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Coupling

A coupling (Xt, Y:): if both X; and Y; are Markov processes
associated with the same transition probability P; (possibly
with different initial distributions), where X; and Y; are called
the marginal processes of the coupling.

A coupling (X, Y:) is called successful if the coupling time
T:=inf{t>0:X;=Y;} <00, as.

A (strong) Markov process with P; is said to have a coupling
property: for any uq and up, there exists a successful coupling
with marginal processes starting from 1 and pa, respectively.

o Due to strong Markov property setting X; = Y; for t > T.
||[L1Pt - M2Pt”var < 2P(T > t), t> O,

where | - | is the total variational norm.



The coupling property of a strong Markov process with semigroup
P, is equivalent to each of the following:

For any u1, po2, limesoo |11 P — 2Pt var = 0.

All bounded time-space harmonic functions (i.e.
u(t,-) = Psu(t+s,-)) are constant.

The tail o-algebra of the process is trivial.

We refer the reader to Chen (2004) and Lindvall (1992) for the
systematical study.



Motivation

A growing literature on coupling for jump processes.
Chen (2004): Q processes; Schilling and Wang (2011): Levy
processes; Wang (2011): Ornstein-Uhlenbeck processes...

Nice applications of coupling to the study of ergodicity,
Liouville theorem, convergence rate, gradient estimate for the
processes.



Motivation

To consider the coupling for CB() processes.
o Dawson and Li (2006), Fu and Li (2010), Li and Mytnik
(2011): a class of stochastic equation with jumps, e.g.

t t
Xe(x) = x+fo (a+bxs)ds+af0 /XzdB,

t Xs— ~
; f f f 2R (ds, dz, du).
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The diffusion and jump terms with degenerate and
non-Lipschitz coefficients

¢ a-CIR model for interest rate; See Jiao et al (2017); Li and
Ma (2015).

t t t
rt:r0+‘/0 ﬁ(’y—rs)ds+o/; \/r_sstJrazfo rsl_/O‘dZS

Ergodicity property by using coupling method (key for
statistical inference)



CBI processes

CBI (Kawazu and Watanabe (1971)) of branching mechanism W(-)
and immigration mechanism ®(-): Markov process X on state
space R, with transition semigroup given by

t
Ex [e_pX‘] = exp [—xv(t, p) - fo CD(v(s,p))ds] ,
where v : R, x R, — R satisfies

PER) - w(v(tp), v(0.p)=p

and V and ¢ are functions on R, given by
]_ e}
W(q) = b+ 502 + fo (e7% ~ 1+ qu)n(du),
(q) =g+ [ (1= )(du),

with 0,a> 0, be R and 7, v being two Lévy measures such that
I~ (un u?)m(du) < oo and [ (1 A u)v(du) < oo.



CB processes

X; is called CB process if ® =0. The extinction time of CB is
defined by 79 = inf{t > 0: X; = 0}. and

]P)X(TO < t) = Px(Xt = O) = EXp{—XVt}.
where the limit 7; =1 limy_, v(t, A) exists in (0, co].
Grey (1974): v; < oo for all t >0 if and only if there is some

constant 6 > 0 such that W(q) > 0 for z > 6 and Grey condition
satisfied:

few W(q) ldg < co.

For (sub)critical CB processes,

Grey condition holds <= P(79 < o0) = 1.



Coupling for CBI processes when Grey condition holds

Li and Ma (2015).

Assume Grey condition holds. the (sub)critical CBI process
with the transition semigroup (P;)¢so has the strong Feller
property. Moreover, for any t >0 and x,y € R, we have

|Pe(x,) = Pely, )], < 2(1 - ey,

which goes to 0 as t — oo. In this case, the CBI processes
have successful coupling.



Exponential ergodicity

Assume Grey condition holds and the Levy measure v in
immigration mechanism satisfies [, you(dy) < oo for some
0 >0. Then

(i) the subcritical CBI process is exponentially ergodic, i.e.
[Pe(x,) = 1(:) lvar < 2(x71 + M )e 720D,

where 1 is the stationary measure, v =§ A 1 and

=

{ A (1= LA Tdx iy <1,
nbt(a+ fo7 uv(du)) if v=1.

(ii) the critical CBI process is ergodic.



Sketch of proof (coupling)

Construct the flow {X;(x):t>0,x >0} by

t t Ys—(x)
Yi(x) = x+f (a—bYS(x))ds+0/ f W (ds, du)
? oo Ys—(x) . 0 o o0
+f f / zNy(ds, dz,du)+f zNo(ds, dz).
o Jo Jo 0

For fixed x, the solution {Y;(x),t >0} is a CBI process with
branching mechanism W and immigration mechanism .
Dawson and Li (2012):

For any x > y > 0 we have P(Y;(x) > Yi(y) forall t >0) =1
and (Yi(x) = Yi(y))ts0 is a CB process with branching
mechanism W.

The coupling time is the extinction time of the above CB
process.



