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Background and Motivations

The contact process is an interacting particle system. (不忘初心)

T is the underlying graph, Zd , Td

The state space X={0,1}T with the product topology. 

ηϵ X,   η= {η(x), xϵ T}.

The process {ηt, t≥0} is formally defined by a collection of infinitesimal 
rates

c(x, η) = 1   if η(x)=1

λ Σy:y~x η(y),  if η(x)=0

where λ is a nonnegative parameter.



Background and Motivations

This process  may serve as a model of the spread of an infection. 

An individual at xϵ T is infected if η(x)=1 and healthy if η(x)=0. 

A healthy individual x is infected by some infected neighbor y at rate λ.

Infected individuals recover at a constant rate, normalized to be 1.



Background and Motivations

Phase Transition.

• As λ increases, it is more likely to get infected.

• At = {xϵ T , ηt(x)=1}

• Two different  limiting behaviors: 

• the infection dies out At = φ for some t, 

• or persists forever  At ≠ φ for all t .

• Critical point λc = inf{ λ,  At ≠ φ for all t}

• 0< λc < ∞, largely unknown for T = Zd.   limd∞ d λc (d) = 
1

2
.



Background and Motivations

If  T = Zd,  lim
𝑡→∞

𝐴𝑡= φ  lim
𝑡→∞

η𝑡(x)= 0 for any xϵ T

If T is a regular tree 

lim
𝑡→∞

𝐴𝑡= φ =⇒ lim
𝑡→∞

η𝑡(x)= 0 for any xϵ T

Two critical points

λ1 = inf{ λ,  At ≠ φ for all t},

λ2 = inf{ λ, limsup
𝑡→∞

η𝑡(x) = 1 for all x}.

0 ≤ λ1 ≤ λ2 ≤ ∞,    0 < λ1 < λ2 < ∞,       



Background and Motivations

0 < λ1 < λ2 < ∞ verified for regular trees by  Pemantle, Liggett & 
Stacey     

infinitely many invariant measures for   λ1 < λ < λ2 , 

one invariant measure for  λ < λ1

two invariant measures for λ > λ2



Background and Motivations

Two formulations of random environments. 

(1) Birth rate (or death rate) are i.i.d. 

sufficient conditions for survival/dying out.

(2) random graph, Galton-Watson tree

For each GW tree T, there are also 0 ≤ λ1(𝑇) ≤ λ2(𝑇) ≤ ∞ 

easy to see that λ1 𝑇 and λ2(𝑇) are independent of T.

Easy 0 ≤ λ1 ≤ λ2 ≤ ∞,   difficult  0 < λ1 < λ2 < ∞,       



Model and the main results

Td = regular tree where the root O has degree d and other vertices have 
degree d+1. 

omit d for simplicity if there is no confusion.

random weight nonnegative r. v. ρ(x)  for each vertex x ϵ Td, 

Assumption {ρ(x), x ϵ T} are i.i.d.

{ρ(x), x ϵ T} is uniformly bounded by a positive number M.



Model and the main results

This ensures the process is a spin system. 

c(x, η) = 1      if η(x)=1

λ Σy:y~x ρ(x)ρ(y) η(y),    if η(x)=0

where λ is a nonnegative parameter.

The contact process on the regular tree with random vertex weights. 

Graphical construction.



Model and the main results

The random weights {ρ(x), x ϵ T} are defined on some probability space 
(Ω, F,  μ). 

E  = expectation operator w.r.t.  measure μ. 

For any  ω ϵΩ,  Pλ
ω =  the quenched law of the contact process on T 

with vertex weights {ρ(x, ω), xϵ T} and infection rate λ. 

The expectation operator w.r.t. Pλ
ω is denoted by Eλ

ω

Annealed measure  Pλ (• ) = E  Pλ
ω (• ) =  Pλ

ω (• ) 𝑑μ

Eλ = expectation operator w.r.t. Pλ .



Model and the main results

λ1 (ω) = inf{ λ,  At ≠ φ for all t} is independent of ω,

Easy to prove. So write λ1 =  λ1(Td) =  λc(d).

Theorem:  lim
𝑑→∞

𝑑 λc(d) = 
1

𝐸ρ2

Recall that for T = Zd, limd∞ d λc (d) = 
1

2
.



