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Construction of the Process

▶ (Ω, F , P) is a complete probability space

▶ Let (X ,Λ) be a right continuous, strong Markov process with
left-hand limits on Rd × S, where S := {0, 1, 2, · · · , }.

▶ The first component X satisfies the following stochastic
differential-integral equation

dX (t) = σ(X (t),Λ(t))dB(t) + b(X (t),Λ(t))dt

+

∫
U0

c(X (t−),Λ(t−), u)Ñ(dt, du)

+

∫
U\U0

c(X (t−),Λ(t−), u)N(dt, du),

(1)
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Construction of the Process (cont’d)

▶ The second component Λ is a discrete random process with an
infinite state space S = {0, 1, 2, · · · , } such that

P{Λ(t +∆) = l |Λ(t) = k ,X (t) = x}

=

{
qkl(x)∆ + o(∆), if k ̸= l ,
1 + qkk(x)∆ + o(∆), if k = l

(2)

uniformly in Rd , provided ∆ ↓ 0.

▶ qkl(x) ≥ 0 and
∑

l∈S qkl(x) = 0 for all x ∈ Rd and k ∈ S.
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Construction of the Process (cont)

▶ σ(x , k) ∈ Rd×d , b(x , k), c(x , k , u) ∈ Rd for x ∈ Rd , k ∈ S
and u ∈ U.

▶
(
U,B(U),Π

)
is a measurable space.

▶ Π(·) is a deterministic σ-finite characteristic measure on the
measurable space

(
U,B(U)

)
▶ U0 ∈ B(U) with Π(U \ U0) <∞.

▶ B is a d-dimensional Brownian motion.

▶ N(dt,du) is a Poisson random measure independent of B(t).

▶ Ñ(dt,du) = N(dt, du)−Π(du)dt is the compensated Poisson
random measure on [0,∞)× U.

▶ (X ,Λ) ∈ Rd × S is called a regime-switching jump diffusion
process.

▶ It can be regarded as the usual jump diffusions living in
random environments, with Λ providing the switching
mechanism.
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Construction of the Process (cont)

▶ σ(x , k) ∈ Rd×d , b(x , k), c(x , k , u) ∈ Rd for x ∈ Rd , k ∈ S
and u ∈ U.

▶
(
U,B(U),Π

)
is a measurable space.

▶ Π(·) is a deterministic σ-finite characteristic measure on the
measurable space

(
U,B(U)

)
▶ U0 ∈ B(U) with Π(U \ U0) <∞.

▶ B is a d-dimensional Brownian motion.

▶ N(dt,du) is a Poisson random measure independent of B(t).

▶ Ñ(dt,du) = N(dt, du)−Π(du)dt is the compensated Poisson
random measure on [0,∞)× U.

▶ (X ,Λ) ∈ Rd × S is called a regime-switching jump diffusion
process.

▶ It can be regarded as the usual jump diffusions living in
random environments, with Λ providing the switching
mechanism.
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A “Sample Path” of a Regime-Switching Jump Diffusion
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Figure: A “Sample Path” of a Regime-Switching Jump Diffusion
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Flow Property: Smooth Dependence on the Initial Data

▶ Consider

X x(t) = x +

∫ t

0
b(X x(s))ds +

∫ t

0
σ(X x(s))dW (s) ∈ R,

in which b, σ satisfy the Lipschitz and linear growth
conditions. Assume b, σ are sufficiently smooth.

▶ Then there exists a process ξ s.t. for any t ≥ 0

lim
δ→0

E
[∣∣∣∣X x+δ(t)− X x(t)

δ
− ξ(t)

∣∣∣∣2] = 0.

▶ ξ(t) is the derivative of X x(t) with respect to its initial
condition in the mean square sense and satisfies

ξ(t) = 1 +

∫ t

0
b′(X (s))ξ(s)ds +

∫ t

0
σ′(X (s))ξ(s)dW (s).
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▶ Such a property readily carries over to regime-switching
diffusion with Markovian switching:

X x(t) = x+

∫ t

0
b(X x(s),Λk(s))ds+

∫ t

0
σ(X x(s),Λk(s))dW (s),

in which Λk ∈ S is a continuous-time Markov chain
independent of W .

