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Abstract. A long-range Domany-Kinzel model proposed by Wu and Stanley is solved
using random-walk formulations. In this model, for every site (i, /) in a two-dimensional
lattice there is a directed bond present from site (i, ) to (i +1, ) with probability one.
There are also m + 1 directed bonds present from (i, j) to (i~k, j+1), k==-1,0, 1,2,
3...m—1 with respective probabilities pi., where m is any positive integer. An exact
expression is obtained to determine the critical percolation angle 6. for any distribution
of p,. The system percolates in the region 6. > 6 =0 with probability one and zero outside
this region where 6 is the angle measured from the x axis. If we let m go to infinity and
Pn varies as pyn~*, we find that when s<2, .= . A closed form expression of 6, is
obtained for s =2. When m is large but finite, . is also obtained for the following two
distributions: (a) p, = a/(a +n) with a >0, (b} p, =8/m and 8 >0.

Directed percolation has been the focus of much attention in the past few years. This
is not only because it forms a new universality class with anisotropic scaling but also
because of its close relationship to the Reggeon field theory in high-energy physics
and the Markov process with breaking, recombination and absorption that occur in
chemistry and biology, etc. (For a review see Kinzel (1982).) In two dimensions,
various methods, like series expansion (Blease 1977, Essam and De’Bell 1981, De’Bell
and Essam 1983), Monte Carlo (Kertesz and Vicsek 1980, Dhar and Barma 1981),
and finite-size scaling (Kinzel and Yeomans 1981, Domany and Kinzel 1981) have
been performed and much progress has been achieved.
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In this talk we consider long-range Domany-Kinzel model as
follows:

(—m+1,1)1(—m—.&—.2~,.1.)“(.—.2,1) , (LY (01 (L)
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Given any « € R and m € Z_, let
Ny = [aN| =sup{t € Z:t < aN} with N € Z.
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Given any « € R and m € Z_, let
Ny = [aN| =sup{t € Z:t < aN} with N € Z.
Define the two point correlation function

Tm(Nay N) = P, ((0,0) = (N, N)).
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Given any « € R and m € Z_, let
Ny = [aN| =sup{t € Z:t < aN} with N € Z.
Define the two point correlation function

Tm(Nay N) = P, ((0,0) = (N, N)).

Theorem (Domany and Kinzel (1981)) Let m =1 and pg =0
(square lattice). Given any o > 0, there is oy c = (1 — p1)/p1 such

that
1 a>ao,
lim 11(No, N) =<1 a=ay, (1)
N—o0
0 a<age.
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Theorem ( Wu and Stanley (1982)) Let m = 1 (triangular
lattice). Given any « > 0, there is
a1.c = (1 —p1)/(po+ p1 — pop1) such that (1) holds.
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Theorem ( Wu and Stanley (1982)) Let m = 1 (triangular
lattice). Given any « > 0, there is

a1.c = (1 —p1)/(po+ p1 — pop1) such that (1) holds.
Theorem (Li and Zhang (1983))

Given any a € R and m € Z, there is

D ket GkGk+1 - Gm — (m— 1)

a fr
e 1—qoq1- dm
such that
1 a>ame,
Nlin Tm(Na, N) = % &= Cmc,
oo
0 a<ame,

where gi=1—p;, i =0,1,2,...,m.
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Theorem (Wu and Stanley (1982)) For triangular lattice (m = 1)
and a < g ¢ and « close to g,

71(No, N) < e M@ (a)~ (a1, — a)?.

We say that f(n) ~ g(n) means lim,_, f(n)/g(n) € (0,0).
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Theorem (Wu and Stanley (1982)) For triangular lattice (m = 1)
and a < g ¢ and « close to g,

71(No, N) < e M@ (a)~ (a1, — a)?.
We say that f(n) ~ g(n) means lim,_, f(n)/g(n) € (0,0).

