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Outline of the Talk
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Lévy process

@ A Lévy process is a stochastic process with stationary
independent increment.

@ It is known that
Xt — Xo =7t + 0Bt + Ji,

where v is a constant, process B is a Brownian motion,
process J is a pure jump process and, B and J are
independent.

@ X; is spectrally negative if J; has no positive jumps.
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SNLP

o For spectrally negative Lévy process X; with Xy = 0,

FefXe — ot (0)

for 8,t > 0, where the Laplace exponent
1 0
W(0) =0 + 50202 + / (eez —1- 921(_170)(2)) MN(dz),

and the Lévy measure I is a o-finite measure on (—o0,0)
satisfying

/0 (1A 22)N(dz) < .

o Let ® be the right inverse of 1.
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Exit problems

Scale function

@ The exit problem concerns how the process X first leaves an
interval [a, b].

@ We often need the scale function to study the exit problem.

e For g > 0, the g-scale function W(9) of the process X is
defined as the function with Laplace transform on [0, co)
given by

* o0z (@) __ !
/0 e W)z = e for 6> 0(q),

and such that W(9)(x) = 0 for x < 0.
o We write W = W(.
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Exit problems

Remarks on scale functions

@ For SNLP with positive drift,

W(x) = P.{jnf X; > 0}.

1
¥'(0+)
@ Roughly, W(9) is W for process killed at rate g.

@ The scale function was initially obtained for diffusion process.
It is positive, strictly increasing, continuous and often
differentiable.

@ The explicit expressions of scale function are not always
known.

@ In the the study of spectrally negative Lévy processes we often

want to express the interested quantities in terms of scale
functions.
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Exit problems

More scale functions

ZP)(x) =1 +p/ W) (y)dy.
0

20(0) =& (14 (o~ 0(0) [ W)y )

e Given p,q > 0, for 0 < a further define

W;,(p’q)(x) = WP(x) + (g p) /X W@ (x — y)WP)(y)dy.

7P (x) :=2®)(x) + (q — p) /X WD (x — y)ZP)(y)dy
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Exit problems

Solutions to the exit problems

@ Define
5 =inf{t > 0: X; > b} and 75 = inf{t > 0: X, < 0}.

@ It is well known that for 0 < x < b,

(q)(X)
—qr .+ -
E, [e b7, <TO}_W(q)(b)7
- W@ (x)
—q7y . — +| _ 7(q) _ 7(q)

By [em ™ ir < | = 290(0) - 2 Oyt
e Forg,0 >0,

—qTJ+9XT_ _ ( ) q_w 9) ( )

E, |e 07y <oo| =29(x,0) — ——2W\V(x

Xiaowen Zhou Occupation time



Exit problems

Potential measures

Given g > 0, for any x, y, the expected total discounted time when
process X takes values in dx is

/ P{Xt S dX}e_qtdt

0

— G E{X(eg) € dx}

= (Cl)'(q)e*q’(q)x - W(q)(—x)> dx,

where ¢4 is an independent exponential random variable with rate
qg.
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Scale function identities

Identities on scale functions

For any p,g >0
- | "W (a - )W (y)dy =W () — W) (a).
0
(q-p) /0 "W (a - )29 (y)dy =29 () - 2P)(a).

For any r > 0 and a < z,

r - q)/ W(r) W(P q)( )dX — Wa(Pv")(Z) _ W;p’q)(z),
(r—q / WO)(z — x)ZPD (x)dx = ZP)(z) — ZPD(2).
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Scale function identities

More identities

For any ¢ > 0 and 0 < a < b, we have
Ex |79 WONX_); 75 < rf | = WiPD(x)—

Ta

and
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

An observation

We propose a new approach using a property for Poisson process.

@ Let N; be an independent Poisson process with intensity .
Let 0 < T1 < T, < ... be its arrival times.

@ For any subset A of R,
Ee /o 1a6)ds — piTAn{s<t: X, € A} = 0)}.

@ By considering the the SNLP observed at discrete Poisson
arrival times we get around the problem caused by infinite
activity.

@ Some fluctuation identities for SNLP observed at Poisson

arrival times have been obtained in Albrecher, Ivanovs and Z.
(2014).
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A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

e = Exe o Loo) (s — PLETAN {5 < eq: X, > 0} = 0}
with | = ly. Conditioning on X7,

0
| = / P{Tl < eq,)<7'1 S dX}/X —i—P{Tl > eq}
~ / / ~@NPIX, € dx}(Balrs < e} + Prfry > eg})dt

q + FEDY
Solving the equation for /,
it )\fo 1- e‘b(q)x) Jo7 e @HNIP{X, € dx}dt
1-A[° ax [F e~ (@t NIP{X, € dx}dt
®(q)
O(g 4+ )\)
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A “new” approach
Joint occupation times
. . A discounted potential measure
Laplace transforms on occupation times

Joint occupation times

@ For0 < a< band 0 < x < b we are interested in

E, [e_* Jo® 1o (X6)ds=Ai fof Lap(Xdds, 7= | (1)

e Note that when 7, < 7‘:,

T T
/0 1(073)(X5)d5 + /0 1(a,b)(Xs)d5 =T -

e We want to associate (1) to Poisson arrival times.