▶ Here the generator of Λ is a constant q-matrix Q = (qij).

▶ What if Q = Q(x) and so Λ and W are not necessarily
independent?
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A Simple Yet Interesting Example

▶ Consider the equation

dX (t) = b(Λ(t))dt, X (0) = x , Λ(0) = i ∈ {1, 2},

where b(1) = 0, b(2) = 1 and the switching process Λ(t) has

generator Q =

(
−f (x) f (x)

0 0

)
, where f (x) > 0 is a smooth

function with compact support and f (x) = x for x ∈ [1, 2].

▶ Let y > 0 and (X y ,1(t),Λy ,1(t)) be the solution with initial
data (y , 1). Let τ y = inf{t ≥ 0 : Λy ,1(t) = 2}. Then

X y ,1(t) = y + t − t ∧ τ y .

▶ Then we can show that n[X 1+ 1
n
,1(T )− X 1,1(T )] is not a

Cauchy sequence in L1 or L2.

▶ Thus X x ,1(t) cannot have a mean square derivative with
respect to its initial data!
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In this work

▶ Solution: Existence and Uniqueness

▶ Feller property

▶ Strong Feller property

▶ Exponential ergodicity
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Existence and Uniqueness: Basic Assumptions

Assumption 1

Assume that c(x , k , u) is B(Rd × S)× B(U) measurable, and that
for some constant H > 0,

|b(x , k)|2 + |σ(x , k)|2 +
∫
U
|c(x , k, u)|2Π(du) ≤ H(1 + |x |2),

|b(x , k)− b(y , k)|2 + |σ(x , k)− σ(y , k)|2

+

∫
U
|c(x , k, u)− c(y , k , u)|2Π(du) ≤ H|x − y |2,

qk(x) :=
∑
l∈S

qkl(x) ≤ Hk ,

|qkl(x)− qkl(y)| ≤ H|x − y |,∑
l∈S

qkl(x)(l − k)2 ≤ H(x2 + k2 + 1),

for all x , y ∈ Rd and k, l ∈ S.
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Regime-Switching Jump Diffusion: Existence and
Uniqueness

Proposition 2

Under Assumption 1, for each (x , k) ∈ Rd × S, the system (1) and
(2) has a unique strong solution (X (t),Λ(t)) with initial condition
(X (0),Λ(0)) = (x , k). In addition, we have

Ex ,k

[
sup

0≤t≤T
(|X (t)|2 + Λ(t)2)

]
≤ K ,

where K = K (x ,T ,H) is a positive constant.
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The Infinitesimal Generator

The infinitesimal generator of (X ,Λ) is given by

Af (x , k) := Lk f (x , k) + Q(x)f (x , k), (3)

where

Lk f (x , k) :=
1

2
tr
(
a(x , k)∇2f (x , k)

)
+ ⟨b(x , k),∇f (x , k)⟩

+

∫
U

(
f (x + c(x , k, u), k)− f (x , k)

− ⟨∇f (x , k), c(x , k, u)⟩1{u∈U0}
)
ν(du),

Q(x)f (x , k) :=
∑
j∈S

qkj(x)[f (x , j)− f (x , k)].
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Feller Property: Assumptions

Assumption 3

Assume that ∑
l∈S\{k}

|qkl(x)− qkl(y)| ≤ H |x − y | ,

∫
U0

|c(x , k, u)− c(z , k , u)| ν(du) ≤ H|x − z |,

for all x , z ∈ Rd and k ̸= l ∈ S.
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The Main Result: Feller Property

Theorem 4
Under Assumptions 1 and 3, the process (X ,Λ) has Feller property.
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The Wasserstein Metric
For two probability measures P1 and P2 on a complete separable
metric space (E , d), define

W
(
P1,P2

)
= inf

P̃

∫
d(x , z)P̃(dx , dz),

where P̃ varies over all coupling probability measures with
marginals P1 and P2, that is, for any A ∈ B(E ), we have

P̃(A× E ) = P1(A), and P̃(E × A) = P2(A).

