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Contents

Object: Schrödinger operators with random potentials

Hω = �∆+Vω (x) , x 2 Rd or Zd

Points of interest: Localization and delocalization

Two mathematical aspects to study:

1 Spectral properties: Point spectrum or Continuous spectrum
2 Local structures of spectrum: Poisson distribution or other
dependent distribution
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Model

Schrödinger operators with random decaying potentials

Hω = �
d2

dx2 + a(x)F (Xx (ω)) ,

where fXxgx�0 is a B.M. on Td and F is a smooth function on
Td satisfying Z

Td
F (x) dx = 0, F 6= 0.

a(x) decays with order

a(x) � x�α as x ! ∞ 9α � 0.
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Random matrix v.s. Random Schrödinger operator

Discrete random Schrödinger operators ∆d +Vn0BBBBBBB@

V1 1 0 0 � � � � � �
1 V2 1 0 � � � � � �
0 1 V3 1 � � � � � �
...

...
...

. . .
...

...
� � � � � � � � � 1 Vn 1

� � � � � � � � � � � � � � � . . .

1CCCCCCCA

Random matrix0BBBBB@
X11 X12 X13 X14 � � �
X12 X22 X23 X24 � � �
X13 X23 X33 X34 � � �
X14 X24 X34 X44 � � �
...

...
...

...
. . .

1CCCCCA
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Spectral properties

The spectral properties for Hω (K-Ushiroya 1988)
On [0, ∞) we have

α > 1/2 a.c. spec.

α = 1/2 9Ec > 0 s.t.
�
point spec. on (0, Ec)
s.c. spec. on (Ec, ∞)

0 < α < 1/2 point spec.

If α = 0, Molchanov-Goldsheid-Pastur (1977): point spec.
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Eigenvalues distribution

Let
�

Ej (L)
	

j�1 be positive eigenvalues for the operator Hω

restricted to [0, L] with Dirichlet boundary condition.

Fix a reference energy E0 > 0 and de�ne

ξL = ∑
j�1

δL(
p

Ej(L)�
p

E0)
.

If Hω = �
d2

dx2 , namely a(x) = 0, then

q
Ej (L) =

π j
L
=) ξL = ∑

j�1
δ(π j�L

p
E0)
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Classical results on limit of eigenvalues distribution

Molchanov 1981 In R1 if α = 0

Hω = �
d2

dx2 + F (Xx (ω))

then

ξL !
L!∞

Poisson (n (E0) dλ) (n(E) is the density of states)

Minami 1996 In Zd

Hω = ∆d +Vω (x) ,
fVω (x)gx2Zd i.i.d. with smooth prob. density

If E0 is in the point spectral region, then

ξΛL
!

L!∞
Poisson (n (E0) dλ) .

S. Kotani KwanseiGakuin University and Osaka University (joint work with F. Nakano of Gakushuin University) ()Level statistics of eigenvalues for 1D random Schrödinger operators
12th Workshop on Markov Processes and Related Topics July 17, 2016 Jiangsu Normal University, Xuzhou, China 7

/ 18



Classical results on limit of eigenvalues distribution

Molchanov 1981 In R1 if α = 0

Hω = �
d2

dx2 + F (Xx (ω))

then

ξL !
L!∞

Poisson (n (E0) dλ) (n(E) is the density of states)

Minami 1996 In Zd

Hω = ∆d +Vω (x) ,
fVω (x)gx2Zd i.i.d. with smooth prob. density

If E0 is in the point spectral region, then

ξΛL
!

L!∞
Poisson (n (E0) dλ) .

S. Kotani KwanseiGakuin University and Osaka University (joint work with F. Nakano of Gakushuin University) ()Level statistics of eigenvalues for 1D random Schrödinger operators
12th Workshop on Markov Processes and Related Topics July 17, 2016 Jiangsu Normal University, Xuzhou, China 7

/ 18



Main results

If α >
1
2
(super critical) (K-Nakano 2014)

ξL !
L!∞

clock process

If α =
1
2
(critical) (K-Nakano 2014)

ξL !
L!∞

Sineβ�process

If 0 < α <
1
2
(subcritical) (K-Nakano 2016)

ξL !
L!∞

Poisson
�

dλ

π

�
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Supercritical case

Clock process (Kotani-Nakano 2014)
Assume the subsequence fLjgj�1 satis�esp

E0Lj = mjπ + γ+ o(1) as j ! ∞

for some mj 2 N satisfying mj ! ∞ and γ 2 [0, π). Then we
have

ξ∞ =d
lim
j!∞

ξLj
.

