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Introduction

Motivation: Mathematical Formulation

e Turbulent convection in a fluid layer heated from below and
rotating about a vertical axis was studied by Busse et al, (Science,
1980; Nonl. Dyn., 1980).

be
v, = F(z,a¢) Z Cj(t)exp(ik; - r)

|
T

e The convection model is formulated by the Navier-Stokes
equations for the velocity vector v and the heat equation for the
deviation 6 of the temperature from the static state:
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Introduction

Motivation: Mathematical Formulation

P*l(%-kv.V)vﬁ—g)\xv:—Vﬂ+>\9+V2V
(& +v-V)f =R\ v+ V3

A: The unit vector in the vertical direction;

_ gy(To—T1)d?
R= KV

T = 4‘}}#: the Taylor number; P = Z: the Prandtl number.
e Then time-dependent amplitude C}(t) satisfies L-V equation:

: the Rayleigh number;

dc;
Mdt_C’{R R.) ZT,J|C|}

]—7n
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Introduction

Motivation

e It is demonstrated by experiments: when the Rayleigh number R
exceeds the critical value R, depending on the Taylor number T', the
static state becomes unstable and convective motions set in.

e Let n = 3, seting S; = |C;|?.
Special case — standard symmetric May-Leonard system:

45— 5 (1— 5 — Sy — 45s),

dt
4% = G3(1 — St — BSs — S3),

with o, 5 > 0.
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Introduction

The possible equilibrium solutions of (1.2) as points: { O(0,0,0); © 3
single-species solutions of the form (1,0,0); & 3 two-species solutions of
the form (1 —a,1— 3,0)/(1 — af); # the three-species equilibrium
(L,L1,)/Q +a+p).

The eigenvalues \; (i = 1,2, 3) of the three-species equilibrium's matrix
can be written down

(a+B) , V3 )
5 + 7(@—6)1.

AM=-1—(a+p), ls=-1+
e This equilibrium is stable if o + 5 < 2;

It is asymptotical stable if and only if o + 3 < 2.
e It is unstable if a4+ 5 > 2.
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Introduction

Stability Properties of (1.2) as a Function of v and 3

Figure: In the domain (a) the stable equilibrium point is that with all three
populations present; in the domain (b) the 3 single-species equilibrium points
(1,0,0), (0,1,0) and (0,0, 1) are all stable, and which one the system
converges to depends on the initial conditions; in the domain (c) there is no
asymptotically stable equilibrium point, and periodic solutions, as well.
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Introduction

Periodic Orbit: oo + 5 =2

N

Figure: The global phase portraits for a system (1.2) with a + 8 = 2.
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Introduction

Statistical Limit Cycle: o+ 5 > 2

e Statistical limit cycle occurs ((1.2) with o + 3 > 2):

log Sp—>
Y

Figure: 2. The development in time of the three roll orientations in the
absence of a low level noise source.
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Introduction

Motivation

e Heikes and Busse (Nonl. Dyn., 1980) showed that the
randomness occurs for Rayleigh number R close to the critical
value for the onset of convection, R..

e They expected that the transition from one set of rolls
(stationary solutions) to the next becomes nearly periodic, with a
transition time which fluctuates statistically about a mean value.
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Introduction

Motivation

e Heikes and Busse (Nonl. Dyn., 1980) showed that the
randomness occurs for Rayleigh number R close to the critical
value for the onset of convection, R..

e They expected that the transition from one set of rolls
(stationary solutions) to the next becomes nearly periodic, with a
transition time which fluctuates statistically about a mean value.
e This stimulates us to exploit that whether stochastic version of
cyclically fluctuating solution (limit cycle) exists when R — R, is
perturbed by a white noise

(R - RC) +UBt7

where B is a Brownian motion.
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Introduction

Stochastic Lotka-Volterra Systems

We consider the perturbed system

n
(Eo) : dyi = yi(r + Zaijyj)dt +oy;odB, i=1,2,...,n
=1

on the positive orthant R, where r = (R — R.)K, a;; = —Tj;
and o are parameters, o denotes Stratonovich stochastic integral.
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Stochastic Decomposition Formula

