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Motivation
The problem
Our model: A Non-Markovian queueing system
History: queues with impatience

1 Correspondence patterns of Darwin and
Einstein

In 2005, Oliveira and Barabási [Nature, 437, p. 1251] reported
their research results on the correspondence patterns of Darwin
and Einstein: during their lifetimes, Darwin and Einstein answered
a fraction of letters they received (the over-all response rate being
0.32 and 0.24, respectively), and the distributions of response
times to letters are both well approximated with a power-law tail
that has an exponent α = 3/2.
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Darwin and Einstein correspondence patterns
These scientists prioritized their replies to letters in the same way that people rate their e-mails today.

In an era when letters were the main means of
exchanging scientific ideas and results, Charles
Darwin (1809–82) and Albert Einstein (1879–
1955) were notably prolific correspondents.
But did their patterns of communication differ
from those associated with the instant-access 
e-mail of modern times? Here we show that,
although the means have changed, the com-
munication dynamics have not: Darwin’s and
Einstein’s patterns of correspondence and
today’s electronic exchanges follow the same
scaling laws. However, the response times of
their surface-mail communication is described
by a different scaling exponent from e-mail
communication, providing evidence for a new
class of phenomena in human dynamics.

During their lifetimes, Darwin sent at least
7,591 letters and received 6,530; Einstein sent
more than 14,500 and received more than
16,200. We start from a record containing the
sender, recipient and the date of each letter1,2

sent or received by the two scientists. Their 
correspondence exploded after their rise to
fame, and reached a highly fluctuating pattern
afterwards (Fig. 1a). Although, on average, they
wrote 0.59 (Darwin) and 1.02 (Einstein) letters
a day during the last 30 years of their lives, these

averages hide significant daily fluctuations. For
example, Darwin wrote 12 letters on New
Year’s Day in 1874 and Einstein received 120
letters on 14 March 1949, his 70th birthday.

The response time, �, represents the time
interval between the date a letter was received
and the date that the reply was sent. As shown
in Fig. 1b,c, the probability that a letter will be
replied to in � days is well approximated by a
power law, P(�)����, where ��3/2. The fact
that the scaling spans close to four orders of
magnitude, from days to years, indicates that
most responses (53% for Einstein, 63% for
Darwin) were sent within less than ten days. 

In some cases, however, the correspondence
was stalled for months or years. Some of these
represent long breaks in the correspondence
and a few are a consequence of missing letters.
Others, however, correspond to genuine
delays, like Einstein’s response on 14 October
1921 to Ralph De Laer Kronig’s letter of
26 September 1920, which starts with: “In the
course of eating myself through a mountain of
correspondence I find your interesting letter
from September of last year.” 

To understand the origin of the observed
scaling behaviour, we have to realize that,

given the wide range of response
times, both Darwin and Einstein
must have prioritized correspon-
dence in need of a response. Thus,
a simple model of their correspon-
dence assumes that letters arrive at
a rate � and are answered at a rate
�. Each letter is assigned a priority,
with high-priority letters being
answered soon after their arrival,
and others having to wait. 

The waiting-time distribution 
of this simple model3 follows4

P(�)���3/2exp(��/�0), which pre-
dicts a power-law waiting time for
the critical regime ���, when
�0��. Given that Darwin and
Einstein answered only a fraction
of letters they received (their over-
all response rate being 0.32 and
0.24, respectively), we have �	�.
This places the model in the super-
critical regime, where a finite frac-
tion of letters are never answered.
Numerical simulations (see sup-
plementary information) indicate
that in this supercritical regime the
waiting-time distribution of the

responded letters also follows a power law with
exponent ��3/2, which is different from the
��1 obtained for e-mail communications5.
Therefore, although the response times in 
e-mail and mail communications follow the
same scaling law, they belong to different uni-
versality classes.

