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1. Stochastic filtering

1.1 Basic model
Signal: Xt Stochastic process, i.e. fix t, Xt(ω) is a r.v.; fix ω,
Xt(ω) a function of t.
Observation:

yt = ht(Xt) + nt,

where nt is white noise, i.e., i.i.d. with mean 0.
Note that, fix ω, as a function of t, nt(ω) is not an ordinary
function, it is a generalized function. This in not nice! What
should we do?
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 Let

Wt =

∫ t

0
nsds.

Wt is a continuous process, called the Brownian motion.
Observation model:

Yt =

∫ t

0
hs(Xs)ds+Wt,

where

Yt =

∫ t

0
ysds

is accumulated observation process.
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Note that Y and y provide the same amount of information.

Gt = σ(Ys : s ≤ t} = σ(ys : s ≤ t).

Filtering problem: Estimate f(Xt) based on information Gt
generated by Ys up to time t.
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1.2. Example in Finance: Model for stock price St

dSt
St

= µtdt+

n∑
i=1

σitdW
i
t ,

where
µt = appreciation rate

σit = volatility due to ith random factor.

Observation: {Sr : r ≤ t}.
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Applying Itô’s formula,

d logSt =
1

St
dSt −

1

2

1

S2
t

n∑
i=1

(σit)
2dt

= (µt −
1

2
at)dt+

n∑
i=1

σitdW
i
t ,

where

at =

n∑
i=1

(σit)
2.
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Calculate quadratic variation

〈logS〉t = lim
m→∞

m∑
j=1

(logStj − logStj−1)2 =

∫ t

0
asds,

where 0 = t0 < t1 < · · · < tm = t is a partition of [0, t]. So, at is
observable.
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By Martingale rep. theorem,

d logSt = (µt −
1

2
at)dt+ σtdWt,

where σt =
√
at and W is a B.M.
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Let

Yt =

∫ t

0
σ−1
s d logSs.

Then

Yt =

∫ t

0
hs(µs)ds+Wt,

where

ht(µ) = σ−1
t (µ− 1

2
at).

How to estimate µt based on Gt = σ(Ys : s ≤ t) is a filtering
problem.
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1.3. Optimal filter

Find a r.v. ξt which is Gt-measurable s.t.

E (f(Xt)− ξt)2

is minimized. Then

ξt = E(f(Xt)|Gt).
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Let
πt = P (Xt ∈ ·|Gt) .

Then, πt is a random prob. meas. and

ξt = 〈πt, f〉 .

πt is the optimal filter.
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πt is a prob. meas. valued process. How to characterize it?

If Xt is indep. of Gt, then

E(f(Xt)|Gt) = Ef(Xt).

If Xt is measurable w.r.t. Gt, then

E(f(Xt)|Gt) = f(Xt).



                  UNIVERSIDADE DE MACAU 
 
 

 

 
Consider model{

dXt = b(Xt)dt+ σ(Xt)dBt,

Yt =
∫ t

0 h(Xs)ds+Wt,

where B, W indep. B.M.
Girsanov transform: Under new prob. meas. P̂ , Y, B indep.
B.M., where

dP

dP̂
= Mt

dMt = Mth(Xt)dYt.

How to calculate conditional expectation using P̂?
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Kallianpur-Striebel formula:

〈πt, f〉 =
Ê(Mtf(Xt)|Gt)

Ê(Mt|Gt)
≡ 〈Vt, f〉
〈Vt, 1〉

. (1.1)

Vt meas. valued process. Note that

(Xt,Mt) = H(t, B, Y ),

and hence,
〈Vt, f〉 = Ê(H̃(t, B, Y )|Gt).

How to use this to calculate Vt?
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1.4. Monte-Carlo method
(Bi, i = 1, 2, · · · ) be indep. copies of B. Consider{

dXi
t = b(Xi

t)dt+ σ(Xi
t)dB

i
t

dM i
t = M i

th(Xi
t)dYt.

(1.2)

Then,

〈Vt, f〉 = lim
n→∞

1

n

n∑
i=1

M i
tf(Xi

t). (1.3)
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Remark

i) Based on (1.3), we can derive SPDE for Vt (Zakai equation).
ii) Based on (1.1), we can derive SPDE for πt (Kushner-FKK
equation).