Theorem (Chang and Chen (2013)) For triangular lattice (m = 1)
, there is a ¢ such that

7_1(,V047 N) S eiNI(a)a a< a1.c,
71 (N, N) = 1 + oW a=a«
1\ Na, ) VN’ — (¢,

1—71(Ng, N) < e Nl o > a1c,

where /() ~ (o — a1.c)?.
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Main result 1

Given me€ Z4 and py € [0,1), k =0,1,2, ..., m with
poVpLV---Vpn >0, there is a critical aspect ratio

- Py qkq,3+1 gk —(m—1)
e 1—-q9091° " qm
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Main result 1

Given me€ Z4 and py € [0,1), k =0,1,2, ..., m with
poVpLV---Vpn >0, there is a critical aspect ratio

- Py qkq,3+1 gk —(m—1)
e 1—-q9091° " qm

m
ceig —(m—1
(Li-Zhang's result: amc = =1 Gkt Gm = (m ))

1 —qog1--qm
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Main result 1

Given me€ Z4 and py € [0,1), k =0,1,2, ..., m with
poVpLV---Vpn >0, there is a critical aspect ratio

Py qkq,3+1 “Im ot —(m—-1)

Om,c =

—(m—1
(Li-Zhang's result: amc = > bt k41 Gm — (M ))
1—qog1-" " QGm
such that . 1
N, N)= =+ O(——
Tm( Qm.cH ) 2 + (\/N)
and

Tm(Na, N) e N(a)

1—7m(Nay N) < e M@ for a>apm.

IN

for a<amec,

where
I(a) ~ (o — ozmyc)z.
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.
Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
Moreover given any positive regularly varying sequence {Ly}
where Ly — oo as N — 00, we have

O(ﬁ)’ s€ (374)’

T(No,, N) =
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
Moreover given any positive regularly varying sequence {Ly}
where Ly — oo as N — 00, we have

T(No,, N) =
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
Moreover given any positive regularly varying sequence {Ly}
where Ly — oo as N — 00, we have

O(zy); s€(3,4),
T+0(A), s=4
2+ O\ !
7(Na,, N) = %+O(N;), s € (4,5),
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
Moreover given any positive regularly varying sequence {Ly}
where Ly — oo as N — 00, we have

O(ﬁ)’ s € (374))
%—I—O(\/%V), s =4,
7(Na, N) = { 3+ 0(—=), s€(45),

N 2
Loty
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Main result 2

Let m — oo and p, =~ pn—° for some p € (0,1) and s > 0.

Notation: a¢ = limpm 00 m.c and 7(Ny, N) = limp_yo0 Tm( Ny, N).
If s € (0,3] we have ac = —o0, i.e. 7(Ng, N) = 1 as N — oo for
any a € R.

If s > 3, we have a. € (—o0, 1).
Moreover given any positive regularly varying sequence {Ly}
where Ly — oo as N — 00, we have

O(z;), s€(3.4),
%—I—O(\/%V), s=4,
7(Nog, N) = { 5+ O(2x), s € (4,5),
%—FO(%), s =25,
2+ 0( lN), s> 5.
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Main result 2

When |ac — al < 1, we have

e M@ for o < a,

e—NI(a)

T(Ng, N)
1 —7(Ngy, N)

IN A

,  for a> ac,

where

1+e
(o) ~ (|a—ac|) <, forse(3,4],
| — acl?, fors > 4

for any € € (0,s — 3).
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Main result 3

X u2 e_X2/2
O(x) = / €7 du, W(x) =1 O(x) Rso —.
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Main result 3

Let

—x2/2

1 x 2 e
P(x) = — e 2 du, V(x)=1-P(x) =y
==/ () = 1= 0(x) a0
Given p, ~ pn—° for s € (0,00] and p € (0,1). Let p € (0,00) and

a positive regularly varying sequence {¢,}%°; and let
p(sn4—3) p(sn4—3) .
ay = ac— N =2 [y and ozN—aCJrN 5A42€N Let Ly is

any positive regularly varying sequence where Ly — 0o as N — co.
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Then for s € (3,4) as N — oo both

T(Naﬁ, N),1— T(Nax, N)

s—2
{§ exp(—cN'=re; %), pe(0,1),
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Then for s € (3,4) as N — oo both
T(Na— N),1—7(N, +,N)