Stochastic Decomposition Formula

e Auxiliary equation (1-D Stochastic Logistic equation)

dg = g(r —rg)dt + og o dBy. (2.1)
The following theorem play an important role to analysis the ergodic
properties of equation (E,).
Theorem 1 (Stochastic Decomposition Formula)

Let ®(t,w,y) and V(t,y) be the solutions of (E,) and (Ey),
respectively. Then

t
q)(taw7y) = g(tawmgﬂ)\lj(/ g(s,w,go)ds, giio)? Yy e Rna go > Oa
0

(2.2)
where g(t,w, go) is a positive solution of the Logistic equation

(2.1).
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Stochastic Decomposition Formula

e Of course, the same conclusion (2.2) remains true, if we
understand the stochastic equation (E,) and (2.1) in the /t6 sense.
Also, the result given above remain true for all a;; € R.
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Stochastic Decomposition Formula

e Of course, the same conclusion (2.2) remains true, if we
understand the stochastic equation (E,) and (2.1) in the /t6 sense.
Also, the result given above remain true for all a;; € R.

e In following, we only pay attention to Stratonovitch stochastic
integral, since Stratonovitch stochastic integral has some
simplifications in formulas. Also, there is a simple relation between
the 1t6 and Stratonovich cases.
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Stochastic Decomposition Formula

e Of course, the same conclusion (2.2) remains true, if we
understand the stochastic equation (E,) and (2.1) in the /t6 sense.
Also, the result given above remain true for all a;; € R.

e In following, we only pay attention to Stratonovitch stochastic
integral, since Stratonovitch stochastic integral has some
simplifications in formulas. Also, there is a simple relation between

the 1t and Stratonovich cases.

e (Proof) It can be checked by Itd’s extension formula.
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Stochastic Decomposition Formula

Intuition

Stochastic Chaos in Trajectory.

From the Stochastic Decomposition Formula it follows that
t
D(t,0_w,y) = g(t,0_w, 1)\11(/ 9(s,0_tw, 1)ds,y).
0

\J )
u(w) chaos
Here w is an an equilibrium (or stationary solution) of RDS generated by

(2.1).

e Roughly speaking, that complexity of the deterministic case which
describes the stochastic case.
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The Classification via Stationary
The Complete Classification for 3-Dim Stochastic L-V System At PepEiies off Sediesie

The Complete Classification for 3-Dim Stochastic L-V
System

In this section we focus on three dimensional stochastic L-V
system:

dyr = y1(r — a1y — ai2y2 — a13y3)dt + oyy o dBy,
dya = ya2(r — a21y1 — azy2 — agsys)dt + oyz 0 dBy, (3.0)s
dys = y3(r — as1y1 — az2y2 — az3ys)dt + oys o dBy.

Here r > 0,a;; >0, i,j = 1,2,3.

e We deal with a;; > 0 only, in this case the system (3.0), is
called competitive. However several results given below remain
true for all a;; € R.

e When o = 0, the above system (3.0)y becomes deterministic
competitive L-V system, which can be classified by the parameters
Qg .
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The Classification via Stationary Measures
Ergodic Properties of Stochastic L-V System

The Complete Classification for 3-Dim Stochastic L-V System

Theorem 2 ( )

There are exactly 37 dynamical classes in 33 stable nullcline classes for
deterministic system (3.0)o.

(1) All trajectories tend to equilibria for classes 1-25, 26 a), 26 c), 27 a)
and 28-33;

(2) a center on X only occurs in 26 b) and 27 b);

(3) the heteroclinic cycle attracts all orbits except ray-L(P) in class 27 c).

v

All are depicted on ¥ (called carrying simplex—see, Hirsch, 1988)
and presented in following Figure.
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The Classification via Stationary Measures
Ergodic Properties of Stochastic L-V System

The Complete Classification for 3-Dim Stochastic L-V System

o L(P):={AP: x>0} forany P € R} \ {O};

e &: the equilibrium set for (3.0)o;

o A(Q): the attracting domain for an equilibrium Q € &;

e P(t,y, A): the transition probability function is defined by
P(t,y,A) :=P(P(t,w,y) € A).

