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Outline

@ Motivations
@ Convergence of EM scheme for SDEs with
» bounded Dini-continuous drift
» unbounded Dini-continuous drift
@ Convergence of EM scheme for SPDEs with multiplicative noise and

Dini-continuous drift
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Consider an SDE on (R™, (-,-),|-|)
AdX, = b(t, X)dt + o(t, X)dW,, t>0, Xg=az€eR" (1)

Herein, b : [0, 00) xR™ — R", 0 : [0, 00) xR"®@R™ — R", and (W});>0 is an
m-dimensional Brownian motion defined on the probability space (€2,.%,P).

Discrete time Euler-Maruyama (EM) scheme:
Y (it1)s = Yo + b(k6,Y 15)0 4 0(kd, Y k5) AWys, k > 0,
with Yo = Xo = z, where AWys := Wy 1)s — Ws.
Continuous time EM scheme:
Y=Yy + /Ot b(ns, Yy, )ds + /Ot o (ns, Yy, )dWs,

where ;= [t/(ﬂ
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Regular coefficients

|b(ta I) - b(ta y)| + ||O-(t7$) - U(t7y)|| < K|ZE - y|7 T,y € R™
for some K > 0, then

IE( sup |X¢— Ym\p) < 6P/,
0<t<T

@ The convergence above is called strong convergence;

@ The convergence rate is 1/2.
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Irregular coefficients (Gyongy, I., PA, 98)

Assume that

b satisfies a one-side Lipschitz condition in a domain D in R™ and o is

Lipschitzian. Then,

sup ’Xt - Y"]t’ < 5577 as., Y& (07 1/4)7
t<T

where and £ is a finite random variable.

Remark: The equation involved admits an invariance set.
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Irregular coefficients (Yan, L.-Q., AOP, 2002)

Assuem that there exist ¢ > 0,0 < a < 1/2, 0 < 31,82 < 1 such that

|b(t7$) - b(S,y)’ S |.’E - y| + |t - S|51’
ot ) — o(s,y)] S o —y[V/2T + [t — 5.
Then,
ElXy —Yy,| S 07,

where v := A a A f_""_’g;

Tools: Meyer-Tanaka formula & estimates for local time.
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Irregular coefficients (Gyongy & Rdésonyi, SPA, 2011)

Let b = f 4 g, where g is monotone decreasing and assume further that

there exist o € [0,1/2] and «y € (0,1) such that
|f(t,l‘) - f(tay)| S |l‘ - y|a |g(t,ZL‘) - g(tay)| 5 |£L‘ - y|77
lo(t, ) = o(t,y)| S o — y|/>F

Then,

1
T s—1V1/2) a=0,
E( sup [X;—Yy|) 5§ Cer
0<t<T 520" 457, o e (0,1/2].

Approach: Yamada-Watanabe approximation approach.
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Irregular coefficients( Ngo & Taguchi, Math. Comp., 2016)

Assume that
o (w—y,b(t,x) —b(t,y)) < lo -yl
o ((oo™)(t,2),€) = |¢I
o [o(t,z) —a(t,y)| < |z —y"***, a €0,1/2];
o |b(t,x) —b(s, )|+ |o(t,x) —o(s,z)| < |t —s|5,8>1/2;
o b e A (the set, roughly speaking, of bounded variation with respect

to a Gaussian measure on R™). Then,

1
]E( sup | X — me> < (logs—1)1/2>
O0st<T 5%, ae (0,1/2].

a =0,

Key tools: Yamada-Watanabe approach and heat kernel estimate.
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Irregular coeff. ( Pamen & Taguchi, arXiv1508.07513v1)

Consider an SDE dX; = b(t, Xy)dt +dL;, t>0, Xo=xz€R" where
b is bounded and

’b(twr)_b(t?y)’ S ’x_y’ﬁa ﬁ € (07 1)) ‘b(tvx)_b(svx” /S ‘x_y‘n? ne [1/271

g
2

@ Then, E<SUPO§t§T | X — Ynt|p> < d2 whenever L = Wiener process.

@ Moreover,
4, p=2,pB=>2,
E( sup |Xt _Ynt|p) 5
1)

0<t<T 2, p>2,1<pB<2orpell,?2)

whenever L = truncated symmetric a-stable process with o € (1,2)

and a + 3 > 2.
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Dini-continuity

The mapping ¢ : E +— R is Dini-continuous if fl Yo t)dt < 00, where

wy(t) := sup {[¢(z) —d(y)l},

lz—y|<t

modulus of continuity.

