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Outline

# Limit results for Galton-Watson branching processes
® [ log L criteria for supercritical superprocesses

# The non-degenerate limit for supercritical
superprocesses without L log L
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Galton-Watson branching process

The Galton-Watson branching process (G-W process)
{Z,,n >0} Is a Markov chainon {0,1,2,--- }.

# attime 0, we have Z; = 1 individual.

# each individual 7 in the nth generation produces a
random number L") with distribution

pr = P(L" = k), k > 0.

o '™ LM ... L(ZZ), n > 0, are independent.

Let Z,, denote the number of individuals alive in the nth
generation. Then

n+1 = ZL n =0
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Galton-Watson branching process

# We assume that the mean number of offspring

0
m = EL§n) = Zipi < 00.
1=1
# Define g = P(Z, =0,3n > 0).
#® The G-W process is said to be
s Subcritical ifm<1; (¢=1)
s critical fm=1, (¢4=1)
s supercritical ifm>1. (0<qg<1)
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Strong law for G-W process ( m > 1)

® Since E(Z,1|Zy) = m2Z,, FEZ,=m" we have

n

W, = — IS a martingale
and
lim W, =W (< oo) exists a.s.
n—m-a~mo
Recall that

¢=P(Z,=0,3n>0).
P(W =0)>q.
# A classical question is when P(W = 0) = ¢?
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Strong law for G-W process

Kesten-Stigum Theorem (1966) Suppose m > 1.
The following are equivalent

® () P(W=0)=q

o (ihE(W)=1

o (i) E(LZ(”) log™ LE”)) < oo (the “Llog L condition™).
(log™ r =0V logr, forr > 0.)

Remark

# |n 1995, Lyons, Pemantle and Peres gave a probabilistic
proof or "conceptual proof" of the Kesten-Stigum.

o Later this method were extended to general processes
(see Kurtz-Lyons-Pemantle- Peres(1997); Lyons(1997);
Athreya (2000); Biggins-Kyprianou (2004)); Englander
and Kyprianou (2004)
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Strong law for G-W process

#® Liu-Ren-Song (2009) obtained “ L log L” condition for
supercritical superdiffusions under some conditions.

#® Liu-Ren-Song (2011) obtained “ L log L” condition for
supercritical branching Hunt processes under some

conditions.

Question: If “ Llog L” condition fails, the above result says
that lim,,_ ..o m~"Z, = 0 a.s. Is there another normalizing
seguence ¢, such that ¢, Z,, has non-degenerate limit?
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Strong law for G-W process

#® For G-W branching processes.:

s Seneta (1968): There is ¢, such that ¢, 7,
convergence In distribution to non-degenerate V.

s Heyde (1970): There is ¢, such that ¢, 7,
convergence a.s. to non-degenerate V.

Remark Later the problem of finding ¢,, such that
cn 2, COnvergence to non-degenerate limit is called the
Seneta-Heyde norming problem.

# Hoppe (1976) generalized the result of Heyde (1970) to
supercritical multitype branching processes.

# Herring (1978) obtained similar result for supercritical
branching diffusions.
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Related works

#® Suppose {X,,n > 1} Is a supercritical branching
random walk, where the positions of children are given

by a point process Z with intensity v. Define

m(6) = [ e~ v(dz). Then W, (6) = L2

martingale. When the "L log L" condition fails, W,,(6)
has limit 0.

IS a

s Biggins-Kyprianou (1997) proved that it is possible to
find a renormalization ~,, such that ~,,W,,(6)
converges in probabillity to a finite nonzero limit when
the process survives in the non-boundary case.

» Aidekon-Shi (2014) studied the Seneta-Heyde
norming problem for branching random walk in the
boundary case.
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# Our purpose is to consider the Seneta-Heyde norming
for superprocesses.
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(f, ¢> -SUPErprocesses

® ¢ ={&,1I,}: aHunt process on E
with semigroup {F;,t > 0} and generator L.

# Branching mechanism .
For any =z € FE, ¢ Is defined as

Y(x, z) = —6(x)z+%a(x)22—l—/oo (e —1+zr)n(z,dr), z>0,
0

where «(x), 5 € bB(FE) and n(x,dr) is kernel from E to
R\ {0} such that sup,cp fooo(r Ar¥)n(z,dr) < oo.
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(€,1))-Superprocesses

#® A superprocess Is a limit of a sequence of branching
Hunt processes under suitable scaling.

® A (£, ¢)-superprocess X Is a measure-valued Markov
process such that

Py, (exp(—f, X1)) = exp(—u(t, ), u),for any f € bB. (E)
(0.1)
where u; Is the unique nonnegative mild solution to

{a(s,x) = Lu—y(z,u(s,x)), zek (0.2)

u(0,z) = f(x).

#® We also call X a superprocess corresponding to

L —(u).

The non-degenerate limit for supercritical superprocesses — p. 12/24



Assumptions

#® There exists a family of continuous strictly positive
functions {p(t,z,y) : t > 0} on E x E s.t.

Pof(x) = /E plt, 2, ) f (y)m(dy).