Theorem 3

Let Q € £\ {0}, then u3(A) =P(U € A) is a stationary measure of
semigroup { P, }i>0, where U(w) := u(w)Q. Furthermore, (i) for each
y e AQ), Plt,y,) = pg ast — oo, and

: _ o 3
tlggo P(t,y, A) = pug(A), for any A € B(R:). (3.1)

Hence, it is ergodic when the system is restricted on A(Q). (ii)

1o () % 60(-) asa — 0.

These results are available for classes 1-25, 26 a), 26 ¢), 27 a) and 28-33
when we restrict the state space in its stable manifold.
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The Complete Classification for 3-Dim Stochastic L-V System

The Complete Classification via Stationary Measures

Theorem 4

Suppose that (3.0)g is one of systems in classes 1-25, 26 a), 26 c),
27 a) and 28-33. Then

(1) all its stationary measures are the convex combinations of
ergodic stationary measures {uf) : Q € £};

(2) as o — 0, all their limiting measures are the convex
combinations of the Dirac measures {6g(-) : Q € £}.

Zhao Dong Stochastic L-V



The Classification via Stationary ires

The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Recall the following dynamical classes (red—Periodic case and
green—Heterclinic case).
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Theorem 5

Suppose that (3.0)¢ is one of systems in classes 26 b) and 27 b).
(1) Then there exists a unique ergodic nontrivial stationary
measure vj supporting on the cone

A(h) : V(y) := vi'v5ys (Bacsyr +arasys+B1B2ys) = h € I, (3.2)

where u = —f3263/D, v = —a1a3/D, w = —a12/D,

D = (5253 + Bocv1 + alag), «;, B; are expressed by Qij, I is the
feasible image interval for V' and I'(h) is the closed orbit, with
initial data yo € T'(h).

(2) v converges weakly to the Haar measure on the closed orbit
I'(h) as 0 — 0.
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Ergodic Properties of Stochastic L-V System

The Complete Classification for 3-Dim Stochastic L-V System

Define ¢ : A(h)\ {O} - R x S by

vy = (X, (=), y € AR) \ {0},

where ¢(y) = inf{t > 0, ¥(¢,y0) = y}. Obviously, ¢ is a
homeomorphism. Set

t

H(t,w, Ho) = In(g(t,w, ) and T'(t,w,Tp) = 30(‘1’(/ g(s,w, N)ds, 2).
0

By the definition,

#J(‘P(taway)) = (H(t’wvHO)a T(tawaTO))'

The ergodicity for ® on A(h) \ {O} is equivalent to that (H,T) is
ergodicon R x S.
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The Classification via Stationar
Ergodic Properties of Stochasti

The Complete Classification for 3-Dim Stochastic L-V System

We can prove that (H,T) is strong Feller(SF) and irreducible(l) on
R x §, this is

(SF) For any t > 0, and F' € By(R x 5),
(Ho,Tp) e R x S — EF(H(t, Hy),T(t,Tp)) is continuous;
(I) Forany ¢t >0, (Hy,Tp) € R x S and open set A € B(R x 5),

IP’((H(t,HO),T(t,Tg)) € A) > 0.
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Ergodic Properties of Stochastic L-V System

The Complete Classification for 3-Dim Stochastic L-V System

This implies that ® is ergodic on A(h) \ {O}. Furthermore, ® is
also ergodic on A(h) and vj is an ergodic stationary measure for ®
on Ri. Finally, vf converges weakly to the Haar measure on the
closed orbit I'(h) as ¢ — 0.
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The Complete Classification for 3-Dim Stochastic L-V System

The Complete Classification via Stationary Measures

Theorem 6

Suppose that (3.0)o is one of systems in classes 26 b) and 27 b).
Let u* : vhz,2—12 .. satisfy 0* — 0 and ' = p as i — oo.
Then

