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Notations and reviews

Total variation and its mixing time

Consider an irreducible Markov chain on a finite set S with transition
matrix K and stationary distribution π.

The total variation of (S,K , π) is defined by

dTV(t) := max
x∈S
‖K t(x , ·)− π‖TV = max

x∈S,A⊂S
{K t(x ,A)− π(A)}.

The mixing time of the total variation is defined by

TTV(ε) = min{t ≥ 0|dTV(t) ≤ ε}, ∀ε ∈ (0, 1).

G.-Y. Chen (NCTU, Taiwan) Cutoffs for VSRWs July 18, 2017 4 / 28



Notations and reviews

Simple random walks with reflecting boundaries

Let S = {0, 1, ..., n} and K , π be given by{
K (i , i ± 1) = 1/2, ∀0 < i < n,

K (0, 1) = K (n, n − 1) = 1,
,

{
π(i) = 1/n, ∀0 < i < n,

π(0) = π(n) = 1/(2n).

Let S ′ = Z2n and K ′, π′ be given by

K ′(i , i ± 1) = 1/2, π′(i) = 1/(2n).

Through the mapping {i , 2n − i} ⊂ S ′ 7→ i ∈ S, one has

dTV(t) := max
x∈S
‖K t(x , ·)− π‖TV = d ′TV(t) := max

y∈S′
‖(K ′)t(y , ·)− π′‖TV.
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Notations and reviews

Bounding mixing times using spectral information

Observe that K ′ has the following eigenvalues and normalized eigenvectors

βi = cos
πi

n
, φi (j) =

√
2 cos

πij

n
, i , j ∈ S ′.

To see an upper bound, set d ′2(t) = maxx ‖(K ′)t(x , ·)/π′ − 1‖`2(π′). Then,

d ′TV(t) ≤ 1

2
d ′2(t) =

1

2

(
n∑

i=1

β2t
i

)1/2

=
1

2

(
n∑

i=1

(
cos

πi

n

)2t
)1/2

.

For a lower bound, taking φ1 as a testing function yields

d ′TV(t) =
1

2
‖(K ′)t − π′‖`∞(π′)→`∞(π′) ≥

(K ′)t(0, φ1/
√

2)

2
=

1

2

(
cos

π

n

)t
.
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Notations and reviews

Constant speed random walks

As the random walk (S ′,K ′, π′) does not converge (in distribution), let’s
consider one continuous time variant, called the constant speed random
walk, (S ′,Q, π′) with infinitesimal generator

Q(i , j) = K ′(i , j) ∀i 6= j , Q(i , i) = −1 ∀i .

By setting Ht = etQ and d ′′TV(t) := maxy ‖Ht(y , ·)− π′‖TV, one has

1

2
e−λ1t ≤ d ′′TV(t) ≤ 1

2

(
n∑

i=1

e−2λi t

)1/2

.

where λi = 1− cos(πi/n). As a result of θ2/5 ≤ 1− cos θ ≤ θ2/2 with
|θ| ≤ π, there are C (ε) > 1 for ε ∈ (0, 1) such that

C (ε)−1n2 ≤ T ′′TV(ε) ≤ C (ε)n2 for n large enough.
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Notations and reviews

Some remarks on classical techniques

Remarks.

A similar upper bound can be obtained by the tail probability of a
random time, say the coupling time or the strong stationary time.

A similar lower bound can be derived by the Kolmogorov inequality.

For multi-dimensional walks, let d ∈ N, S = (Z2n)d , π(x) = (2n)−d

and

Q(x , y) =
1

2d
∀|x − y | =

d∑
i=1

|xi − yi | = 1, Q(x , x) = −1 ∀x .

For ε ∈ (0, 1), there are C (ε) > 1 such that

C (ε)−1(d log d)n2 ≤ TTV(ε) ≤ C (ε)(d log d)n2 for n large enough.

G.-Y. Chen (NCTU, Taiwan) Cutoffs for VSRWs July 18, 2017 8 / 28



Notations and reviews

Cutoffs for Markov chains

A family of continuous time Markov chains, F = (Sn,Qn, πn)∞n=1, with
mixing times, (Tn,TV)∞n=1, presents a cutoff in the total variation if

lim
n→∞

Tn,TV(ε)

Tn,TV(1− ε)
= 1 ∀ε ∈ (0, 1),

or, equivalently, there is a sequence of positive reals (tn)∞n=1 s.t.

lim
n→∞

dn,TV(atn) =

{
0 for a > 1,

1 for 0 < a < 1.

The sequence (tn)∞n=1 is called a total variation cutoff time for F .

Remark. For the d-dimensional constant speed random walks, the family
indexed by the sizes of state spaces has no cutoff in the total variation.