▶ Denote by
{P(t, x , k,A) : t ≥ 0, (x , k) ∈ Rd × S,A ∈ B(Rd × S)} the
transition probability family of the process (X ,Λ).

▶ To obtain the Feller property, we need to show that ∀t ≥ 0
and k ∈ S, P(t, x , k, ·) converges weakly to P(t, z , k, ·) as
x → z .

▶ It suffices to prove that

W (P(t, x , k , ·),P(t, z , k , ·)) → 0 as x → z ,
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The Coupling Operator

▶ For x , z ∈ Rd and i , j ∈ S, we set

a(x , i , z , j) =

(
a(x , i) σ(x , i)σ(z , j)′

σ(z , j)σ(x , i)′ a(z , j)

)
,

b(x , i , z , j) =

(
b(x , i)
b(z , j)

)
,

▶ Next, for f (x , i , z , j) ∈ C 2
c (Rd × S× Rd × S), we define

Ω̃df (x , i , z , j) =
1

2
tr
(
a(x , i , z , j)D2f (x , i , z , j)

)
+⟨b(x , i , z , j),Df (x , i , z , j)⟩,

▶ The is the coupling operator for the diffusion part of A.
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The Coupling Operator (cont’d)

Ω̃jf (x , i , z , j)

=

∫
U

[
f (x + c(x , i , u), i , z + c(z , j , u), j)− f (x , i , z , j)

− ⟨Dx f (x , i , z , j), c(x , i , u)⟩1{u∈U0}

− ⟨Dz f (x , i , z , j), c(z , j , u)⟩1{u∈U0}
]
ν(du),

This is the coupling operator for the jump part of A.
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The Coupling Operator (cont’d)

Ω̃sf (x , i , z , j)

=
∑
l∈S

[qil(x)− qjl(z)]
+(f (x , l , z , j)− f (x , i , z , j))

+
∑
l∈S

[qjl(z)− qil(x)]
+(f (x , i , z , l)− f (x , i , z , j))

+
∑
l∈S

[qil(x) ∧ qjl(z)](f (x , l , z , l)− f (x , i , z , j)).

This is the coupling operator for the switching part of A.

Finally, the coupling operator to A can be written as

Ãf (x , i , z , j) :=
[
Ω̃d + Ω̃j + Ω̃s

]
f (x , i , z , j).
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The Coupling Operator (cont’d)
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This is the coupling operator for the switching part of A.

Finally, the coupling operator to A can be written as
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Ω̃d + Ω̃j + Ω̃s

]
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A Useful Estimate

▶ Construct a sequence {ψn(r)}∞n=1 of twice continuously
differentiable functions satisfying

1. |ψ′
n(r)| ≤ 1,

2. limn→∞ ψn(r) = |r | for r ∈ R,
3. 0 ≤ ψ′′

n (r) ≤ 2n−1H−1r−2 for r ̸= 0,
4. for every r ∈ R, the sequence {ψn(r)}∞n=1 is nondecreasing.

▶ Consider the function

fn(x , k , z , l) := ψn(|x−z |)+1{k ̸=l}, (x , k, z , l) ∈ Rd×S×Rd×S.

▶ Then

Ãfn(x , k, z , k) ≤
1

n
+ C |x − z |,

in which C is a positive constant.
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The Coupling Argument

▶ Let (X̃ (t), Λ̃(t), Z̃ (t), Ξ̃(t)) denote the coupling process
corresponding to the coupling operator Ã with initial
condition (x , k, z , k), in which x ̸= z .

▶ Define ζ := inf{t ≥ 0 : Λ̃(t) ̸= Ξ̃(t)}. Note P{ζ > 0} = 1.