The correspondence patterns of Einstein
and Darwin are examples of well mapped pat-
terns of human interaction, but are also of his-
torical interest. Their timely responses to most
letters show that they were both aware of the
importance of this intellectual intercourse.
Occasional delays were not always without
consequence. For example, on 14 October
1921 Einstein returned to a correspondence
with Theodor Kaluza that he had left off two
years earlier, when he discouraged Kaluza
from publishing one of his papers: having sec-
ond thoughts, he recommended that the paper
be submitted. Encouraged by this, Kaluza pub-
lished his famous paper on five-dimensional
unified field theory6, a key component of
today’s string theory. Would it have changed
the course of science if Einstein had not
wavered for two years? We shall never know.
But our results indicate that Darwin’s and Ein-
stein’s late responses or resumed correspon-
dences are not singularities or exceptions: they
are part of a universal scaling law7, represent-
ing a fundamental pattern of human dynamics
that the famous are no better at escaping than
the less distinguished.
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Figure 1 | The correspondence patterns of Darwin and Einstein.
a, Historical record of the number of letters sent (Darwin,
black; Einstein, green) and received (Darwin, red; Einstein,
blue) each year by the two scientists1,2. An anomalous drop in
Einstein’s correspondence marks the Second World War period
(1939–45, boxed). Arrows, birth dates of Darwin (left) and
Einstein (right). b, c, Distribution of response times to letters
by Darwin and Einstein, respectively. Note that both
distributions are well approximated with a power-law tail that
has an exponent ��3/2, the best fit over the whole data for
Darwin giving ��1.45
0.1 and for Einstein ��1.47
0.1.
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Figure 1 | The correspondence patterns of Darwin and Einstein.
a, Historical record of the number of letters sent (Darwin,
black; Einstein, green) and received (Darwin, red; Einstein,
blue) each year by the two scientists1,2. An anomalous drop in
Einstein’s correspondence marks the Second World War period
(1939–45, boxed). Arrows, birth dates of Darwin (left) and
Einstein (right). b, c, Distribution of response times to letters
by Darwin and Einstein, respectively. Note that both
distributions are well approximated with a power-law tail that
has an exponent ��3/2, the best fit over the whole data for
Darwin giving ��1.45
0.1 and for Einstein ��1.47
0.1.
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The classical M/M/1 process, which assumes that letters arrive at
a rate λ and are answered at a rate µ, can be used to model their
correspondence patterns. The waiting-time density of the M/M/1
process follows f(t) ∼ t−3/2 exp(−t/t0) for λ ≤ µ [J. Abate and
W. Whitt (1997), Queueing Systems 25, pp 173-233], which
predicts a power-law waiting time for the critical regime λ = µ,
when t0 =∞.

However, by the response rates 0.32 and 0.24, we have λ > µ and
this places the model in the supercritical regime, where a finite
fraction of letters are never answered. Oliveira and Barabási
[Nature, 437, p. 1251] pointed out that numerical simulations
indicate that in this supercritical regime the waiting-time
distribution of the responded letters also follows a power law with
exponent α = 3/2.
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2 Why power-law?—Modeling!

Clearly, Oliveira and Barabási [Nature, 437, p. 1251] has posed
such questions on modeling the correspondence patterns of human
being:

1, how does the ordinary people prioritize the correspondence in
need of a response? and

2, does a usual priority principle really lead to a power-law waiting
time in the supercritical regime?

To partially answer the above questions, or at least, to provide
some useful evidence for understanding the above questions, we
introduce a special queueing system with a service discipline, which
corresponds a usual priority principle of ordinary people, and then
study the waiting time for served customers, especially in the
supercritical regime.
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3 Our model: A Non-Markovian queueing
system

Now, let’s consider the usual M/M/1 queue, the simplest queueing
model used in practice. Suppose that the arrivals occur in a
Poisson process with rate λ and the service times of the unique
server have an exponential distribution with parameter µ.

We put the service discipline as follows:

1, for some fixed T > 0, a customer leaves the queue when his
waiting time exceeds T ;

2, the remains are served on the last in first out principle, namely,
the principle serves customers one at a time, and the customer
with the shortest waiting time will be served first.

Assume that at time 0, a customer (the 0-th customer) arrive and
the queueing system begin to work.
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Clearly, our model is a M/M/1 system with impatience, and the
corresponding queueing process {N(t) : t ≥ 0} is a non-Markovian.
Where N(t) is the total number of customers in the system.

The research on queues with impatience was started by [Barrer
(1957), OR 5], then followed by [Finch (1960)], [Gnedenko and
Kovalenko (1968)], [Jurlevic (1970, 1971)], [Baccelli and
Hebuterne (1981)] and [Kok and Tijms (1985)] etc.