Remark

EM i
t = 1, V ar(M i

t ) ≈ eKt

exponential growth. Error of Monte-Carlo method grows expo.
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1.5. Branching particle system
Divide time interval into subintervals of length δ each.
Initially, there are m0 = n number of particles moving as (1.2)
(i = 1, 2, · · · ,m0).
At time δ, the ith particle gives birth to ξi1 number of particles,

E(ξi1|Fδ−) = M i
δ,

V ar(ξi1|Fδ−) as small as possible.
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Take

ξi1 =

{
[M i

δ] with prob. 1− {M i
δ}

[M i
δ] + 1 with prob. {M i

δ}.

During [δ, 2δ), there are

m1 =

m0∑
i=1

ξi1

particles.
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For kδ ≤ t < (k + 1)δ, let

V n
t =

1

n

mn
k∑

i=1

M i
tf(Xi

t).

Then,
V n
t → Vt, as n→∞.
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2. Stochastic control

2.1. BSDE example: European call option

Stock St, bond Bt, Portfolio ut.

ut = $ amount invested in stock.

Find portfolio to replicate EC:

ξ = (ST −K)+.
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Recall {
dSt
St

= µtdt+ σtdWt,
dBt
Bt

= rtdt,

where
µt = appreciation rate,

rt = interest rate,

σt = volatility.
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Let

Vt = value of portfolio.

By self-finance condition,

dVt =
ut
St
dSt +

Vt − ut
Bt

dBt.

Then, {
dVt = (utµt + (Vt − ut)rt)dt+ utσtdWt,
VT = (ST −K)+.

Solution consists two variables Vt and ut.
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2.2 Mean-variance

Minimize E(VT − z)2 subject to EVT = z.

For any λ > 0, minimize cost function

J(u) = EV 2
T − λEVT .

Recall state equation

dVt = (utµt + (Vt − ut)rt)dt+ utσtdWt.
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 2.3. Control problem.

State equation:{
dXt = b(Xt, ut)dt+ σ(Xt, ut)dWt,
X0 = x.

Cost functional

J(u) = E
(∫ T

0
`(Xs, us)ds+ h(XT )

)
.

Optimal control
ū = argmin J(u).
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Recall calculus: minimize f(u) subject to g(u) = 0.
Define LeGrange

F (u, λ) = λg(u)− f(u).

λ is adjoint variable.
Take

∂uF (u, λ) = 0.
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2.4. Stochastic maximum principle

Two adjoint variables (pt, qt). Adjoint equation is backward:{
dpt = −∂xH(Xt, ut, pt, qt)dt+ qtdWt

pT = −h′(XT ),

where

H(x, u, p, q) = (p, q) · (b(x, u), σ(x, u))− `(x, u).
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Why is it called Hamiltonian?


dXt = ∂pH(Xt, ut, pt, qt)dt+ ∂qH(Xt, ut, pt, qt)dWt,
dpt = −∂xH(Xt, ut, pt, qt)dt+ qtdWt,
X0 = x, pT = −h′(XT ).

Theorem

∂uH(Xt, ūt, pt, qt).

Idea of proof: For any v,

d

dε
J(ū+ εv)

∣∣∣
ε=0

= 0.
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3. Combined problem

3.1. Mean-variance under partial info.

Info.
Gt = σ(Su, Bu : u ≤ t).

Note that rt = d
dt logBt observable.

Recall filtering equation

Yt =

∫ t

0
hs(µs)ds+Wt,

where

ht(µ) = σ−1
t (µ− 1

2
at)

and

Yt =

∫ t

0
σ−1
s d logSs.
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 Recall wealth process

dVt = (utµt + (Vt − ut)rt)dt+ utσtdWt.

(µt,Wt) not observable.
Define innovation process νt by

dνt = dYt − 〈πt, ht〉 dt.

Then, νt is observable B.M. and

dνt = dYt − σ−1
t (µ̄t −

1

2
at)dt,

where µ̄t = E(µt|Gt).
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The state equation becomes

dVt = (utµ̄t + (Vt − ut)rt)dt+ utσtdνt.

This is observable.
Cost functional is

J(u) = E(V 2
T − λVT ).

It is also observable. Thus, we have transformed it to a full info.
optimization problem. Such a filtering-control problem is said
to satisfy separation principle.
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 3.2. SMP under partial information

State equation (backward):{
−dyt = f(yt, zt, z̄t, ut)dt− ztdWt − z̄tdW̄t,
yT = ξ.

