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Introduction: BBM

LAV VA

We begin with one Brownian particle ¢ starting from the origin. This particle
has a lifetime o4 exponentially distributed as

P(oy > 1| X5 <1)=ePL. )

where LY = f(; 80(X2)ds, the local time at the origin of the initial particle.

When the particle dies, it is replaced in its position (the origin) by a random
number A of offsprings,

p(A:k):pkak:()v]vza (2)
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Background

Bocharov and Harris (2014): consider the case of binary branching, i.e., P, =
1. They obtain results regarding the asymptotic behaviour of the number of
particles above At at time #, for A > 0. They also prove a SLLN for this
catalytic BBM.

afat
JANAN S

Question: Inspired by their paper, we consider the general case py > 0 and
assume m = » oo kpi > 1.
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@ N,: the set of particles alive at time ¢, labelling particles according to the

usual Ulam-Harris convention.

@ X' the spacial position at time .

@ A,: the number of the children of particle u, A, 4 A.

@ o,: lifetime of particle u, o, 4 04. Then fission time S, =

Then the BBM can be represented as X, := {X}' :

v<u Ov-

u € Ni}. Let P be the

distribution of X = (X, : t > 0) with a single initial particle at origin.
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Spine setup

Since py > 0, the spine we will choose is a little different from the history
literature, see Harris [2009].
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Spine setup

@ The spine starts with the initial particle ¢.
© The spine undergoes fission into particles with rate 5o (-)dt;
© A spine particle u, once death, gives birth to A, particles.

Q If A, > 0, one of the A, children is chosen uniformly at the fission time
of u to continue the spine.
If A, = 0, the particle u will be sent to a “revive state” and continue the
path as if it were still in the system, so that the spine can continue.

@ Each of the remaining A, — 1(A, > 0) particles gives rise to an inde-

pendent copy of a P-branching Browmian motion started at its space-time
point of creation.

Technically, All the particles, die with no offspring, will be sent to the “revive
state”.
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Let N,(R) be the set of particles in the “revive state” and let N, = N; U N,(R).
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Let N,(R) be the set of particles in the “revive state” and let N, = N; U N,(R).
For each v € N,, define
i Ay, if visalive,

Y71 1, ifwvisin the revive state.
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Let N,(R) be the set of particles in the “revive state” and let N, = N; U N,(R).
For each v € N,, define

i Ay, if visalive,
Y71 1, ifwvisin the revive state.

Thus for u € N,

Prob(u € §) = H H l{ueN,} + H l{ueNr(R)}

1/<u 1/<u 1/<u
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Let N,(R) be the set of particles in the “revive state” and let N, = N; U N,(R).
For each v € N,, define
i Ay, if visalive,

Y71 1, ifwvisin the revive state.

Thus for u € N,

Prob(u € §) = H H l{ueN,} + H l{ueNr(R)}

1/<u 1/<u 1/<u

Then it is easy to show that Zueﬁ, Prob(u € §) = 1.
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Filtration

e £ ={0,&1,&,...}: the selected line of decent in the spine

@ node,(£): the node in the spine that is alive at time ¢

@ n = (n, : ¢t > 0): the number of fission times along the spine

@ F;: the natural filtration of this branching process.

o F;:=o(F;, (nodey(£),s < 1)).

0 G =o0(&;s<1).

o G :=0(G,, (nodes(€),s < 1)).

® Foo := U0 o Foo 1= Ur=o Fis Goo 1= Ur=o Gr.
We extend P to P so that the spine is a single genealogical line chosen from the
underlying process.
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Measure

In detail, the measure Pon ]}t is defined by

dP(r,M,£)| 7, = dP()dL"© (n) T pa, H [T @i ((r.m))

v<&n, V<§n, Y jwjeo,

where L% (n) is the law of the Poisson random measure n = {{o; : i =
,n.} o t > 0} with intensity SdL, along the path of £, P(§) is the law

of ¢ starting from the origin, and ps, = Zkzo Pil(a,=x) 1s the probability that
individual v has A, offsprings.
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Girsanov change for spatial motion

Let

Z, = e P2l&il+Pali— %551.