Every Dini continuous function is continuous;

Every Lipschitz continuous function is Dini-continuous;

Every Holder continuous function is Dini-continuous;

@ There are numerous Dini-continuous functions which are not Holder

continuous as the example below shows.
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An Example (Dini-continuous but not Holder continuous)

Let
0 =0

(log(c 4 1))~ (149, x>0

for some constants § > 0 and ¢ > €. For any o € (0,1), note that
— 1 —1\\—(1+9)
L 16@) —90)] . (os(e+a~))

—0+ o z—0+ x

= 00.
So ¢ is not a-Holder continuous for any a € (0,1). We can show that, for
any t > 0,

05 60)—0() < oo+ —0(0) = [ Sa+sids < [ Hls)ds = o0,

where 0 < 2 <y < x +t. Consequently, wy(t) < ¢(t). As a result, the

function ¢ defined in (2) is Dini-continuous.
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Consider an SDE on (R™, (-,-),|-|)
dX; =b(t, Xp)dt + o(t, Xp)dWs, t>0, Xo=2xze€R" (3)

Introduce the following class

1
9 = {gzﬁ 1 [0,00) + [0,00) is increasing, ¢° is concave,/ ¢(S)ds < oo}.
0 S

Clearly, ¢ constructed as in (2) above belongs to Z.

EM scheme associated with (3) is
dY: = b(ny, X, )dt + o (g, Xpp, )dWe, t>0, Yy =z, (4)

where n; 1= [t/d]0.
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We assume that
(A1) o € C*(R*;R™™) and

2

1Bl|700 + Il 700 + > Vol 700 + [(00%) 1700 < 00
1=0

(A2) There exists ¢ € Z such that

[b(t, ) — b(t,y)| < é(|lz —yl)
and

|b(s, z)=b(t, z)|+|o(s,z)—0o(t,x)| < &(|s—t|),s,t € [0,T],z,y € R".
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SDEs/SPDEs with irregular coefficients

For instance,

@ Luo, D., arXiv:1605.02820, 2016.

e Krylov, N. V. & Rockner, M., PTRF, 2005.

@ Veretennikov, A. J., Mat. Sbornik, 1980.

e Wang, F.-Y., JDE, 2016.

e Wang, F.-Y. & Zhang, X.-C., SIAM J. Math. Anal., 2016.
e Wang, F.-Y. & Zhang, X.-C.,, IAQP, 2016.

@ Zhang, X.-C., SPA, 2005.

@ Zvonkin, A. K., Mat. Sbornik, 1974.
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Main result |: bounded drift

Theorem

Under (A1) and (A2),

]E( sup | X — Yt]2> <r ¢>(\/3)2

0<t<T

@ The proof is based on Zvonkin's transform and regularity of Kolmogrov

equation.

@ The convergence rate is half for ¢(z) = /x.
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Regularity of Kolmogrov equation (1)

For A > 0, consider the following partial differential equation:

Opui (x) + Leup () + be(2) + Vi, @yui () = Auj(z),  up(e) =0, (5)
where
Li= g Z ((0007)()ei, €j) Ve, Ve,
irj
The unique mild solution of (5) is

T
W) = / e A9 PO (1(2) — Vo ()}, (6)

where (P,)o<i<, is the semigroup generated by (X;*) solving

AX5 = o(XP0)dW,, X5% =g
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Regularity of Kolmogrov equation (2)

Under (A1),

(i) There exists A(T") > 0 such that, for any A > A\(T'), (6) has a unique
solution u* € C([0, T); CH(R%G RY));
(ii) If (A2) further holds, then

Jim (V0 o+ 920} =01
(ii) 0; = x + w(x) is a C'-diffeomorphism with
M < VO|r00 < A2, A1, A2 € (0,1).

Remark: The infinite-dimensional counterpart is due to Wang, F.-Y. (JDE,
2016).
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Zvonkin's transform

By Zvonkin's transform, the solutions to (3) and (4) can be rewritten re-
spectively as

t t
X; + uf‘(Xt) =z+ u(’}(x) + )\/ u?(XS)ds + / {os + (Vu?)as}(Xs)c
0 0
@ and

Y (1) + u (V)

t t
::E+u3(m)+/\/0 ug\(Ys)d8+/O {Tnsen + Vg ()} (Ye) oy, (Yo, )W

t
+ / {en + VU2 () HY3) (b, (V) — b(Y (5)) }ds

/Z {(on,00,)(Yn,) — (050%)(Yx )}ek,€g>(vekv%u )(Ys)ds.
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Setup Il

We still focus on (3) and (4).