Cost functional

J(u) = E
(∫ T

0
`(yt, zt, z̄t, ut)dt+ h(y0)

)
.

We need one adjoint variable p satisfying a forward adjoint
equation.
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 Suppose that Gt ⊂ Ft is info available. Define Hamiltonian

H(y, z, z̄, u, p) = f(y, z, z̄, u)p+ `(y, z, z̄, u).

Adjoint eq.
dpt = ∂yH(yt, zt, z̄t, ut, pt)dt+ ∂zH(yt, zt, z̄t, ut, pt)dWt

∂z̄H(yt, zt, z̄t, ut, pt)dW̄t,
p0 = h′(y0).

Theorem

E
(
∂uH(yt, zt, z̄t, ūt, pt)

∣∣∣Gt) = 0.
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3.3. Application to an LQ problem

Linear state{
−dyt = (Atyt +Btzt + Ctut)dt− ztdWt − z̄tdW̄t,
yT = ξ.

Quadratic cost

J(u) =
1

2
E
[∫ T

0
(Qty

2
t +Rtu

2
t )dt+Hy2

0

]
.

Info: Gt = FWt .



                  UNIVERSIDADE DE MACAU 
 
 

 

 Define Hamiltonian

H(y, z, u, p) = (Ay +Bz + cu)p+
1

2
(Qy2 +Ru2),

and adjoint {
dpt = (Qyt +Apt)dt+BptdWt,
p0 = Hy0.

SMP implies
E(Rut + cpt|Gt) = 0.

Thus
ut = −R−1Cp̂t = −R−1CE(pt|Gt).
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Filtering for p,{
dp̂t = (Qŷt +Ap̂t)dt+Bp̂tdWt,
p̂0 = Hy0.

Combine with ŷ:{
−dŷt = (Atŷt +Btẑt −R−1

t C2
t p̂t)dt− ẑtdWt,

ŷT = E(ξ|GT ).
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3.4. More general LQ problem

Linear state{
−dyt = (Atyt +Btzt + B̄tz̄t + Ctut)dt− ztdWt − z̄tdW̄t,
yT = ξ.

Quadratic cost

J(u) =
1

2
E
[∫ T

0
(Qty

2
t +Rtu

2
t )dt+Hy2

0

]
.

Info: Gt = FWt .
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 Define Hamiltonian

H(y, z, z̄, u, p) = (Ay +Bz + B̄z̄ + cu)p+
1

2
(Qy2 +Ru2),

and adjoint{
dpt = (Qyt +Apt)dt+BptdWt + B̄ptW̄t,
p0 = Hy0.

SMP implies
E(Rut + cpt|Gt) = 0.

Thus
ut = −R−1Cp̂t.
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 Filtering for p,{
dp̂t = (Qŷt +Ap̂t)dt+Bp̂tdWt,
p̂0 = Hy0.

Then, filtering for y,{
−dŷt = (Atŷt +Btẑt + B̄t ˆ̄zt + Ctut)dt− ẑtdWt,

ŷT = ξ̂.

Cannot solve for ˆ̄zt! What to do?

Return to original equations
and guess

pt = αtyt + βt, α0 = H, β0 = 0.



                  UNIVERSIDADE DE MACAU 
 
 

 

 Filtering for p,{
dp̂t = (Qŷt +Ap̂t)dt+Bp̂tdWt,
p̂0 = Hy0.

Then, filtering for y,{
−dŷt = (Atŷt +Btẑt + B̄t ˆ̄zt + Ctut)dt− ẑtdWt,

ŷT = ξ̂.

Cannot solve for ˆ̄zt! What to do? Return to original equations
and guess

pt = αtyt + βt, α0 = H, β0 = 0.
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Applying dpt and comparing, we get

z = −α−1Bp, z̄ = −α−1B̄p.

So,
z̄ = B−1B̄z,

and hence,
ˆ̄z = B−1B̄ẑ.
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Finally, we solve FBFSDE
dp̂t = (Qŷt +Ap̂t)dt+Bp̂tdWt,

−dŷt = (Atŷt + (Bt +B−1
t B̄2

t )ẑt −R−1
t C2

t p̂t)dt− ẑtdWt,

p̂0 = Hy0, ŷT = ξ̂.

Optimal control
ut = −R−1Cp̂t.
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————————————-

Thanks for your attention!

————————————–
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