{ exp(—cN'~ Zn 3), p€(0,1),
O(z), p>1

Asymptotic behavior for a long-range Domany-Kinzel model
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Then for s € (3,4) as N — oo both
T(Naﬁ, N),1— T(Nax, N)

s—2
<exp(—cN*=74;72), pe(0,1),
=0(2), p=1

For s =4, as N — oo both
T(Naﬁ, N),1— T(Nax, N)

< exp(—cN'=ra3), p € (0,1),
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Then for s € (3,4) as N — oo both

T(Naﬁ, N),1— T(Nax, N)

s—2
<exp(—cN*=74;72), pe(0,1),
=0(2), p=1

For s =4, as N — oo both

T(Naﬁ, N),1— T(Nax, N)

< exp(—cN'=ra3), p € (0,1),
_ %N
= O(1) max{¥he Vi, -1}, p=1

s ¢
if impy_eo ﬁ = 00,
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Then for s € (3,4) as N — oo both

T(Naﬁ, N),1— T(Nax, N)

s—2
<exp(—cN*=74;72), pe(0,1),
=0(2), p=1

For s =4, as N — oo both

T(Naﬁ, N),1— T(Nax, N)

< exp(—cN'=ra3), p € (0,1),
20y
2
= O()max{Yhe VN, A} p=1,
if limy_oe ng = o0,
=V(C) + O(1) max{ 7= —C, =}, p=1,
if impy_eo \/ZT"’—N =C,
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Then for s € (3,4) as N — oo both

T(Naﬁ, N),1— T(Nax, N)

s—2
<exp(—cN*=74;72), pe(0,1),
=0(2), p=1

For s =4, as N — oo both
T(Naﬁ, N),1— T(Nax, N)

< exp(—cN'=ra3), p € (0,1),
_ 2N
=0(1) max{‘/ﬁfj"’e VEN

1 _
7@}7 p_ 17
if iMoo ng
v Gy =1
if |im,\,%ojTLN =C,
=1+ O(\/%N) p>1.

= 00,

= W(C) 4 O(1) max{ -
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Main result 3

For s € (4,5) as N — oo both
T(Naﬁ, N),1-— T(Nax, N)
< exp(—cN'=ra3), p€(0,1),
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Main result 3

For s € (4,5) as N — oo both
T(Naﬁ, N),1-— T(Nax, N)

< exp(—ch_pE%\,),
=0(1) max{ﬁefﬂl\’, Ni?

p € (0,1),
} p=1,

limpy o0 €y = 00,

Lung-Chi Chen
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Main result 3

For s € (4,5) as N — oo both
T(Naﬁ, N),1-— T(Nax, N)

< exp(—cN'=ra3), p€(0,1),
=0(1) max{ﬁe*%\’, ﬁ}, p=1,

limpy o0 €y = 00,

= V(L) + O()max{ly — L, —:5}, p=1,
N2

limy—o0 én == L € [0,0),
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Main result 3

For s € (4,5) as N — oo both
T(Naﬁ, N),1-— T(Nax, N)

< exp(—cN'=ra3), p€(0,1),
=0(1) max{ﬁe*%\’, ﬁ}, p=1,

= V(L) + O()max{ly — L, —:5}, p=1,
N2
1

:§+O( ﬁNl)’ p€(1,5—3],

N2 2
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Main result 3

For s € (4,5) as N — oo both
T(Naﬁ, N),1-— T(Nax, N)
< exp(—cN'=ra3), p€(0,1),
_ 120y _1 _
- O(l) max{me N? E}a p = ]-a

= V(L) + O()max{ly — L, —:5}, p=1,
N2

:§+O(N§’[%), (1,5 —3],
\:;+O(N3§4), p>s—3.