▶ Apply Itô’s formula to the process fn(X̃ (·), Λ̃(·), Z̃ (·), Ξ̃(·))
and pass to the limits as n → ∞ to obtain:

E
[∣∣X̃ (t ∧ ζ)− Z̃ (t ∧ ζ)

∣∣] ≤ |x − z | exp(Ct).

▶ Next use the function g(x , k, z , l) := 1{k ̸=l} to obtain:

P{ζ ≤ t} = E[g(X̃ (t ∧ ζ), Λ̃(t ∧ ζ), Z̃ (t ∧ ζ), Ξ̃(t ∧ ζ))]
≤ K |x − z |eCt .
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The Coupling Argument (cont’d)
▶ Then

E[|X̃ (t)− Z̃ (t)− X̃ (t ∧ ζ) + Z̃ (t ∧ ζ)|1{ζ≤t}]

≤ K (1 + |x |2 + |z |2)
1
2 |x − z |

1
2 ,

and hence

E[|X̃ (t)− Z̃ (t)|] ≤ E[
∣∣X̃ (t ∧ ζ)− Z̃ (t ∧ ζ)

∣∣]
+ E[|X̃ (t)− Z̃ (t)− X̃ (t ∧ ζ) + Z̃ (t ∧ ζ)|1{ζ≤t}]

≤ K |x − z |+ K (1 + |x |2 + |z |2)
1
2 |x − z |

1
2 .

▶ Observe that E[1{Λ̃(t )̸=Ξ̃(t)}] ≤ P{ζ ≤ t} ≤ K |x − z |eCt .
▶ Now let f ∈ Cb(Rd × S), then we have

E
[
|f (X̃ (t), Λ̃(t))− f (Z̃ (t), Ξ̃(t))|

]
≤ E

[
|f (X̃ (t), Λ̃(t))− f (Z̃ (t), Λ̃(t))|

]
+ E

[
|f (Z̃ (t), Λ̃(t))− f (Z̃ (t), Ξ̃(t))|

]
→ 0 as x → z .
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Strong Feller Property: Assumptions

Assumption 5

Assume that

▶ there exists a positive integer κ such that qkl(x) = 0 for all
k , l ∈ S with |k − l | ≥ κ+ 1.

▶ the characteristic measure Π(·) is finite (i.e., U0 ≡ ∅) and that
for each k ∈ S, the diffusion X (k),0 satisfying

dX (k),0(t) = b(X (k),0(t), k)dt + σ(X (k),0(t), k)dB(t), (4)

has the strong Feller property and has a transition probability
density with respect to the Lebesgue measure.
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The Main Result: Strong Feller Property

Theorem 6
Assume Assumptions 1, 3, and 5. Then the process (X ,Λ) has
strong Feller property.
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An Auxiliary Process

Consider the regime-switching jump diffusion (V , ψ):

dV (t) = b(V (t), ψ(t))dt + σ(V (t), ψ(t))dB(t)

+

∫
U
c(V (t−), ψ(t−), u)N(dt, du),

(5)

P{ψ(t +∆) = l |ψ(t) = k} =

{
q̂kl∆+ o(∆), if k ̸= l ,

1 + q̂kk∆+ o(∆), if k = l
(6)

provided ∆ ↓ 0, where Q̂ =
(
q̂kl

)
is a conservative Q-matrix:

q̂kl =


−2κ if k = l = 1, 2, . . . ,

1 if k = 1, 2, . . . , κ, and l = 1, 2, . . . , 2κ+ 1 with l ̸= k ,

1 if k = κ+ 1, κ+ 2, . . . , and |l − k| ≤ κ,

0 otherwise.
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For example, when κ = 1,

Q̂ =
(
q̂kl

)
=



−2 1 1 0 0 0 · · ·
1 −2 1 0 0 0 · · ·
0 1 −2 1 0 0 · · ·
0 0 1 −2 1 0 · · ·
0 0 0 1 −2 1 · · ·
...

...
...

...
. . .

. . .
. . .

...
...

...
...

...
. . .

. . .


