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Symmetric jump processes Killed on exiting a domain

e Let D C R? be a connected domain.

e A symmetric non-local Dirichlet form (&p, Z(&p))

éEp(f.f) = e (f ) x,y)dxdy, f € D(&p).
o D(&p) = ChD) P oy (f.f) = Enlf ) + [ (%)

@ J(x,y) is a nonnegative symmetric measurable function on
R? x R,
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Symmetric jump processes Killed on exiting a domain

@ When D =R%, (&, D(&)) := (&ga, D(Epa)).

@ There exists a Markov process (X., P*, x € RY) associated with

(&, 2(6)).
e Heat kernel P*(X, € dy) = p(t,x,y) dy = p(t,y,x) dy.
@ Suppose for every ¢ > 0, p(t, -, ) is continuous, and

0 <p(t,x,y) <c(t), t>0,xyeR’
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Symmetric jump processes Killed on exiting a domain

@ Let7p:=inf{r > 0:X, ¢ D} and

XtD =

Xl" ift < TD7
3, if t 2 D-

@ Dirichlet heat kernel
pD(t7x7y) :p<t7'x>y> - E* [p(t - TDaX‘rDay)l{t>‘rD}j|> x,y €D
pP(t,x,y) =0, x¢Dory¢D.

@ pP(t,x,y) is continuous and

0 <p”(t,x,y) < p(t.x,y) <c(t), t>0,x,y€R.
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Symmetric jump processes Killed on exiting a domain

@ Dirichlet semigroup

1200 = [ PPlexsf 0y 1> 03 Df € (D),
D

e (XP P*,x € D) is the Markov process associated with

(b, Z(ép))-
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Symmetric jump processes Killed on exiting a domain

@ Suppose {T”},~¢ is compact. Then there exists
O< <A< - <\, < withlim,_,., A\, = +00 and
{¢,}22, C L*(D;dx) such that
TtD¢n(X) = e_Ant¢n<x)'

@ The corresponding eigenfunction ¢; can be chosen to be bounded,
continuous and strictly positive on D.

@ ¢, is usually called ground state.
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Intrinsically Ultracontractivity

e We say (TP),> is intrinsic ultracontractive(IU), if for every 7 > 0,
there exist positive constants c(¢) and C(z) such that

pD(l‘,x,y) < C(t)¢1(x)¢l(y)v X,y € D.
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Stable process Killed on a bounded domain

C(d,a)
x — y|dre’

J(xay) =

@ (Chen, Z.-Q., Song, R; 1998,2000)

o (Kulczycki, T; 1998)
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General jump process killed on a bounded domain

@ (X;)r>o is a general (not necessarily symmetric) Lévy process.
@ (Kim, P. and Song, R. 2007)
@ (Grzywny, T.; 2008)

@ (Chen, X. and Wang, J. 2015)
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Stable process killed on a unbounded domain
(Kwasnicki, M. 2009 )

o Let

@ (TP)s¢ is compact if

o (TP)sois U if
g)
|x|—o00 10g |X|
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Stable process killed on a unbounded domain

(Kwasnicki, M. 2009 )

@ Forx = (x1,x2,...,x5) € RY letx = (x2,x3,...,%x4). Suppose
that a bounded function f : (0, 00) — [0, 00) is lower
semi-continuous and that lim,,_,.. f(#) = 0. Then open set
Dy ={xe€R?:x; > 0,|x| <f(x)}is called the horn-sharped
region.

o (T is IU if and only if

lim f(x;)2 log|x| = 0.
|x] =00
e If f € C"! satisfies some increasing condition, then

1 (x) < f (1) % x|~
@ For Brownian motion case, see Davies, E.B., Simon, B.; 1984 ,
Banuelos, R., Davis, B.; 1992.
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@ (Q1): For more general jumping kernel and unbounded D, could
we find some criterion for the compactness of {T”} .
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@ (Q1): For more general jumping kernel and unbounded D, could
we find some criterion for the compactness of {T”} .

@ (Q2): For more general jumping kernel and unbounded D, could
we find some sharp criterion for IU of {TP} .

@ (Q3): For general jumping kernel and unbounded D, could we
find some two-sided estimates for ¢;.
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Functional inequalities

@ Intrinsic super Poincaré inequality

p(f?) < sEFLf) + Bs)ulenlf)?, s >0, f € 2(6),

which is equivalent to

He, (fz) < Sgd)l(faf) + 5(S)M¢1(V|)27 s>0,f¢€ @(éadn)a

where pi4, (dx) := ¢1(X)p(dx), &, (f.f) = E(for.fdr).
e (Wang, F-Y., Wu, J.-L.; 2008) compactness.