- Deflne ar(z) = [pp(t o ,y)? m(dy) and
ag(z prty, z)? m(dy).

r Assumptlon 1 () Foranyt >0, [,p(t, = y)m(dr) < 1.
(i) Foranyt¢ > 0, we have

/E ay () m(dz) = /E ar(x)m(de) < co.  (0.3)

Moreover, a;(-) and a;(-) are continuous on E .
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Assumptions

o |Let {Pf}tzo be the Feynman-Kac semigroup:

Pl f(z) = xlexp</ﬁ€s ) )], rekb.

Pu(f, Xi) = (P f. ).
o {P’ t>0}: thedual semigroup of {P’,¢t > 0}.
® [+ 3. the generator of {Pf,t >0} in L*(E,m);
L+ 3 the generator of {13f,t >0} in L*(E,m).

# Assumption 2 (Supercritical assumption)
A1 = sup Re(o(L + 3)) = supRe(o(L + §)) > 0
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Assumptions

gb positive eigenfunction of L + 5 associated with \;.
q§ positive eigenfunction of L + B associated with \;.

/D 8()B()dr =

# Assumption 3 (i) ¢ Is bounded.
(i) (IU Property) The semigroups {Pf }>0 and {ﬁf >0

are intrinsically ultracontractive, that is, for any ¢ > 0,

there exists a constant ¢; > 0 such that

AN

pﬁ(tw,y) < cop(x)p(y), forall (x,y) e E x E.

Remark P, (f, X;) = <Pt5f, n) ~ CeMt,  ast — oo.
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Llog L condition

® Define M(¢) = e_Alt%. Then M (¢),t > 01Is a
martingale and then

Mi(¢) — Mxo(9) < 00, P,-a.s.

» Define i(y) := [ rlnrn®(y,dr).

Theorem (Ren-Song-Yang, preprint 2016)

M« (¢) I1s non-degenerate under PP, for any nonzero finite
measure on £ if and only if

(Llog L condition ) / o(2)l(z)dz < oc.
E

Remark See Liu-Ren-Song (2009) for superdiffusions.
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When L log L holds

Theorem (Liu-Ren-Song 2011) Suppose X is a
superdiffusion and the (L log ) condition holds. For every
bounded f > 0 on E with compact support whose set of
discontinuous points has zero Lebesgue measure, we have

i X)) (W) - Moo(9)(w)

BLBX) ~ oy T HTRS 09

Remark Chen-Ren-Yang (2017) extended the above result
to general superprocesses under a second moment
condition.
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When L log L falls

# Now our main objective is to find a Seneta-Heyde
norming for the martingale M;(¢).

® Define ¢ (x) := Ps_ (|| X¢|| = 0).
Assumption 4 There exists t; > 0 such that,

inf q,(x) > 0. (0.5)
rel

Lemma5 Define

g(z) = lim gy(a).

{—>00

Forany r € E,
q(z) < 1.
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When L log L falls

® Define v(z) := —logq(x).
o Recall that
ur(t,r) = —logPs, (exp(—f, X¢)).

We write V; f(z) = uys(t, x).

o Backward iterate: (n;,t > 0) € B4 (F) Is called a family
of backward iterates if

Nt = Vs(Mits), t.s>0.

We call a family (n;) of backward iterates is non-trivial
If, for some t > 0, neither n;, = 0, a.e., NOr n; = v, a.e.
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When L log L fails

Lemma 6 There exists a non-trivial family of backward
iterates (n;,t > 0).

Lemma 7/

lim ||n¢]|eo = 0.
t——00
Moreover,

lim — = e, (0.6)
b0 <77t—|—87 ¢>m
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When L log L falls

Theorem 8 (Ren-Song-Zhang, 2017) Let (1) be a

AN

non-trivial family of backward iterates define ~; := (1, ¢) .
Then there is a non-degenerate random variable W such
that for any u € Mp(F),

lim (o, X¢) =W, a.s.-P,
{—00

and
P, (W=0)= e~ (VH). P, (W <o0) =1, (0.7)

where v(zx) := —log q(x).
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Outline of the proof of Theorem 8

o By the definition of 7,

P, (exp{—1t+s, Xtts HFt) = Px, (exp{—npis, Xs}) = e~ X,

which says that {exp{—(n:, X;)},t > 0} IS a martingale.
Hence W :=lim;— o0 (e, Xt) € [0, 00] exists P,,.

#® |t follows from Lemma [/ that

(14 ([ Peelloo) ™ (s Xe) < ve(, Xe) < (1= [|Belloc) ™ (s Xo).

Letting ¢t — oo, we get that

tgnoo ”)/t<gb, Xt> = W, a.S.-IP’M.

® P,(W=0)=e W P,(W<o0)=1.
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Future work

#® The Seneta-Heyde norming for general test function f.
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END

Thank you!

E-mall: yxren@math.pku.edu.cn

The non-degenerate limit for supercritical superprocesses — p. 24/24



	Outline
	Galton-Watson branching process
	Galton-Watson branching process
	Strong law for G-W process ($m>1$)
	Strong law for G-W process
	Strong law for G-W process
	Strong law for G-W process
	Related works
	$(xi , psi )$-superprocesses
	$(xi ,psi )$-superprocesses
	Assumptions
	Assumptions
	Assumptions
	$Llog L$ condition 
	When $Llog L$ holds
	When $Llog L$ fails 
	When $Llog L$ fails 
	When $Llog L$ fails 
	When $Llog L$ fails 
	Outline of the proof of Theorem 
ef {mainthm}
	Future work
	END

