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@ «-stable CIR processes

e asymptotics behaviour of the expectation
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@ subcritical, critical, supercritical
@ log-likelihood function
e maximum likelihood estimator of the growth rate
@ Asymptotic behaviour of the maximum likelihood estimator

@ subcritical case
@ supercritical case
@ critical case
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a-stable Cox—Ingersoll-Ross (CIR) process

dYt:(a—bYt)dt+a\/V,th+5%/ Yi_ dL, t>0,
Yo = Yo,

where yp >0, a>0, beR, 0 >0, 0>0, ac(1,2), (Wi)=0 isa

1-dimensional standard Wiener process, and (Lt)s~o is an

independent spectrally positive strictly a-stable Lévy process with
characteristic function

. oo 1
0Ly _ 0z g
E(el 1)_eXp{\/0 (el —1 —IHZ)WdZ}7 0 e R.

@ There is a pathwise unique strong solution (Y;);~o such that
P(Yo=y)=1 and P(Y; >0 forall t>0)=1.

@ (Yi)r=0 is a continuous state and continuous time branching
process with immigration (CBI) process having branching and
immigration mechanisms

2

R(z) = %22 + %za +bz, F(z)=az, z>0.
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Preliminaries

PETER CARR and LIUREN WU (2004):

Time-changed Lévy processes and option pricing. (o = 0)
ZONGFEI FU and ZENGHU L1 (2010):

Stochastic equations of non-negative processes with jumps.
Existence and uniqueness of strong solutions.

ZENGHU LI and CHUNHUA MA (2015): Asymptotic properties of
estimators in a stable Cox—Ingersoll-Ross model.

Conditional least squares estimators and the weighted conditional
least squares estimators of the drift parameters based on low
frequency observations {Yp, Y1,..., Ya} when ¢ =0 and b > 0.
YING JIAO, CHUNHUA MA and SIMONE SCOTTI (2017+):

«a-CIR model with branching processes in sovereign interest rate
modelling.

JUN PENG (2016): A stable Cox—Ingersoll-Ross model with
restart.

XU YANG (2017): Maximum likelihood type estimation for
discretely observed CIR model with small «-stable noises.
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Expectation

t —bt 1—e—bt
_ _ +al=" if b£0,
E(Y,) — bt+a/ bx _ ) Vo€ b
(Ye) = Yo oe Yo+ at if b=0.

Asymptotics of the expectation
a1 Oe ) if b>0,
E(Y:) =< at+0(1) if b=0, as t— oo.
(vo—2)e® 4+ 0(1) if b<O,

§

b = growth rate

Classification

subcritical if b>0,
critical if b=20,
supercritical if b < 0.
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Stationarity in the subcritical and critical cases b > 0

(PINSKY 1972; KELLER-RESSEL and STEINER 2008; LI 2011)

Y: Dyroas t— oo, Where 7 is the unique stationary distribution of
(Yt)r=0 with Laplace transform

/Ooo e m(dy) = exp{ /UO ;83 dx}: exp{ /UO Zx2t axxa oy dx}

for u < 0. Moreover, the expectation of = is given by

/OO g in the subcritical case b > 0,
ym(dy) = . -
oo in the critical case b= 0.

Ergodicity in the subcritical case b > 0 (LI and MA, 2015)

The process (Y:)icr, is exponentially ergodic, and for all Borel
measurable functions f: R — R with [ |f(y)|7(dy) < co, we have

/ f(Ys)ds 22 f(y) m(dy) as T — co.
0
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Yo, & o, §, a are known, b € R unknown parameter
Pp := probability measure induced by (Y})icr, on D(R4,R)
Forall T e (0,00), pu'[ Pbﬂ' = Pb"DT(R+,R)

Log-likelihood function

~ _~ ~ T ~
|og<j§‘jT(Y)> _ b zb(YT—yo—aT—é/ v/ Yu_dLu)
b,T g 0
BP-0 [T PR
- /0 Yudu=: Ar(b,b|Y)

Maximum likelihood estimator (MLE) of the growth rate

br := arg max AT(b,5| Y)
beR

MLE of the growth rate
b, _Yr—yv—al- 5 [ %/ Yu—dLy
foT Ysds
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Asymptotic behaviour of the MLE in the subcritical case b > 0

The MLE br of b is strongly consistent and asymptotically normal,
ie., br 2 b as T — oo, and

R o2
VT(br — b) = N( b) as T — .
With a random scaling,

1 T 1/2 D
E(/ sts> (br — b) — N(0,1) as T — oo.
0

Yr—yo—aT =6 f) /Yu_dLy+b[] Ysds
fTsts
fo \% YSdWS a.s.

= =0 as T — oo,
fo Ysds

br—b=—

by the strong law of large numbers for continuous local martingales,
since fOT Ysds 2% 00 as T — oo, which follows from the ergodicity

1T Yeds 2% [Cyn(dy)=2>0 as T — .
T Jo 0 b
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10T o0
_gﬁfo \/VSdWS A—g(fo yﬂ(dy))1/2 N(0’1)
11T Yeds Joo ym(dy)
N< o*
= 0, Oo) as T —
fo yﬂ(dy)

by the central limit theorem for continuous local martingales and
Slutsky’s lemma.