@ (Wang, F.-Y. ; 2002, Ouhabaz, E.M., Wang, F.-Y. ; 2007) IU
property.
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Functional inequalities

@ See (Chen, M.-F.; 2005, Wang, F.-Y.; 2005) for overall
introduction of functional inequalities.

@ Crucial points: suitable estimate of rate function () and lower
bound estimate for ¢;.

@ (Chen, X., Wang, J.; 2016) IU for Feyman-Kac semigroups.
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Functional inequalities for non-local Dirichlet form

o (Wang, F-Y., Wang, J.; 2012) Sharp criterion of super Poincaré
inequality for (stable-like) non-local Dirichlet form.

@ (Chen, X., Wang, J.; 2013) Sharp criterion of super Poincaré
inequality for truncated non-local Dirichlet form.

@ (Chen, X., Wang, F.-Y., Wang, J.; 2015) Perturbation theory of
functional inequalities for non-local Dirichlet form.

@ (Chen, X., Wang, J.; 2015) Sharp criterion of weighted Poincaré
inequality.

@ (Chen, X., Wang, F.-Y., Wang, J.; 2015) Overall review for recent

progress on the study of functional inequalities for non-local
Dirichlet form.
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Define
V(x) = / J(x,y)dy, x € D.
D¢
If

xeD:V(x)<r|<oo, Vr>0,

then the semigroup (TP)>¢ is compact.

Corollary

The semigroup (TP)>¢ is compact, if
|D| < o0
or

lim V(x) = 0.
|x|—00,xED

A\
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General Criterion

@ Suppose there exist oy, a; € (0,2) with a; < «, and positive
1, ¢ such that

alx =y < U y) <alr—y[ T, 0<x—y[< 1

sup/ J(x,y)dy < 0.
{lx=y[>1}

xER4
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General Criterion

@ Let
Dy, :={x€D:|x| <R, op(x) >r}.
o Let c
a(R,r,s) = ————— (s ArTT A1) "4/
lanEDRJrl r201(x)
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General Criterion
Theorem
Forany f € C°(D) and s > 0,

/D F2(x) dx < sEP(F, ) + Bs) ( / (2612 dz)z,

where

1
: <sp.
infrep\ng, V(%) }

B(s) = inf{a(R, r,s/2):

Consequently, if

oo -1
/ B () ds < oo, t>inff,
t

S

then the semigroup (TP)> is 1U.
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Horn-Shape region D,

Proposition

Suppose furthermore for some 0 < a3 < ay <2 and 0 < 6, < 6,
caly — Y7 U y) S el —y[TT0, x =y > 1,

and
cylog™” s <f(s) < czlog™s, s> 1,

then {T" } = is U if 6, > L.
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Horn-Shape region D,

Proposition

Suppose furthermore for some 0 < 0; < 6,
s <fs) Saas™ s> 1,

then {T" Y10 is IU if 6, > al]
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Examples

(1) Suppose f(s) = s,

1

- —clx—yl|?
|x—y|d+a1{‘x‘y'<1}+e P L amyis1ys 7 € [1,00]

J(x,y) =

then {7;” },5 is IU if and only if > 1
(2) Suppose f(s) = s,

J(x,y) = Iayi<ty + €M oy, 7 € (0,1)

’X _y|d+a

then {7}~ is IU if and only if § > o
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Estimates for ground state

Suppose f € CHY, IU holds. If

1
J(x,y) = e = yldra’

then

¢1(x) < dp(x) 2f (1) 2 (x| A 1).
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Estimates for ground state

Suppose f € CHY, IU holds and

1 |

J(x,y) = ml{lx—ylsl} +e x_y|71{|x—y|>1}, 7 € (0, o0},

then

61(x) =6p() /(1) exp ( — (1 tog(x| + 1)

+ /O o | log f(s)|ds) A c|x|v)>
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Estimates for ground state

Corollary

Suppose f € CY', IU holds and

1

x — y\d+al{|x—YI<1} +e P sy, v € (0,00],

J(x,y) =

(i) Iff(s) = s7%, v € (1, 00], then
¢1(x) =0p(x) 3£ (x1)% exp (— clx|log(|x| + 1)).
(DI f(s) = e, v € (0, 0], then

61(x) =0p(x)2f (x1) % exp (= c(lx™ A x]).

Xin Chen (SJTU) Intrinsic Ultracontractivity for Symmetric Jum July, 12th, 2016 32/33



Thank you for your attention!

Ultracontra Symmetric Jum
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