(1) if initial data yo lies in the interior of the heteroclinic cycle H,
then p is the Haar measure on I'(yo) for yo # P, or the Dirac
measure dp(-) at P for yo = P;

(2) if initial data yo € H, then

1({E1, Ea, E3}) = 1, (3.3)

where Fq, FEo, E5 are three equilibria of heteroclinic cycle H in
class 26 b) or class 27 b).
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The Complete Classification for 3-Dim Stochastic L-V System

The Complete Classification via Stationary Measures

Theorems 4—6 have given all ergodic stationary measures for all
classes except class 27 c).

Theorem 7

Assume that (3.0)o is the system of class 27 c). Then (i) vy will
support on the three nonnegative axes for any v, with

y € ItR\L(P); (ii) Let pi' := v, i =1,2,---. If ' 5 pu as
Q 0
o' — 0,1 — o0. Then

p({R1, Rz, R3}) =1, (3.4)

where R1, Ro, R3 are three axial equilibria for the deterministic
system.
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Conclusion

e Theorem 7 only describes the support of stationary measures.

e The nonergodicity can be found by the stochastic turbulence.
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Conclusion

e Theorem 7 only describes the support of stationary measures.

e The nonergodicity can be found by the stochastic turbulence.
(Why?)
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Conclusion

e Theorem 7 only describes the support of stationary measures.

e The nonergodicity can be found by the stochastic turbulence.
(Why?)

e It is essential reason to reveal that solutions concentrate around

R1, Ro, R3 very long time (approximately infinite) with probability
nearly one.
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The Complete Classification for 3-Dim Stochastic L-V System

A We reveal the reason for this special case (WLOG, let « = 0.8 and
B = 1.3 for symmetric May-Leonard system).
Let

1
Ai={y=(y1,92,y3) € X: [ly — Rif| < 5}

denote the neighborhood of R; (i = 1,2,3). Then ¥(¢,y) will enter and
then depart A; with infinite times. For n > 2, define

Ty = inf{t>0, ¥(t,y) € A1}, Ty = inf{t > T, W(t,y) ¢ A},
Tp= inf{t > T, W(ty) € A}, Tog= inf{t > T, U(ty) ¢ A},
Sh= f{t>T.,, W(t,y) € Az}, S5, = inf{t > S, U(t,y) ¢ Az},
Sno= inf{t > S™.', U(t,y) € A3}, St = inf{t > S, U(t,y) ¢ As}.

Similarly, we denote by 7% and 77}

' ¢ the time entering and exiting A5 in
n-th spiral cycle (see Fig. 5).
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The Complete Classification for 3-Dim Stochastic L-V System

Figure: 5. The phase portrait of ¥
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Deterministic Case

May and Leonard (SIAP, 1975) gave the following estimation:

Towe—Tin, = 04213, 7o —Tin = 0.4275, Sgu—Sin = 0.4255,. (3.5)
Then

1 fTom L Qo i Tow — Tin
Tn o 5\I/(t,y) (Al)dt T Z(Toutij—‘i ) > T =042 > Oa

out out ;_q out

1 [ S L =i i TS 2
o Su(ey(A)dt = o— > (Th—Th) < e < (0.58)” <034,
out J0O out ;_1 out

This implies that the limit of occupation measure of W(¢,y) is not
unique.
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Stochastic Case

For stochastic case, similarly, we analyze

{;/OTIAI (W(/Otg(s,w,1)ds7y))dt}T>o as T — oo.

1t

Let e = 0.0001 and Q5 = {w: sup |7/ g(s,w,1)ds — 1| < €}. Then
te[T,00) t 0

Q% 1 with respect to T and limy_, o, P(25:) = 1. Thus for n = 0.9999,

there exists Ty > 0 such that

P(Q%7) >n, VT > Ty.