G.-Y. Chen (NCTU, Taiwan) Cutoffs for VSRWs July 18, 2017 9 / 28



Notations and reviews

Mixing times and cutoffs

-
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Randomized products of random walks

Randomized products

For n ≥ 1, let Xn = {0, 1, ..., n} and Rn be a Q-matrix on Xn given by{
Rn(i , i + 1) = Rn(i , i − 1) = 1/2, ∀0 < i < n,

Rn(0, 1) = Rn(n, n − 1) = 1, Rn(i , i) = −1.

Consider the family (Sn,Qn, πn)∞n=1, where Sn = X n
n and

Qn(x , y) =
n∑

i=1

ξiδx̌i (y̌i )Rn(xi , yi ) ∀x , y ∈ Sn,

where x̌i = (x1, ..., xi−1, xi+1, ..., xn) and (ξn)∞n=1 is a sequence of positive
random variables.
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Randomized products of random walks

Convergence of randomized products

If νn is the stationary distribution of Rn, then

πn(x) = νn(x1)× · · · × νn(xn).

Let Pn,t = etRn and Hn,t = etQn . Then, one has

Hn,t(x , y) = Pn,tξ1(x1, y1)× · · · × Pn,tξn(xn, yn).

How to analyze the total variation of (Sn,Qn, πn)?

Coupling for multi-dimensional random walks.

Spectral analysis with (n + 1)n eigenvalues and eigenvectors.

The total variation of (Xn,Rn, νn).
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Randomized products of random walks

The Hellinger distance

For any irreducible Markov chain (S,K , π), the Hellinger distance is
defined by

dH(t) = sup
x∈S

1

2

∑
y∈S

(√
K t(x , y)−

√
π(y)

)2

1/2

∈ [0, 1].

(C. and Kumagai 2016) If dTV is the total variation of (S,K , π), then

1−
√

1− d2
TV(t) ≤ d2

H(t) ≤ dTV(t).

This implies

Cutoff in the total variation ⇔ Cutoff in the Hellinger distance.
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Randomized products of random walks

Hellinger distances of product chains

Let dn,H ,Dn,H be Hellinger distances of (Xn,Rn, νn), (Sn,Qn, πn). Then,

1− D2
n,H(t) =

n∏
i=1

(1− d2
n,H(ξi t)) ≤ 1− d2

n,H(ζnt),

where ζn = min{ξ1, ..., ξn}, and there is a universal constant C > 1 s.t.

C−1e−Ct/n
2 ≤ dn,H(t) ≤ Ce−C

−1t/n2

1− e−C−1t/n2 ∀t > 0, n ≥ 1.

This implies that, for a > 0,

− log(1− D2
n,H(t)) �

n∑
i=1

d2
n,H(ξi t) ∀t ≥ aζ−1

n n2.
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Randomized products of random walks

Cutoffs for randomized products

(C. and Kumagai 2017) The family (Sn,Qn, πn)∞n=1 has a cutoff if and
only if there is a sequence of positive reals (tn)∞n=1 such that

lim
n→∞

fn(atn) =

{
∞ ∀a ∈ (0, 1),

0 ∀a ∈ (1,∞),
, fn(t) =

n∑
i=1

e−ξi t/n
2
. (1)

(C. and Saloff-Coste 2010) Let (ξ
(n)
i )ni=1 be an order statistics of (ξi )

n
i=1.

Then, (1) holds if and only if

lim
n→∞

ξ
(n)
1 max

1≤i≤n

log(i + 1)

ξ
(n)
i

=∞.
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Randomized products of random walks

Some examples

1. For some c > 0, P(ξn = c ,∀n) = 1. In this case, there is a total
variation cutoff for (Sn,Qn, πn)∞n=1 and Tn,TV(ε) � n2 log n.

2. Suppose that there is an increasing sequence (an)∞n=1 such that ξn/an
converges a.s. to a positive random variable. Then, (Sn,Qn, πn)∞n=1 has a
cutoff with probability one if and only if supn log(n + 1)/an =∞.

3. If (θn)∞n=1 is a i.i.d. sequence of positive random variables with finite
mean and ξn = θ1 + · · ·+ θn, then, in the setting of 2., one has an = n
and thus (Sn,Qn, πn)∞n=1 has no cutoff with probability one.
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Variable speed random walks

Random walks with random hopping times

For n ∈ N, let Sn = {0, 1, ..., n} and Kn be given by

Kn(i , i ± 1) = 1/2 ∀0 < i < n, Kn(0, 1) = Kn(n, n − 1) = 1.

Let (ξn)∞n=1 be a sequence of positive random variables and set

Qn(i , j) = ξiKn(i , j) ∀i 6= j , Qn(i , i) = −ξi .