Then {Z;} is a P-martingale so we can define a martingale change of measure
by

d
2 - Zf'
dP gt

Then {&, O} is a Brownian Motion with drift ;.
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Change of measure for Possion process

Suppose that the Possion process (n, L)) wheren = {{o; : i = 1,2,...,n,} :
t > 0} has instantaneous rate $dy(&;). Further, assume that n is adapted to
{L; : t > 0}. Then under the change of measure

1mB(E)

= - e—ﬂ(m—l)b
L3©) z,

the process (n, L"? (5)) is also a Possion process with instantaneous jump rate

mBéO(&)
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The spinal construction

Assume that > 7, (kInk)p; < co. Then it can be shown that

192
My = Y e i1
ueEN;

is a P-martingale and converges almost surely to an non-degenerate limit M,
ie,P(My =0) < 1.
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The spinal construction

Assume that > 7, (kInk)p; < co. Then it can be shown that
M, = Z e~ B 1= 551
ueEN;

is a P-martingale and converges almost surely to an non-degenerate limit M,
ie,P(My =0) < 1.

It can also be shown that

~ _ _1g2
M, = e Bal&| =385t H Avlie, enyy
I/<£nf

defines a F;-measurable f’—martingale.
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The spinal construction

Note that, Z, M and M are all unit mean martingales and have the key relation-
ships as follows:

Ml‘ - IB(Mt ‘ .E) and Zt = IS(MI‘ ’ gt) (3)
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The spinal construction

Note that, Z, M and M are all unit mean martingales and have the key relation-
ships as follows:

Ml‘ - IB(Mt ‘ .E) and Zt = IS(M; ’ gt) (3)

Then we can define the Girsanov change of mesaures by

dQ

dQ .
aplz U ap s T

In fact, it follows from (3) that Q is simply the projection of the measure Q
onto Fo.
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! &-V

— I35 T Aulig, enydPdl’© () T pa, H II aps

v<&y V<& V<§"t Y vj€oy
_ e*ﬁﬂﬁt\*%ﬁ%HﬁzL’den’e erdLﬁ(i) H l{fn,GNt H dP€SV

V<, _]V]EOV
. 1

= doat™ [T pa, TT ;- tiesemy I @i, ((my)

V<§nt V<§'lt Jvj€0y

Li Wang (Beijing University of Chemical TechnBranching Brownian Motion with Catalytic Brz 10 May, 2017 BNU



The spinal construction

Then under (~), the branching process X can be constructed as follows:

@ The spine initially starting at the origin moves according to the measure
0;

@ The spine undergoes fission into particles at an accelerated intensity Smdo(-)c

© A spine particle u, once death, gives birth to A, particles with size-biased
offspring distribution P(A, = k) = 2 k= 0,1,2,--

© One of the A, children is chosen uniformly at the fission time of u to
continue the spine.

o

Each of the remaining A, — 1 particles gives rise to an independent copy
of a P-branching BM started at its space-time point of creation.

Note that, P(A, = 0) = 0.
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Many-to-one Theorem

(Many-to-one theorem) Let f(t) € mG,. In other words, f(t) is G;-measurable.
Suppose it has the representation

t) = qu(t)l{ueﬁ}v

UEN;

where f,,(t) € mF;, then

E<qu(t)>— ( > _hult ) (ePIT+2257 (1)) = Ele®f ().

UEN; ueNr
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Spine decomposition

Spine decomposition:

exp{~alél — 583} + 3 (Au— 1) exp{~Gles,| — 5535}

u<&p,

where {S, : u € £} is the set of fission times along the spine.

Li Wang (Beijing University of Chemical TechnBranching Brownian Motion with Catalytic Brz 10 May, 2017 BNU 20/34



@ Expected total population growth: 5, = S(m — 1),

2

83 B
E(|[N|) =20 (Bov/1)e 7' ~ 2e3 ", 1 — o0,
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@ Expected total population growth: 5, = S(m — 1),

2

83 B
E(|[N|) =20 (Bov/1)e 7' ~ 2e3 ", 1 — o0,

@ Expected population growth rates:
Let NM := {u € N, : X" > M}, A > 0. Then

B3

E(N]) = (82 — M)l T2V,
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@ Expected total population growth: 5, = S(m — 1),

2

83 B
E(|[N|) =20 (Bov/1)e 7' ~ 2e3 ", 1 — o0,

@ Expected population growth rates:
Let NM := {u € N, : X" > M}, A > 0. Then

52
E(IN}']) = ®((82 = MVi)el 7 -
@ Almost sure total population growth rate:

log |N,
lim og [V

t—00 t

1
= 5,8% P{|Ms >0} —a.s.
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@ Almost sure population growth rates: Let A > 0.
1.If A > $3,/2, then

lim [NM| =0, P-as.
—00
2.If XA < B2/2, then P{-|M, > 0}-a.s.

g NN (1B BN i A< B,
tim =M= e if A > B,.