Lung-Chi Chen Asymptotic behavior for a long-range Domany-Kinzel model



For s =5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'ra3), p€(0,1),
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For s =5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'rE3)), p€(0,1),
= 0(1) max{ﬁe_%N’ %}7 p=1, limpy o0 €y = 00,
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For s =5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'rE3)), p€(0,1),
= 0(1) max{ﬁe_%N’ %}7 E p=1, limpy o0 €y = 00,
=WV(L)+ O(1) max{fy — L, \/—%}, p=1,

limy_o00 {n == L € [0, 00),
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For s =5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)
< exp(—cN'rE3)), p€(0,1),
= 0(1) max{ﬁe_%N’ %}7 E p=1, limpy o0 €y = 00,
=WV(L)+ O(1) max{fy — L, \/—%}, p=1,

limy_o00 {n == L € [0, 00),
: pe(1,2],

~
=

I
N[
_|_

Nl
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For s =5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)
< exp(—cN'rE3)), p€(0,1),

= 0(1) max{%e_%"’ ﬂ} p=1 limy_ o Ny = 00,
=V(L)+ O(1 )max{ﬁN - L, }, p=1,

limy_o00 {n == L € [0, 00),

_1 Iy

_2+Ng_%) p€(172]7
_ 1

=2+ 0(%) p>2
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For s > 5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'ra3), p€(0,1),
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For s > 5 as N — oo both
T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'=ra3), p € (0,1),
= 0(1) max{g1 e v, —} p=1 limy_ o Ny = 00,
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For s > 5 as N — oo both

T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'=ra3), p€(0,1),
= 0(1) max{g1 e v, —} p=1 limy_ o Ny = 00,
=V(L)+ O(1) max{ﬁN L, ﬁ}, p=1,

limy_o00 {n == L € [0, 00),
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For s > 5 as N — oo both

T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'=ra3), p € (0,1),
= 0(1) max{g1 e v, —} p=1 limy_ o Ny = 00,
=V(L)+ O(1) max{ﬁN L, ﬁ}, p=1,
limy_o00 {n == L € [0, 00),
L
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For s > 5 as N — oo both

T(Naﬁ, N),1— T(Naﬁ, N)

< exp(—cN'=ra3), p € (0,1),
= 0(1) max{g1 e v, —} p=1 limy_ o Ny = 00,
=WY(L)+ O(1) max{e,\, L, ﬁ}, p=1,
limy_o00 {n == L € [0, 00),
4
1 1
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|dea of the proof (1)

Tm(Na N) = ) Comn(k)

for N € N.
By the definition of our model, for any k € Z ,n € Z, we have

mn+1 Zcmnk J ()

JEZ
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If m =2, consider D>(0) = g2(p1 + p2 — p1p2) :

|
=
°
=
-

©o ' @o !

FIG. 2: P({(0,0) = (0.1)}) = pig2.

(*Ll)l (0,1) 1 (1,1) 1
q2 p2
ar
00 ' @0 !

FIG. 3: P({(1,0) = (0, )}) = p2(q142)-
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consider D>(1) = q195(1 — q0q142)

Ly O ) @)

o 2

0o ' (o ' (20

1
FIG. 4: P({(0,0) = (1,1)}) = (poqig2)q2
Ly 0y @ @)
af
0 Tan oo !
FIG. 5: P({(1,0) — (1, )}) = (q09192)(P142)-
(=1,1) 1 (0,1) | (1,1) 1 (2,1) 1
a2 N Ao | p2
ar ar
©0 ! (I.(‘U T T

(2.0)

FIG. 6: P({(2,0) = (1,1)}) = (g09142)(q192)p2
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In general, we can obtain that

0, if j<—m,
. 1—gm ifj=—-m+1,
Dm(J) = . e .
Um(./) If./ € {7m+2a "'70}a

(@myY Y(IIy a1 = Gm) if j>1,
and if j={-m+2,...,0}

m+j—1

Un(j) = 9-j+20° 13- am ™ (1 = g—js1-+ qm),

where §m 1= qoq1 - Gm.
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Idea of the proof (Il)

Since o2

directly.

= oo for s € (3,4], we can't use Berry-Esseen theorem
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Idea of the proof (Il)

Since o2

directly.
Given any N € N, let

= oo for s € (3,4], we can't use Berry-Esseen theorem

e = {00 ()™ <G
(—ac V1)VN, s >4,

where {Ly} is any slowly very sequence where Ly — 0o as
N — oo.
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Idea of the proof (Il)

Since o2

directly.
Given any N € N, let

= oo for s € (3,4], we can't use Berry-Esseen theorem

= {Coe gt <0
(—ac V1)VN, s >4,

where {Ly} is any slowly very sequence where Ly — 0o as

N — oo.