Model and the main results

Lemma 1.  If 
1+λ𝑀 2

λ𝐸ρ2 < 𝑑 for some λ > 0, then λc(d) ≤λ .

Recall that μ(ρ<𝑀) =1

Let λe(d, ω) = sup{ λ,  limsup
𝑡→∞

1

𝑡
logPλ (At ≠ φ) < 0 } .

Again λe(d, ω) is independent of ω,  so write λe(d) 

λe(d) ≤ λc(d)

Lemma 2.  λe(d) ≥ 𝑑𝐸ρ2+
𝑀4

𝐸ρ2

−1
.



Proof of Lemma 2

Comparison with a linear system {ξt} =  {ξt(x), x ϵT}.

ξ0(x) = 1, ξt(x) ϵ{0,1,2,3,… …},

Af(ξ) =

 
𝑥,𝑥ϵT |𝑓 ξ𝑥δ − 𝑓 ξ | + 

𝑥,𝑥ϵT  
y:y~x

λρ(x)ρ(y) |𝑓 ξ𝑥𝑦 − 𝑓 ξ |

where ξ𝑥δ (z) = ξ(x)  if z ≠ 𝑥, 𝑜𝑟 0 if z =x;

ξ𝑥𝑦 (z) = ξ(x)  if z ≠ 𝑥, 𝑜𝑟 ξ(x)+ ξ(y) if z =x  



Proof of Lemma 2

the finite contact process At starting with one particle on the root, 

• self-duality 

the infinite contact process ηt starting with 1 (a particle at every site)

• coupling 

The linear system {ξt} starting with 1

Pλ
ω (At ≠ φ) =  Pλ

ω (ηt(O) =1) ≤ Pλ
ω (ξt (O) =1) ≦ Eλ

ω ξt(O),

Pλ (At ≠ φ) =   Pλ (ηt(O) =1) ≤ Eλ ξt(O)



Proof of Lemma 2

𝑑

𝑑𝑡
Eλ

ω ξt(x) =  − Eλ
ω ξt(x) +  

y:y~x
λρ(x, ω)ρ(y, ω) Eλ

ω ξt(y),

𝑑

𝑑𝑡
Eλ

ω ξt = (Gω − 𝐼) Eλ
ω ξt

where Gω is a matrix , Gω(x,y) = λρ(x, ω)ρ(y, ω) if x~𝑦

0  otherwise

Eλ
ω ξt(O) = 𝑒−𝑡  𝑛=0

∞  
𝑥,𝑥ϵT

𝑡𝑛Gω
n(o,x)
𝑛!

Eλ ξt(O) = 𝑒−𝑡  n=0
∞ tnλnM2n(d+1)n

n!a
E 𝑎|𝑋𝑛| where a =  Eλρ(x)2

𝑀2



Proof of Lemma 2

E 𝑎|𝑋𝑛| ≤ [λ (𝑑𝐸ρ2 +
𝑀4

𝐸ρ2) −1]n

by a martingale argument

exponential convergence to 0 occurs if  λ< 𝑑𝐸ρ2 +
𝑀4

𝐸ρ2

−1
.

Therefore λe(d) ≥ 𝑑𝐸ρ2 +
𝑀4

𝐸ρ2

−1
.



Proof of Lemma 1

SIR model {ζt, t≥0},    ζt(x) = 0, 1, or −1

St = {x ϵ T,   ζt(x) = 0}   susceptible 

It = {x ϵ T,   ζt(x) = 1}      infected

Rt = {x ϵ T,   ζt(x) = −1}     removed

Initially ζ0(O) = 1, ζ0(x) = 0 for all x ≠O 

1 →− 1 at rate 1.

0 → 1 at rate λρ(x, ω)ρ(y, ω) if ζ(x) = 1, ζ(y) = 0, y is a son of  x

forward spreading of disease



Proof of Lemma 1

If initially both in the SIR model and in the contact process, only the 
root of tree T is infected. 

