You
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