Define Sy = ZLVZI Yy where {Y} is i.i.d. random variable with
distribution

CD(j), If./ > _Nt(s)v

Prob (Vi = j) = D(j) = {0 if j < —Ni(s)

where c is normalization constant. Let &,y = Exp.(\N/l).

Lung-Chi Chen Asymptotic behavior for a long-range Domany-Kinzel model



Then we obtain

(Ln) = N s e (3.4)
- s—2 572’ S e s ,
Qe N — O = Ns73

B 2 b i 47

4—s _2(4—s

NEHLh) TR, se (3.9,
52 = var(V1) = Ly, s=4

1, s> 4.
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Then we obtain

(L) N, se(3,4)
s—2 572’ S e s ,
Qe N — Qe = Ns—3
{N 2, _4a
4—s 72(475)
Ns=2(Ly) 2, se€(3,4),
52 = var(V1) = Ly, s—4,
1, s> 4.
and
5—s 72(575)
Ns=2 (ﬁN) =2, Ss& (374)7
5—s
. ~ N7z, s € 4,5),
iin = Exp.(1)* = 14.5)
£N7 s =9,
1, s > b.
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Use Berry-Esseen theorem we obtain

Prob.(Sy < acN)
/oo \ 2T \/N&?V
(0(4), s€(3,4),
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Use Berry-Esseen theorem we obtain

Prob.(Sy < acN)
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Use Berry-Esseen theorem we obtain

Prob.(Sy < acN)
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Use Berry-Esseen theorem we obtain

Prob.(Sy < acN)
N(QC*&C,N)

— / \/N&,QV 1 eié du+ O(ﬁN)

(O(£), s€(3,4),
%+O(\/%N), s=4,

— %+O(Ni}4), s € (4,5),
o), =5,
\
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Use Berry-Esseen theorem we obtain

— NJIQ\I 1 7—2d _l_O(ﬁN)
RV, )
(0(4), se(3,4),
3+0() s=4

— ;+o(%if4), s € (4,5),
%—FO(\/—NN), s =5,

(3 +0(F), s>5.
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Since

Prob.(Sy < acN) = Prob.(Sy < acN)
+Prob.(Sy < acN,3j € {1,2.,,, N} such that Y; < (ac A —1)N),

and
Prob.(Sy < acN 1 3Y; < —N(s))

Prob.(3j € {1,2.,,, N} such that Y; < —N(s))

N max D(—j
max, (=)

Q

With the definition of N, given in the introduction, we have

T(Nga,, N) = Prob.(Sy < acN) = Prob.(g,\, < aCN)_
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Idea of the proof (Ill)

Using Chernov's inequality, we obtain that when o # ag,
Prob.(Sy < N,) < e M@ Prob.(Sy > N,) < e N(@)
where

I(a) = sup {a log t — log b(t)} ‘= alog t — log D(t,).
te(0,1)
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Idea of the proof (Ill)

Using Chernov's inequality, we obtain that when o # ag,
Prob.(Sy < N,) < e M@ Prob.(Sy > N,) < e N(@)
where

I(a) = sup {a log t — log b(t)} ‘= alog t — log D(t,).
te(0,1)

Hence

D(ta)
o dt

(ta)

Note that & D(ta la=a. = 00 for s € (3,4], So we use the
fractional derlvatlve.

Q

s
()

Lung-Chi Chen
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It is easy to check that for s € (3, 4]

dlte D(ta)

de [7 (
datte lamec = oo

)| = O(1) S D)

nez

exists, so, ;a also exists, for € € (0,s — 3). By Taylor
formula, for € € (0,5 —3) and | — ac| € (0,1), we have

I(a) = (@ — ac)(ta — ta,) + O(1)(ta — tac)lJrea

and

o =

ta — ta, = O(1)(a — a¢)-.

c

Then

1+e

(o) = |a—ac <, e€(0,5—3).
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Thank You

Asymptotic behavi inzel model