1—00 t
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@ Almost sure population growth rates: Let A > 0.
1.If A > $3,/2, then

lim [NM| =0, P-as.
—00
2.If XA < B2/2, then P{-|M, > 0}-a.s.

g NN (1B BN i A< B,
lim =M= “hy it A > 6.

t—00 t

@ (Rightmost particle speed) Let R; := sup,cy, X/, # > 0. Then

R
lim — = 2 P{|My > 0}-as.

t—oo t 2
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Upper bound for the asymptotic behaviour of | N

Proof. Note that N := {u € N, : X > At}. Thus for ¢ € [n,n + 1),

At
|Nt |§ Z Z 1{SUPse[n,n+1)X¥2>‘"}

UEN, vED, (1)

where D), (u) is the set of descendants of u that have ever exist in [n,n + 1).
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Upper bound for the asymptotic behaviour of | N

Proof. Note that N := {u € N, : X > At}. Thus for ¢ € [n,n + 1),

At
|Nt | S Z Z 1{Sups€[n,n+l)xyz>‘n}

UEN, vED, (1)

where D), (u) is the set of descendants of u that have ever exist in [n,n + 1).
Take € > 0 and consider events

— A+
An - Z Z l{supAYG[n,tH»l) XYVZ)‘n} > e( * e)n

UEN, veD, (u)

If we can show that P(A,) decays to O exponentially fast then by the Borel-
Cantelli Lemma we would have P(A, i.0.) = 0 and that would be sufficient to
get the result.
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Another result about |[N)|

We can also say something about the rare events of [N\'| being positive when
we typically do not find particles with speeds A > %

Proposition

(Unusually fast particles) Assume that .~ | (kInk)py < oo. For A > -y

iy 0PN > 1Mo > 0)

t—00 t

— Ay
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Strong law of large numbers

Theorem

Let f : R — R be some continuous compactly-supported function. If
Y ey (kInk)py < oo, then

lim ¢ 2% D X = Mo / f(x)Bae P Mdx, P-as.
R

—00
ueN;

.

where M is the almost sure limit of the P-uniformly integrable additive mar-
tingale

M= 3 exp{ it — 551}

ueN;
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Key Proposition

It is sufficient to prove for functions f(x) = e~ A1 (xeB)- Let

_1p32 _ u
Ur=e2% ) e llxeny.
UEN;

Proposition

If Y2 (kInk)py < oo, then for anym € N, o > 0,

lim |U(m+n)o - E(U(m+n)a|]:n0)| =0, P-as.

n—00
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Idea of proof of the proposition

Let

ﬁt = e_%ﬂgle—ﬁﬂft‘l{&elg}_‘_
. Ay,—1
_1lp2 —B,- j
eI D L D AP enn X)L, _ pstner
V<£ﬂ1 Jj=1 -

For eachf € B, (R) and x € R,

E[ﬁt]z < Q.

Li Wang (Beijing Univ of Chemical TechnBranching Brownian Motion with Catalytic Brz 10 May, 2017 BNU



Idea of proof of the proposition

Note that we may always write

Nno‘
Ulmtnyo = Z e—)\maUr(’;)T
i=1

where given J,,., the collection {U,(,Q, :i=1,..., Ny} are mutually indepen-
dent and equal in distribution to U,,, under ngi. Then we can write

Nuo Nio

U(m+n)a _ Ze—)\lnaU i) + Ze—)\lna ( U( ))

i=1

— sl 2]
= ol Ul @)

where, under lAigyi, { 17,% :i=1,..., N, } are equal in distribution to Upior-
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Key Proposition

Idea of proof: From the decomposition (4), we have
U(m-‘,—n)a - E(U(m—&-n)a‘frw)

_ (1] (1] i (/1
- U(m+n)a B U(m+n)o- + U(ern)o' —E <U(m+n)0'

7.
=B (Ursno = Utan) |

Now the conclusion of this proposition follows immediately form the following
three lemmas.
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Key Lemma

Lemma

If Y2 (klnk)py < oo, then

gl _ =
nll)rgo ’U (n+m)o — (n+m ‘ = 0, P—a.s.
g [l
ZE |:U(m+") _E( m+n |]:”0')} < 0.
n=1

where Ug ] in)o WS defined in (4). In particular

lim ‘U - E( fna)
n—00

=0, Ps -as.

(m+n)o m+n)0 |
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If Y2 (klnk)py < oo, then for anym € N, o > 0,

gE [(U(m+n>a - Ugliﬂ)o)

fna] converges P-a.s.
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Proof of strong law of large numbers

The proof will be finished in three parts.
Part I: This is finished by the above Key Proposition.
Part II:

im |E(Ugninyo | Fro) — T(B)Mso| =0, P —a.s.

n—oo

Part III: From lattice times to continuous-time limit.
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