ξ∞ is
ξ∞ = ∑

n2Z

δθγ+nπ,

where θγ is a random variable taking value in [0, π].
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Critical case

For a C�B.M fZtgt�0 let α
β
t (λ) be the solution to

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
, α

β
0 (λ) = 0.

α
β
t (λ) is non-decreasing in λ, and the limit

9α
β
∞ (λ) = lim

t!∞
α

β
t (λ) 2 2πZ

exists a.s. and Sineβ-process ζβ is de�ned by

ζβ ([λ1, λ2]) =
α

β
∞ (λ2)� α

β
∞ (λ1)

2π
(Varko-Virag 2009).

The limit process ξ∞ =d
limL!∞ ξL exists and ξ∞ = ζβ with

β = β (E0) = �4E0

 
Re

 �
1
2

∆+ 2i
p

E0

��1

F, F

!!�1

> 0.

S. Kotani KwanseiGakuin University and Osaka University (joint work with F. Nakano of Gakushuin University) ()Level statistics of eigenvalues for 1D random Schrödinger operators
12th Workshop on Markov Processes and Related Topics July 17, 2016 Jiangsu Normal University, Xuzhou, China 10

/ 18



Critical case

For a C�B.M fZtgt�0 let α
β
t (λ) be the solution to

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
, α

β
0 (λ) = 0.

α
β
t (λ) is non-decreasing in λ, and the limit

9α
β
∞ (λ) = lim

t!∞
α

β
t (λ) 2 2πZ

exists a.s. and Sineβ-process ζβ is de�ned by

ζβ ([λ1, λ2]) =
α

β
∞ (λ2)� α

β
∞ (λ1)

2π
(Varko-Virag 2009).

The limit process ξ∞ =d
limL!∞ ξL exists and ξ∞ = ζβ with

β = β (E0) = �4E0

 
Re

 �
1
2

∆+ 2i
p

E0

��1

F, F

!!�1

> 0.

S. Kotani KwanseiGakuin University and Osaka University (joint work with F. Nakano of Gakushuin University) ()Level statistics of eigenvalues for 1D random Schrödinger operators
12th Workshop on Markov Processes and Related Topics July 17, 2016 Jiangsu Normal University, Xuzhou, China 10

/ 18



Critical case

For a C�B.M fZtgt�0 let α
β
t (λ) be the solution to

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
, α

β
0 (λ) = 0.

α
β
t (λ) is non-decreasing in λ, and the limit

9α
β
∞ (λ) = lim

t!∞
α

β
t (λ) 2 2πZ

exists a.s. and Sineβ-process ζβ is de�ned by

ζβ ([λ1, λ2]) =
α

β
∞ (λ2)� α

β
∞ (λ1)

2π
(Varko-Virag 2009).

The limit process ξ∞ =d
limL!∞ ξL exists and ξ∞ = ζβ with

β = β (E0) = �4E0

 
Re

 �
1
2

∆+ 2i
p

E0

��1

F, F

!!�1

> 0.

S. Kotani KwanseiGakuin University and Osaka University (joint work with F. Nakano of Gakushuin University) ()Level statistics of eigenvalues for 1D random Schrödinger operators
12th Workshop on Markov Processes and Related Topics July 17, 2016 Jiangsu Normal University, Xuzhou, China 10

/ 18



Ideas of the proof

For a solution ϕ to the eigen-equation Hϕ = κ2ϕ set

θ = arg
�

ϕ0

κ
+ iϕ

�
(The Prüfer variable).

Then θ satis�es

θ0t (κ) = κ +
1

2κ
a(t)F (Xt)Re

�
e2iθt(κ) � 1

�
, θ0 (κ) = 0.

(replaced x by t.) θt (κ) is increasing in κ for �xed t > 0.
De�ne

Θt (λ) = θt

�p
E0 +

λ

t

�
� θt

�p
E0

�
, φt = π

(
θt
�p

E0
�

π

)
,

where fxg 2 [0, 1) denotes the fractional part of x. Then

ξL ( f ) = ∑
k2Z

f
�

Θ�1
L (kπ � φL)

�
.
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Ideas of the proof

The key equation

θ0t (κ) = κ +
1

2κ
a(t)F (Xt)Re

�
e2iθt(κ) � 1

�
, θ0 (κ) = 0

is equivalent to

θt (κ) = κt+
1

2κ

Z t

0
a(s)F (Xs)Re

�
e2iθs(κ) � 1

�
ds.