For non-Markovian systems, the corresponding queue length, busy
period, waiting time and loss probability are always studied under
the ASSUMPTION of Statistical Equilibrium!

Here is a gap: give a proof to the “Statistical Equilibrium”!



Introduction
Results

On the proofs
References

Main Theorem
Some Remarks
A possible correspondence pattern

1. Main results

Assume that at time 0, a customer (the 0-th customer) arrive and
the queueing system begin to work.

For any n ≥ 0, Denote by Dn the waiting time of the n-th
customer, namely, Dn is the usual waiting time when he is finally
served before his waiting time exceeds T , otherwise, Dn =∞. Let

τ = τ(λ, µ, T ) = inf{n ≥ 1 : Dn = 0}.

Denote qk = P(τ = k), k ≥ 1, and let M = M(λ, µ, T ) = E(τ) be
the expectation of τ .
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First of all, we have the following proposition on E(τ).

Proposition 1:

i) for any λ, µ > 0 and 0 < T <∞, we have

M = M(λ, µ, T ) = E(τ) <∞.

ii) for any given µ > 0, M = M(λ, µ, T ) increases in λ and T .
Furthermore, for any given λ and µ,

lim
T→∞

M(λ, µ, T ) = M(λ, µ,∞)

{
<∞, if λ < µ;

=∞, if λ ≥ µ.

Now, we state our main theorem as follows.
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Theorem 1: For any λ, µ > 0 and 0 < T ≤ ∞, Wn, the
waiting time of the n-th served customer, converges in distribution
to a non-negative random variable WT . Furthermore, the
distribution function FT of WT satisfies FT (x) = 0, for x < 0,
FT (x) = 1 for x > T , and

FT (x) =
1

C(T )

[
1

M
+

1

ρ ∨ 1

(
1− 1

M

)∫ x

0
fρ(t)dt

]
,

for 0 ≤ x ≤ T , where C(T ) is the normalization constant, ρ = λ/µ
and

fρ(t) =
√
ρ ∨ ρ−1 1

t
e−(λ+µ)tI1(2t

√
λµ), t > 0.

Where I1(t) is the modified Bessel function of first kind for real
and positive t given by

I1(t) =

∞∑
m=0

1

m!(m+ 1)!

(
t

2

)2m+1

∼ et√
2πt

, as t→∞.
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2. Remarks

Remark 1: The function fρ is the probability density of D, the
length of the busy period in the classical M/M/1 system when
ρ ≤ 1, and is the conditional probability density of D conditioned
on D <∞ when ρ > 1. Note that in case of ρ > 1,
P(D <∞) = ρ−1.

Remark 2: By Theorem 1, one has

fρ(t) ∼ t−
3
2 exp

(
−(
√
λ−√µ)2t

)
, t→∞.

So, for any large 0 < T ≤ ∞, fT (t), the density of WT has a
power-law tail with exponent α = 3/2 in the critical regime λ = µ
as t ↑ T . In both subcritical and supercritical cases, fT (t) decays
exponentially fast.
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3. Possible correspondence patterns of Darwin
and Einstein

But, what are the correspondence patterns of Darwin and Einstein?
Numerical simulations indicate that they always kept themselves in
the critical regime. A reasonable explanation may be the following:
letters arrived according to a Poisson process with rate
λ = λ1 + λ2 > µ, where λ1 < µ is the rate of letters heard from
friends and family members, λ2 is the rate of letters heard from
the strangers. As the most distinguished scientists in their research
fields, Darwin and Einstein received too much letters from the
strangers, so they had to ignore such a received letter with
probability 1− (µ− λ1)/λ2 such that, in their eyes, letters arrived

according to a Poisson process with rate λ1 + λ2 ×
µ− λ1
λ2

= µ.
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1. The limit of P(Dn = 0)

Before we give a proof to the Main Theorem, we have to prove the
following lemma. Note that this lemma plays the key role in the
proof of Theorem 1.

Lemma 1: Suppose that λ, µ > 0 and 0 < T ≤ ∞, then

lim
n→∞

P(Dn = 0) =
1

M(λ, µ, T )
.
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Proof: In case of T =∞, we are dealing with a classical M/M/1
system, the lemma follows from a standard argument for
birth-death process.

Now, we suppose 0 < T <∞.