Zhao Dong Stochastic L-V



The Classification via Stationary Measures

The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Stochastic Case

Define
t
£ (w) = r(w, T0) == inf{t > 0 / o(s,w,g0)ds > TL),
0

t
th(w) = 7(w, Tovy) = inf{t > 0: / g(s,w,go)ds > Tr.}.
0

Set O%, = {w : 1} (w) > To}. Then Q7 1 with respect to n and
lim,, o P(Q7%,) = 1. Thus there exists an Ny such that

P(Q7,) > n, Vn > No.
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The Complete Classification for 3-Dim Stochastic L-V System Hrpgeilie [Pieperiies of Sivdiesie LY Syam

Stochastic Case

Step 1. Let 7,, = T,. Consider T%LfOT" IAl( fo s,w,1)ds y))dt.

For any n satisfying n > Ny and T}, > Tj, choosing any w € Q7, N Q%
we have

o (1—Tn, = (1=)T, < [ gs,w,1)ds < (146)Ty, = (14T,
o (W) > (W) > T,
o (1—atnw) < JiY gls,w,1)ds = T < (1 + )t} (w),

o (1—otp(w) < [i2 g(s,w, 1)ds =TIy < (1 + €)t3(w).
T" ~ (0.427T"

out out!’

n n n Tgﬁ Tn T‘l?l n
H) S The=To, )2 72 = ) 7 > ().

Combining the fact that T, we have
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Stochastic Case

Continued. Therefore

—/ IA1 / (s,w,l)ds,y))dt
:TRZ( w) \ T — ti( )/\Tn)

=1
t?(w) /\ Sp — 17 (w)
Z S,
T:{xt _ Tl/:’l)
>1fte  12¢ > 0.419.
T The T

Then
1 T t
liimn_mo—/ El4, (\I/(/ g(s,w, 1)ds,y)>dt
T Jo 0
> 0.419P(Q)° N Q5 ) > 0.419 x 0.9998 > 0.41. (3.6)
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Stochastic Case

Step 2. Let S,, = S”,,. Consider S%fos" IA1< fo s,w, 1), ))dt.
For any n satisfying n > Ny and S,, > Tj, choosing any w € Q%O N QETO,
we have

(1=€)8m, = (1—=€)Sn < [ g(s,w, 1)ds < (14€)S, = (14+€) S,

[ )

o 15 (w) > 1 (w) > 5 (w) > 1 (w) > To,

o (1—O)ti(w) < [ g(s,w,1)ds = T}, < (1+e)ti (w), i =n,n+1,

o (1—e)th(w) < [2) g(s,w, 1)ds = Tiy, < (1 + Oth(w), =
n,n+1,

o T/l g Sn— SI ~ 04287, S — T, ~ 0.4257.
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Stochastic Case

Continued. Hence

o (1—6)t3(w) < T, ~0.585" ~ 0.5828" , = 0.5825, = 12 (w) <

Sn,
[ )
(1=t (w) < TRt > 87, = Sa
1 1
< (1+et"(w) < 1+€T”+1 ~ 0.58 “Tgfjgl
1

< 058( lte) 5 (w) < 5 (w),

that is,

(1= (W) < S < (L4 (w) < 157 ().
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Stochastic Case

Continued. Therefore

Sin OS" Ia, (\II(/Otg(s,w, 1)ds,y))dt

= ;ﬂ (tl )\ S — ti( )/\Sn)

= Si[i(a )= @) + (Sa P @) A S )|
mTi=1

< tn(w)"i‘sn_ﬁHl( )/\Sn

< T

< 5 (s o)

= (1)"282+1i6<0.34
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Stochastic Case

Continued. Then
- 1 Sn t
limn_wo—/ El4, (\IJ(/ g(s,w,l)ds,y))dt
Sn 0 0 (37)
<0.34P(QN° N Q5,) + ]P’((Q%) N QT)) < 0.342.
Inequalities (3.6) and (3.7) imply that & [ EIA1< (fE g(s,w,1), ))dt

does not have unique limit as T — co. Equivalently,
T fOT ElA A (<I>(t,w7,y))dt does not have unique limit as 7 — oo.
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Thank you!
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