VT(br —b) =

1/2

1 (7 vz 11 (T "
U(/O sts> (br—b):0<T/0 sts> VT(br —b)

2

2,1 </0°°y7r(dy)>1/2/\/<o, M) _N(0,1) as T — oo

again by Slutsky’s lemma.

Barczy, Ben Alaya, Kebaier, Pap a-stable CIR process 9/18



Asymptotic behaviour of the MLE in the supercritical case b < 0

The MLE br of b is strongly consistent and asymptotically mixed

normal, i.e., by = b as T — oo, and
—-b

N 1/2
e PT2(br —b) 25 & (7) Z as T— oo,

where V :=lim;.e?Y;, and Z is a standard normally distributed
random variable, independent of V.
With a random scaling,

1 T 12 >
—(/ sts> (br — b) — N(0,1) as T — oo.
0

g

Forall s,t e Ry with 0 <s<{,
E(Y: | FO)=E(Yy| Ys) =e X9V + a / He*bx dx
with FY .= o(Y,,ue0,1]), t € R,, hence °
E(e?Y; | FY) = eP Vs + ae /OT—S e P dx > ey,

thus the process (e®' Y;)icr. is @ non-negative submartingale.
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The submartingale convergence theorem applies, since for all t > 0,

t t 0o
E(e'Y;) = yo—l—aebt/ e Xdx = y0+a/ ePdx < y0+a/ P dx < 0.
0 0 0
Hence there exists a non-negative random variable V such that
ebty, 23 v as t— oo.

The integral Toeplitz lemma yields

el sts—>—b as t — .

One can show P(V > 0) =1, thus we obtain ;| Ysds %% oo as

T — oo, and the strong law of large numbers for continuous local

martingales implies

fo \% YSdWS a.s.
fo Ysds

Br—b: -0 as T — oo.
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ebT/2 [T/ Vg dW,
ebT fOT Ysds
_WW12 5 N 1/2
2, —U% =—0 <b> Z
s v
as T — oo by the stable limit theorem and Slutsky’s lemma.

e*bT/Z(BT —b)=—-0o

1 T 1/2 1 T 1/2 R
- ( / Ys ds> (br —b) = — <ebT / Ys ds) e 2T/2(br — b)
o 0 o 0

1/2 B 1/2
2 YN (22 T 22 00,1) s T o
o \—b 74

again by Slutsky’s lemma.
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We have e¢?Y; 25 V as t — oo, hence
E(ue?'Y;) = E(e"Y) as t— oo forall u<O0.

By an idea of Clément Foucart (based on considerations of Zenghu Li
for CB processes without immigration),

. (525
E(e") = exp{—y0f<K(g),)\) +/0 II;EZ; } u
where \ € (0,6p) with 6y :=inf{z>0:R(z) >0} >0

K(\) = )\exp{/oA <sz) - l)dz},

K_(K)7)\> € [0,6o) is suchthat f(0,)\):=0 and

CORY -
/Af ()/\Rzz)dz:;In<K(§l\)>, u<o0.
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Asymptotic behaviour of the MLE in the critical case b= 10

The MLE br of b is strongly consistent, i.e., by =3 b as T — .

Since ( fy Ysds),c.q
exists an [0, oo]-valued random variable ¢ such that fot Ysds 22 ¢

is monotone increasing almost surely, there

as t — oo. Consequently, fot Ysds 3>§ as t— oo. Using an
explicit formula for the Laplace transform

t
E[exp{v/ stsH, v <0,
0

one can show that P(¢ = oc) = 1, thus we obtain [/ Ysds 2% oo as
T — oo, and the strong law of large numbers for continuous local
martingales implies

T
- SYedWs .
o 'sdS
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Joint Laplace transform of Y; and fot Ysds

Forall u,v <0,

t t
E [eXp{UYt"' V/O sts}} = exp {¢u,v(t)YO+a/0 Tpu,v(s)ds}

for t > 0, where v, : [0,00) = (—00,0] is the unique locally
bounded solution to the Riccati-type DE

2 5¢
Uou(0) = Svun(0P + —(—vu(t)* = bouy(t) + v, 120,

with initial condition ¢, ,(0) = u.
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An open problem in the critical case (b = 0):

Find the limit behaviour of ﬁfot Ysds as t — oo with some
appropriate scaling function 3 : [0, c0) — (0, 00).
In the language of DEs, find a function § satisfying

@ limi_ o B(t) = 0
@ lims_ o wu,%(t) =0 for u,v <0 (notto have depence on yg in

the limit)
o forall u,v <0, the limit
¢ I|m Yoty X dx
t%oo Uam —00 £X2+5_‘1(_X)a+L
u 2 a B(1)

exists and explicitly given, where, for all t > 0, the function
: [0, 00) — (—o0, 0] is the solution to the DE

U5
/ = (s v
Uiy (8) = 5 b (8 wu,ﬁ(,()) taa 520
with initial condition % (0)
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