.
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Let µ(·) be the product measure of the Gaussian probability
measure on Rd and the Poisson probability measure on S.

Lemma 7
Suppose that Assumptions 1 and 5 hold. Then (V , ψ) has the
strong Feller property and the transition probability Γ(t, (x , k), ·) of
(V , ψ) has density γ(t, (x , k), ·) with respect to µ(·).
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▶ Set D := D([0,∞),Rd × S) and denote by D the usual σ-field
of D.

▶ For any T > 0, set DT := D([0,T ],Rd × S) and denote by
DT the usual σ-field of DT .

▶ Denote by µ1(·) the probability distribution induced by (X ,Λ)
and µ2(·) the probability distribution induced by (V , ψ) in the
path space

(
D,D

)
, respectively.

▶ Denote by µT1 (·) the restriction of µ1(·) and µT2 (·) the
restriction of µ2(·) to

(
DT ,DT

)
, respectively.
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▶ Thanks to [Xi, 2009, Lemma 4.2], µT1 (·) is absolutely
continuous with respect to µT2 (·) with the Radon-Nikodym
derivative:

MT

(
V (·), ψ(·)

)
:=

dµT1
dµT2

(
V (·), ψ(·)

)
=

n(T )−1∏
i=0

qψ(υi )ψ(υi+1)

(
V (υi+1)

)
× exp

(
−

n(T )∑
i=0

∫ υi+1∧T

υi

[
qψ(υi )(V (s))− 2κ

]
ds

)
,

where qk(x) =
∑

l ̸=k qkl(x).
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For all T > 0, x , y ∈ Rd and k ∈ S, we have

▶ MT

(
V (x ,k)(·), ψ(k)(·)

)
is integrable,

▶

E
[∣∣∣MT

(
V (x ,k)(·), ψ(k)(·)

)
−MT

(
V (y ,k)(·), ψ(k)(·)

)∣∣∣] → 0

as |x − y | → 0.
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Proof of Theorem 6

For any f ∈ Bb(Rd × S) and ε > 0, we have∣∣E[f (X (x ,k)(t),Λ(x ,k)(t))]− E[f (X (y ,k)(t),Λ(y ,k)(t))]
∣∣

≤ E
[∣∣∣f (V (x ,k)(t), ψ(k)(t)) ·Mt

(
V (x ,k)(·), ψ(k)(·)

)
− f (V (y ,k)(t), ψ(k)(t)) ·Mt

(
V (y ,k)(·), ψ(k)(·)

)∣∣∣]
≤ ∥f ∥ · E

[∣∣∣Mt

(
V (x ,k)(·), ψ(k)(·)

)
−Mt

(
V (y ,k)(·), ψ(k)(·)

)∣∣∣]
+ 2∥f ∥ · E

[
Mt

(
V (y ,k)(·), ψ(k)(·)

)
× I{|f (V (x,k)(t),ψ(k)(t))−f (V (y,k)(t),ψ(k)(t))|≥ε}

]
+ ε · E

[
Mt

(
V (y ,k)(·), ψ(k)(·)

)]
where ∥f ∥ := sup{|f (x , k)| : (x , k) ∈ Rd × S}.
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Lemma 8
Suppose that Assumptions 1 and 5 hold. For any given t > 0 and
bounded measurable function f on Rd × S, we have that

f (V (x ,k)(t), ψ(k)(t)) → f (V (y ,k)(t), ψ(k)(t)) in probability

as |x − y | → 0.
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Exponential Ergodicity

For any positive function f : Rd × S 7→ [1,∞) and any signed
measure ν defined on B(Rd × S), we write

∥ν∥f := sup{|ν(g)| : g ∈ B(Rd × S) satisfying |g | ≤ f },

where ν(g) :=
∑

l∈S
∫
Rd g(x , l)ν(dx , l).