Xiaowen Zhou Occupation time



A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

@ Let N_ and N be two independent Poisson processes with
rates A_ and AL, respectively.

o Let (T;7) and (T;") be the respective arrival times.

]
Ex e Jo° L. (Xs)ds—As [o° 1(a’b)(Xs)ds; o < 7_b+

:IP’X{{TI._}D{5:5<TO_ <T;F,X5€(O,a)}

0
:{Ti+}ﬂ{s:s<7(; <T:7Xs€(aab)}}'
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A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

Forany0 < a< b,0<x<band_, )\ >0, we have

o+ s
E, [e_A Jo® Lo (Xe)ds=As Jo* Lo p(Xe)ds, 4 o To]
2
WM (2)
WA= (p)

T .

(3)

W= (30 ZPA=2) (p)

(A* 7)‘+)
=Z; X
() WA=+ (p)
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A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

By letting either a — 0+, or a — b—, or p = q in (2) we recover

W(q)(x)

E, [e_qTaJr;T;’_ < 7'07} = WT)(Q)

One can also recover

W(")(x)

5o <] = 2000 20 00D

similarly from (3).
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

A discounted potential measure

@ Let e; be an independent exponential random variable with
rate g, we are interested in

|: —A_ fO —00,0) (Xs)ds—A4 foq 1 (0,00) (Xs)ds X(eq) c dxi| . (4)

@ (4) concerns the distributions of

t t
(/0 1(_00,0)(X5),/0 1(0,oo)(Xs)aXt>~
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

For any g, A\_, A+ > 0 and x € R,

E [e—kf Jo? oo (Xe)ds=As [ Lo,0o)(Xe)ds, X (g, € dx}

B ﬁ[‘b(q + A1) — (g + A)]ZEHA) (—x, d(g + A4 ))dx

— gW(THA-)(—x)dx.
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

One more identity

Observe that for A\, g > 0

E {e—*f S5 oo (Xe)ds=As [ Lo,00)(Xe)ds: X (o) € dx}
__q
A — A

- A_)my +® Ap)X -
XE|:€ (q+ )TO+ (q+ +) T0,7—0_<OO:| dX

[P(g+A4) —P(g+A)]
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A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

Taking an integral on x, we have the following result.

Forg,A\_, Ay >0,

Ee - Jo 71— oo,0)(Xe)ds—At [57 L0 00)(Xs)ds _ qP(g+ ) .
(@+A-)®(g+Ay)
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

Brownian motion

Suppose that B is a standard one-dimensional Brownian motion
and X; = B + ut for constant ;1 € R. Then

1

®(q) = V@2 +2q9 — p,

W(D(x) = \/17 <e(\/mu)x B e(@w)x) ’
1? +2q

2 2
Z(P)(X, 0) _ \/,Ua + 2p + \/M + 206_( /12 42p—p)x
2/ %+ 2p
2 2
VIR - Vi (fmpi
2\/ % +2p




A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

For x > 0,

E [ef)‘— o7 L(—o00)(Xs)ds—As [ 1(0,00)(X5)ds, X(eq) € dx}

>\+_<\/u +2(g+ M) — \/u2+2(q+)\_)>

% e(u—\/ u2+2(q+>\+)>xdx‘

For x < 0,

E [G_L S oo 0 (Xe)ds=Ar [57 Lo,y (Xe)ds (e, ) € dx}

r <\/u +2(g+ M) — \/u2—|—2(q+)\_)>

> e(u+\/u2+2 q+A-) de.
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A “new” approach
Joint occupation times

. . A discounted potential measure
Laplace transforms on occupation times

Summary

@ We use a direct approach to find Laplace transforms on
occupation times for spectrally negative Lévy processes.

@ It identifies the Laplace transform on occupation time as a
fluctuation result on SNLP observed at Poisson arrival times.

@ To implement this approach we need to be familiar with
fluctuation results on SNLP and identities on scale functions.

@ We also need to carry out lengthy computations.
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A “new” approach
Joint occupation times
A discounted potential measure

Laplace transforms on occupation times

Thank you for your attention!
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