By coupling It  ≤ At

I∞= U{It ,  t≥ 0 }

{It ≠ ∅,  for all t≥ 0 } = {| I∞ | =∞}

Pλ
ω (At ≠ φ for all t≥ 0) ≥ Pλ

ω (It ≠ ∅ for all t≥ 0) = Pλ
ω (| I∞ | =∞),

Pλ (At ≠ φ for all t≥ 0) ≥ Pλ (It ≠ ∅ for all t≥ 0) = Pλ (| I∞ | =∞),



Proof of Lemma 1

Ln = {x ϵ T,   |x|= n, x ϵ I∞ } 

{| I∞ | =∞}  =  𝑛=0
∞ { Ln > 0}

Pλ (| I∞ | =∞) = Pλ ( 𝑛=0
∞ { Ln > 0}) = lim

𝑛→∞
Pλ ( Ln > 0)

Second moment method

Pλ ( Ln > 0) ≥
(Eλ Ln )2

Eλ Ln
2



Proof of Lemma 1

Suffices to prove  liminf
𝑛→∞

(Eλ Ln )2

Eλ Ln
2 > 0

Or equivalently   limsup
𝑛→∞

Eλ Ln
2

(Eλ Ln )2
< ∞

To compute Eλ Ln

Eλ Ln = Eλ  𝑥: 𝑥 =𝑛 1{𝑥 ∈ 𝐼∞} =  𝑥: 𝑥 =𝑛Pλ(𝑥 ∈ 𝐼∞)

=𝑑𝑛 Pλ(𝑥 ∈ 𝐿𝑛)=𝑑
𝑛E 𝑖=0

𝑛−1 λρ(xi, ω)ρ(xi+1, ω)
1+λρ(xi, ω)ρ(xi+1, ω)



Proof of Lemma 1 

To compute Eλ Ln
2 

Eλ Ln
2=  𝑥: 𝑥 =𝑛 𝑦: 𝑦 =𝑛Pλ(𝑥 ∈ 𝐼∞ , 𝑦 ∈ 𝐼∞)

=  𝑘=0
𝑛  𝑥,𝑦Pλ(𝑥 ∈ 𝐿𝑛, 𝑦 ∈ 𝐿𝑛 , |x ᴧ y|=k )

= 𝑥: 𝑥 =𝑛Pλ(𝑥 ∈ 𝐼∞) +  𝑘=0
𝑛−1 𝑥,𝑦Pλ(𝑥 ∈ 𝐿𝑛, 𝑦 ∈ 𝐿𝑛 , |x ᴧ y|=k )

=𝑑𝑛Pλ(𝑥 ∈ 𝐿𝑛) +  𝑘=0
𝑛−1𝑑𝑘  𝑥,𝑦Pλ(𝑥 ∈ 𝐿𝑛−𝑘 , 𝑦 ∈ 𝐿𝑛−𝑘 , |x ᴧ y|=k)

=𝑑𝑛Pλ 𝑥 ∈ 𝐿𝑛
+ 𝑘=0

𝑛−1𝑑𝑘 𝑑𝑛−𝑘𝑑𝑛−𝑘−1 (𝑑 − 1)Pλ 𝑥 ∈ 𝐿𝑘 [Pλ(𝑥 ∈ 𝐿𝑛−𝑘)]
2

=𝑑𝑛Pλ 𝑥 ∈ 𝐿𝑛 +  𝑘=0
𝑛−1 𝑑2𝑛−𝑘−1 (𝑑 − 1)Pλ 𝑥 ∈ 𝐿𝑛 Pλ(𝑥 ∈ 𝐿𝑛−𝑘)



Proof of Lemma 1

Eλ Ln
2 =Eλ Ln ×(1+ 𝑘=0

𝑛−1 𝑑𝑛−𝑘−1 (𝑑 − 1)Pλ(𝑥 ∈ 𝐿𝑛−𝑘))

=Eλ Ln × (1+ 𝑘=0
𝑛−1 (1 −

1

𝑑
)Eλ 𝐿𝑛−𝑘 )

Eλ Ln
2

(Eλ Ln )2
= 

1

Eλ Ln
+   𝑘=0

𝑛−1 (1 −
1

𝑑
)
Eλ 𝐿𝑛−𝑘

Eλ Ln

1+λ𝑀 2

λ𝐸ρ2
< 𝑑 is a sufficient condition to ensure convergence.
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Thanks for your attention!