For a function ∞ > f ≥ 1 on Rd × S, the process (X ,Λ) is said to
f -exponentially ergodic is there exists a probability measure π(·), a
constant θ ∈ (0, 1) and a finite-valued function Θ(x , k) such that

∥P(t, (x , k), ·)− π(·)∥f ≤ Θ(x , k)θt (7)

for all t ≥ 0 and all (x , k) ∈ Rd × S.



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Exponential Ergodicity

For any positive function f : Rd × S 7→ [1,∞) and any signed
measure ν defined on B(Rd × S), we write

∥ν∥f := sup{|ν(g)| : g ∈ B(Rd × S) satisfying |g | ≤ f },

where ν(g) :=
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l∈S
∫
Rd g(x , l)ν(dx , l).

For a function ∞ > f ≥ 1 on Rd × S, the process (X ,Λ) is said to
f -exponentially ergodic is there exists a probability measure π(·), a
constant θ ∈ (0, 1) and a finite-valued function Θ(x , k) such that
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Theorem 9
Suppose Assumptions 1, 3, and 5 hold. Assume that for any
k ̸= l ∈ S, there exist k0, k1, · · · , kr in S with ki ̸= ki+1, k0 = k
and kr = l such that the set {x ∈ Rd : qkiki+1

(x) > 0} has positive
Lebesgue measure for i = 0, 1, . . . , r − 1. In addition, assume that
there exist positive numbers α, β and a nonnegative function
V ∈ C 2(Rd × S) satisfying
(i) V (x , k) → ∞ as |x | → ∞ for each k ∈ S,
(ii) AV (x , k) ≤ −αV (x , k) + β, (x , k) ∈ Rd × S.
Then the process (X ,Λ) is f -exponentially ergodic with
f (x , k) = V (x , k) + 1.
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An Example

Consider a 1-D OU process

dX (t) = α(Λ(t))dt + σ(Λ(t))dB(t) +

∫
R0

β(Λ(t−))zN(dt, dz),

where αk := α(k), βk := β(k), σk = σ(k) ∈ R for each k ∈ S, and
N(dt, dz) is Poisson random measure with characteristic measure
ν(dz) = 1

2e
−|z|dz .

Suppose the switching component Λ is generated by the q-matrix

Q(x) =


−q01(x) q01(x) 0 0 0 . . .
q10(x) −(q10(x) + q12(x)) q12(x) 0 0 . . .

0 q21(x) −(q21(x) + q23(x)) q23(x) 0 . . .
...

...
...

...
...

. . .

 ,

where qk,k−1(x) and qk,k+1(x) are positive and Lipschitz
continuous functions.
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Now suppose ∃K1,K2 > 0 so that the following conditions are
satisfied:

(i) 2α0 + q01(x) ≤ −K1 < 0,

(ii) for each k ∈ S, we have σk > 0, and
(k + 1)σ2k + 4(k + 1)β2k ≤ K2 <∞,

(iii) for all k ∈ S \ {0}, we have
2(k + 1)αk − qk,k−1(x) + qk,k+1(x) ≤ −K1(k + 1) < 0.

Then by Theorem 9, the process X is f -exponentially ergodic.

In particular, we can choose αk , βk , σk and Q(x) so that

▶ X (0) is exponentially ergodic,

▶ X (k) is transient for each k = 1, 2, . . . ,

▶ X is f -exponentially ergodic.
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Now suppose ∃K1,K2 > 0 so that the following conditions are
satisfied:

(i) 2α0 + q01(x) ≤ −K1 < 0,

(ii) for each k ∈ S, we have σk > 0, and
(k + 1)σ2k + 4(k + 1)β2k ≤ K2 <∞,

(iii) for all k ∈ S \ {0}, we have
2(k + 1)αk − qk,k−1(x) + qk,k+1(x) ≤ −K1(k + 1) < 0.

Then by Theorem 9, the process X is f -exponentially ergodic.
In particular, we can choose αk , βk , σk and Q(x) so that

▶ X (0) is exponentially ergodic,

▶ X (k) is transient for each k = 1, 2, . . . ,

▶ X is f -exponentially ergodic.
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Finally

Thank you!
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Xi, F. (2009).
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