Grey condition is necessary for coupling?

Theorem The (sub)critical CB processes have successful
coupling if and only if Grey condition holds.

when Grey condition fails, X; — 0 as t — oo but never hit 0
a.s. The processes belong to one of the following classes:
» Class | (W is of finite variation): o =0 and fol um(du) < oo.

» Case Il (W is of infinite variation): o =0, jol um(du) = oo and
1, W(q)tdg = oo for 6> 0.

we need to consider their asymptotic behavior to 0.



Asymptotic behavior of (sub)critical CB process

Foucart and Ma (2016+)
(i) Suppose that the process is of Class |. For any fixed A >0
and x>0,

Ne(A) Xe(x) = WXA, a.s.

as t — oo and the process { W} : x > 0} is a subordinator with
P(W2 =0) =0.

(ii) Suppose that the process is of Class Il. Fix some \g > 0
and set G(y) exp( f/\yo W‘Z‘L’l)) on y € (0,00). Then the map
G is slowly varying at oo and for all x >0,

1
G — 7, a.s.
© (xt(x>) oo X 2

Here (Zy,x > 0) is a extremal process (i.e. Zyyy = Zx Vv Z), Z,
is independent of (Z,,0 < u<x) and Z) = Zy)




Grey condition is necessary for coupling of CB

Theorem The (sub)critical CB processes have successful
coupling if and only if Grey condition holds.

sketch of proof: Choose some c €I such that 0 < G71(c) < oo.
Since (Zy) is an extremal process, for any x >y,

P(Zi>c>2)) = e_yG_l(C)(l - e_(X_Y)G_l(C)).
Let By ={u>0:e'G(1/u) > c}. Then
[Pe(x,) = Pe(yy ) [var 2 P(Xe(x) € Be) = P(Xe(y) € Be)

which implies that
||m inft%oo H Pt(X, ')_Pt(y, ')Hvar > e_yG_l(C)(1_e_(x_y)G_1(C)).



Coupling for CBI processes when Grey condition fails

DJ[0, 00): the space of cadlag paths t — w; from [0, 0) to R,.
Qx(dw) denote the distribution on D[0, c0) of the CB process
(Xe(x) : £ 20) with Xp(x) = x.

Qu(dw) on D[0,00) by

Q, (dw) = [0°° 2(dx)Qy(dw).

M(ds, dw) be a Poisson random measure on (0, 00) x D[0, c0)
with intensity measure dsQ,(dw).

Suppose that M and X;(x) are independent of each other. We
define the process Y:(x) by

t
Yt(x):xt(x)+f0 fD[Om)Wt_sM(ds,dwy £>0.

The Lévy measure in immigration mechanism should have a local
non-trivial absolutely continuous part to make the process active.



Coupling for CBI processes when Grey condition fails

Based on idea of Wang (2011) dealing with coupling for OU
type process.

Assumption A: there exists some zg € R, and some ¢ > 0 with
B(zp,¢) c (0,00) such that the Lévy measure v(dz) has an
absolutely continuous part in B(z,¢), i.e.,

v(dz) > p(z)dz

for some non-negative function p and

-1
z) "dz < o0.
\/;(20,5) p( )

Assumption A holds. Then for the subcritical CBI process

K(1+|x-
”Pt(xv')_Pf(yv')var§%7 x,yeR,, t>0,

for some constant K > 0.



|dea of proof

Add a "random jump" in immigration part which generate a
independent CB process.

By Palm formula

E[f(XT(X) + ‘[OT‘/D[O?OO) WTS(M+5(T’£))(dS,dW)):|

1 &
. m@[fw%(x))izllsg,z(no].



Similarly

E[f(XT(X) + f T / (0. VT (M+6(,¢))(ds, dw))]

[ (XT()/)+XT+f f s (M +3()) (ds. dw))]

1 Jr
T, (B.2) [f(Yr(y) Z ]

The bound of I is given by

< 7—/ P(Xe(x - y) >e/2)dt



Absolute continuity

Schilling and Wang (2011) :

The Lévy process (Z:)ts0 has the coupling property if and only
if there exists tg > 0 such that for any t > tg, the transition
probability P;(x,-) has (with respect to Lebesgue measure) an
absolutely continuous component.

However it might be interesting to note that for the (general)
jump processes (e.g. O-U type processes), absolutely
continuous property is incomparable with the coupling
property.



A natural problem is to consider the pure jump CB process
with b > 0:

t t Xs— oo
thx—f bXsds+f f f 2Ri(ds, du, dz),
0 0 0 0

Grey condition (= fol ull(du) = o) if and only if the process
has successful coupling.

The law of X; has a density on R, ~ {0} for every t >0
— fol zm(dz) = 00?7

The above condition is inspired by Bertoin and Legall (2000;
Appendix) and they proved that

the process does not weight points for every t >0

— ‘/Olzm(dz) = 0.



Thanks for your attention |
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