(H1) There exists an increasing function Cj : [0,00) — [0, 00) such that

2
b(t,2)[ + D [Via(t, )+ [(00™) 7 (t,2)] < Cho(t)(1+ |).
i=0
H2) For any m > 1, there exists ¢,,, € Z satisfying ¢,, < Cyp(m)¢py for a
¢

24

non-negative function Cy(z) = O(e* ) on [0,00) such that
[b:(x) = 0r(y)| < G|z —wl), ¢ €[0,m], ||V |y] <m,
and

[bs(2) = by(z)| + |os(z) — ou(@)| < dm([s —t]), s,t €[0,m], |z] <m.
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Main result |l: unbounded drift

Theorem

Under (H1) and (H2),

E( sup |X; — Yt|2) — 0.
0<t<T

@ The proof is based on the truncation argument.
o Refine the proof of Lemma 2.1 (Wang, F.-Y., JDE, 2016) on the esti-
mates for
VP fI(x), (IV2Pliflloos Vullroos IV2u]l7,00-

o We have | X;—X7[2 < | X,—X™ 24| x ™ —x ™02 4 | x (M0 x9)2
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Setup Il

Consider an SPDE on H:
dX; = {AX; + by (Xy) }dt + o (Xy)dW (2), t>0, Xog==z. (7)

Assume that

(al) (A, 2(A)) is a negative definite self-adjoint operator on H such that
(—A)~1 is of trace class for some ¢ € (0,1);

(a2) [lbliT.00 + 3o [Viollzc0 + (00%) 700 < 00

(a3) For any T > 0, there exist ¢ € Z and K > 0 such that

[b:(x) = b ()| < (|2 — yl),
[bs(2) = br(2)| + |os(2) — ou(x)] < b(]s —t]).
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Setup Il

(a4) Moreover for any x € H and ¢t > 0,
lim ||o(z) — o0 (mn)|[fis = lim Y " |[ov(x) — or(mn)]ex]> = 0
n—oo n—oo 1

(ab) (Initial value) There exists a € (0, 1] such that Xy : @ — 2((—A)%)
is Fo/B(2((—A)*)) measurable with E|| Xo||% < oco.

e Under (al)-(a4), (7) has a unique non-explosive mild solution, see

Theorem 1.1 due to Wang, F.-Y. (JDE, 2016).

@ (ab) is imposed just for the convergence of EM scheme.
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Exponential Integrator Scheme

The exponential integrator scheme associated with (7) is

t
Y=Yyt [ A, (1, )ds
0

t
+ / At g (Y, )dW (s).
0
Convergence of numerical scheme for SPDEs with regular coefficients. For
instance,
@ Hutzenthaler et al., AAP, 2012;
o Jentzen, A., SIAM J. Numer. Anal., 2011;

o Jentzen, A., Rockner, M., Found. Comput. Math., 2015.
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Main result Ill: infinite-dimensional setting

Theorem

Under (al)-(ab),

]E|Xt - Y77t|2 — 0.

@ The proof is based on Zvonkin's transform and regularity of Kolmogrov

equation.
o Difficulty: A is an unbounded operator.

@ The convergence rate can also be revealed.

Jianhal Bao ( Convergence of EM Scheme for SDEs with Int July, 2016 24 /27



Zvonkin's transform

t
Xt:eAt<$+U0( ) — ue(Xy) —|-/ eAlt—s) (A — A)us(Xs)ds
0

teA(t_S) U)o
+/0 (04 + (V) ) (X)dTV (5).

and

t
V; = eM00(Xo) — us (V) + / A=) (N — A)ug(Ys)ds
0

t
4 /0 A9 (T0,) (Y) [, (V) — bs(Ya)]ds

L[ A(t—s - 2
" 2/0 o );W{eﬂsans<Yn5>—Qs<ys>}ek“s)(Ys)ds

t

+ [ AT (V0,) (Ya)e AT Qy, (Y, ) AW (5).

0
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Thanks A Lot !
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