Let P
(n)
00 = P(Dn = 0), n ≥ 0. Then P

(0)
00 = 1, and for any n ≥ 1,

P
(n)
00 =

n∑
k=1

qkP
(n−k)
00 ,

where qk = P(τ = k). This indicates that the sequence

{P (n)
00 : n ≥ 0} is iteratively determined by {qk : k ≥ 1} and its

initial value P
(0)
00 = 1.



Introduction
Results

On the proofs
References

The limit of P(Dn = 0)
Proof of Lemma 1
The strategy
Construction of an ergodic Markov Chain
Proof of the Main Theorem

By the basic theory on discrete-time Markov chains, to prove the
lemma, it suffices to construct a Z+-valued discrete-time Markov
chain {ξn : n ≥ 0} such that {ξn} is ergodic and

f
(k)
00 := P(τ+0 = k | ξ0 = 0) = qk, k ≥ 1, (∗)

where τ+0 = inf{n ≥ 1 : ξn = 0} is the first return time of state 0.
Note that ergodic means irreducible, aperiodic and positive
recurrent as usual.
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To this end, we give the following transition matrix P = (Pij) to
{ξn}:

Pij =


qi+1

1−
∑i

k=1 qk
, j = 0;

1− Pi0, j = i+ 1;

0, else.

It is straightforward to check that {ξn} with the above transition
matrix P is ergodic and satisfies (*). Thus we finish the proof of
the lemma. �
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Proof of the main Theorem: For any 0 ≤ x ≤ T , one has

P(Dn ≤ x) = P(Dn = 0) + P(Dn ≤ x | Dn > 0)P(Dn > 0).

First of all, Dn > 0 if and only if, at SXn , the arrival time of the
n-th customer, the unique server is occupied, namely,
N(SXn −) > 0. It is clear that, on the last in first out principle, if
N(SXn −) > 0, then Dn does not depend on the exact value of
N(SXn −). Second, for any 0 < x ≤ T , Dn ≤ x implies that all
customers arrived after, but were served before the n-th one are
finally served in time x (≤ T ). Hence, by the memoryless property
of the exponential distribution, for any 0 < x ≤ T and for any
n ≥ 1,

P(Dn ≤ x | Dn > 0) = P(D ≤ x) =: FD(x),

where D is the length of the busy period of the classical M/M/1
system.
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Let Γ(s) be the Laplace transform of FD(x) defined as the
following Lebesgue-Stieltjes integration

Γ(s) =

∫ ∞
0

e−stdFD(t), Re(s) > 0,

where Re(s) is the real part of the complex number s. Then

Γ(s) =
1

2λ

[
λ+ µ+ s−

√
(λ+ µ+ s)2 − 4λµ

]
.

This can be inverted to give the explicit form

fD(t) = F ′D(t) =

√
µ

λ

1

t
e−(λ+µ)tI1(2t

√
λµ),

where I1(t) is the modified Bessel function given in the statement
of the theorem.
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In case of λ ≤ µ, we have P(D <∞) = 1, so FD(x) is a
probability distribution function and fD(t) given in is a probability
density.

In case of λ > µ, let

Γ̃(s) =
λ

µ
Γ(s) =

1

2µ

[
λ+ µ+ s−

√
(λ+ µ+ s)2 − 4λµ

]
,

then, by symmetry and the linearity of the Laplace Transform, its
inverse f̃D(t) = λ

µfD(t) is also a probability density corresponding
to the following probability distribution function

F̃D(x) :=
λ

µ
FD(x) = P(D ≤ x)/P(D <∞) = P(D ≤ x | D <∞).

Clearly, one has P(D <∞) = µ/λ and F̃D(x) is the conditional
distribution function of D conditioned on D <∞.
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Write fD(t) and f̃D(t) in the unified form fρ(t). Then, the
conditional distribution of Dn conditioned on Dn ≤ T is

Fn(x) := P(Dn ≤ x | Dn ≤ T ) =

1

Cn(T )

[
P(Dn = 0) + P(Dn > 0)

1

ρ ∨ 1

∫ x

0
fρ(t)dt

]
, (∗∗)

for 0 ≤ x ≤ T , where Cn(T ) is the normalization constant. The
theorem follows immediately form (∗∗) and Lemma 1. �
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