The continuous time Markov chain with Q-matrix Qn has stationary
distribution

πn(i) = πn(0)
2ξ0

ξi
∀0 < i < n, πn(n) = πn(0)

ξ0

ξn
.
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Variable speed random walks

Review of cutoff criterion

(C. and Saloff-Coste, 2015) Consider the family F = (Sn,Qn)∞n=1, where
Sn = {0, ..., n} and Qn is a Q-matrix satisfying Qn(i , i ± k) = 0 for k > 1.

Notations:
1. Let τ

(n)
i be the first hitting time to i of the chain (Sn,Qn).

2. Let Mn be a state such that πn([0,Mn]) � πn([Mn, n]).

3. Set tn = E0τ
(n)
Mn
∨ Enτ

(n)
Mn

and b2
n = Var0τ

(n)
Mn
∨ Varnτ

(n)
Mn

.

Then, one has

F has a cutoff in the total variation ⇔ bn = o(tn).

Further, tn is the cutoff time.
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Variable speed random walks

Computations of means and variances of hitting times

By writing Qn = (q
(n)
i ,j ), one has

Eiτ
(n)
i+1 =

πn([0, i ])

πn(i)q
(n)
i ,i+1

, Variτ
(n)
i+1 =

1

πn(i)q
(n)
i ,i+1

i∑
j=0

πn(j)(Ejτ
(n)
i + Ejτ

(n)
i+1).

In the case of VSRW, we have

E0τ
(n)
i = iξ−1

0 + 2
i−1∑
k=1

(ξ−1
1 + · · ·+ ξ−1

k ) �
i−1∑
k=0

(ξ−1
0 + · · ·+ ξ−1

k )

and

Var0τ
(n)
i �

i−1∑
j=0

j∑
k=0

(ξ−1
0 + · · ·+ ξ−1

k )2.
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Variable speed random walks

Cutoffs for variable speed birth and death chains

(C. and Kumagai, 2017, ongoing)

Assumption: (ξ−1
n )∞n=0 is an i.i.d. sequence with finite mean, say µ.

By the SLLN, we may select Mn = [n/2] almost surely and obtain

E0τ
(n)
Mn
�

Mn−1∑
k=0

(ξ−1
0 + · · ·+ ξ−1

k ) ∼ µn2

4
almost surely,

and

Var0τ
(n)
Mn
�

Mn−1∑
j=0

j∑
k=0

(ξ−1
0 + · · ·+ ξ−1

k )2 ∼ µ2n4

192
alomost surely.

G.-Y. Chen (NCTU, Taiwan) Cutoffs for VSRWs July 18, 2017 22 / 28



Variable speed random walks

Cutoffs for variable speed birth and death chains

By writing

ξ−1
n−k + · · ·+ ξ−1

n = (ξ−1
0 + · · ·+ ξ−1

n )− (ξ−1
0 + · · ·+ ξ−1

n−k−1),

one may apply the same computation as before to achieve

Enτ
(n)
Mn−1 �

n−Mn−1∑
k=0

(ξ−1
n−k + · · ·+ ξ−1

n ) ∼ µn2

4
almost surely,

and

Varnτ
(n)
Mn
�

n−Mn−1∑
j=0

j∑
k=0

(ξ−1
n−k + · · ·+ ξ−1

n )2 ∼ µ2n4

192
alomost surely.

This implies that F has no cutoff with probability one.
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Variable speed random walks

Some remarks

(C. and Saloff-Coste 2013) Let λn be the spectral gap of Qn, i.e. the
smallest non-zero eigenvalue of −Qn. Then,

F has a cutoff ⇔ tnλn →∞, tn = E0τ
(n)
Mn
∨ Enτ

(n)
Mn
.

As no subfamily of (Sn,Qn)∞n=1 presents a cutoff, λn � t−1
n � n−2

almost surely.

(M.-F. Chen) Let C = πn([0,Mn]) ∧ πn([Mn, n]) and

`n = max

max
j<Mn

Mn−1∑
k=j

πn([0, j ])

πn(k)q
(n)
k,k+1

, max
j>Mn

j∑
k=Mn+1

πn([j , n])

πn(k)q
(n)
k,k−1

 .

Then,
1

4`n
≤ λn ≤

2

C`n
.
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Perspective and references

Perspectives of future work

What could we say about:

the cutoff for the randomized product of random walks with i.i.d.
(ξn)∞n=1;

the cutoff for the one-dimensional VSRW with i.i.d. (ξ−1
n )∞n=1 and

Eξ−1
1 =∞;

the cutoff for the randomized product of random walks with random
hopping times;

the scaling limit process and its mixing time.
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Perspective and references

Thank you for your attention!
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