A prototype for this integral isZ t

0

sin s
sα

ds,

and Integration by parts givesZ t

0

sin s
sα

ds =
1� cos t

tα
� α

Z t

0

1� cos s
sα+1 ds.
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Subcritical case

We can show for α > 0 (a (x) = x�α + o (x�α))

dΘnt (λ) + λdt+ n
1
2�α Re

h�
e2iΘnt(λ) � 1

�
t�αdZt

i

If 0 < α < 1/2, Time change t = sγ (γ =
1

1� 2α
> 1)

dΘnsγ (λ) + λγsγ�1ds+ n
1
2�α Re

h�
e2iΘnsγ (λ) � 1

�
deZs

i
Allez-Dumaz (2014) showed

lim
β!0

Sineβ-process α
β
∞ (λ) = Poisson

�
dλ

2π

�
.

Recall α
β
∞ (λ) = limt!∞ α

β
t (λ) and α

β
t (λ) is de�ned by

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
.
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dΘnt (λ) + λdt+ n
1
2�α Re

h�
e2iΘnt(λ) � 1

�
t�αdZt

i
If 0 < α < 1/2, Time change t = sγ (γ =

1
1� 2α

> 1)

dΘnsγ (λ) + λγsγ�1ds+ n
1
2�α Re

h�
e2iΘnsγ (λ) � 1

�
deZs

i
Allez-Dumaz (2014) showed

lim
β!0

Sineβ-process α
β
∞ (λ) = Poisson

�
dλ

2π

�
.

Recall α
β
∞ (λ) = limt!∞ α

β
t (λ) and α

β
t (λ) is de�ned by

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
.
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Observation

For simplicity �x λ. Then

dα
β
t (λ) = λe�tdt+

2p
β

Re
n�

eiαβ
t (λ) � 1

�
dZt

o
m

dXt = λe�tdt+
2
p

2p
β

sin
Xt

2
dBt.

fXtgt�0 moves on each interval (2nπ, 2 (n+ 1)π) below
randomly and it never reaches the left edge 2nπ and once
reaches the right edge 2 (n+ 1)π, then it never returns to
(2nπ, 2 (n+ 1)π).

−4π −2π 0 2π 4π
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Subcritical case

One can apply the argument by Allez-Dumaz to our Θnsγ (λ) and
obtain

Theorem

(Kotani-Nakano) fΘnt (λ) , φntg converges to
nbΘt (λ) , bφt

o
, the

two processes are independent and

(1) bφt has the uniform distribution on [0, π) for each t > 0.
(2) bΘt (λ) = π

Z
[0,t]�[0,λ]

Π (dsdξ)

where Π (dsdξ) is the Poisson random measure on R2 whose
intensity measure is dsdξ.
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Related results

(1) CMV matrices Killip-Stoiciu 2009

Ξk =

0@ αk

q
1� jαkj2q

1� jαkj2 �αk

1A with jαkj < 1

L = diag (Ξ0, Ξ2, Ξ4, � � � ) ,M = diag (1, Ξ1, Ξ3, � � � )
CMV matrix C = C (α0, α1, α2, � � � ) := LM

CMV matrix is unitary. Assume E
�
jαkj2

�
= ck�α + o (k�α). Then

α >
1
2

Clock process

α =
1
2

Sineβ-process

0 < α <
1
2
Poisson point process
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Random matrices

(2) Discrete Schrödinger Krichevski-Valko-Virag 2012

If α =
1
2
, then the limit is Sineβ-process

(3) Random matrices Valko-Virag 2009

β-ensembles Λβ
n: Z�1e�β ∑n

k=1 λ2
k/4 ∏

j<k

��λj � λk
��β

Let fµngn�1 be a sequence s.t. n1/6 �2pn� jµnj
�
! +∞.

Then q
4n� µ2

n

�
Λβ

n � µn

�
! Sineβ-process

Remark: In case α =
1
2
and E0 = Ec we have β = 2, and

Sineβ � process arises from Gaussian unitary ensemble.
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Thank you for your attention
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