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1. Motivating examples

Example 1: European call option under partial info

d stocks S,f, 1 <4¢<dand 1 bond S,?

dSi = S (X;’dHEJ 1~;Jth) i=1,2,- .d,
dsp = S XPdt, t>0,
) ) ) (1.1)
where W := (W1 ... W™)* is m-dim B.M. (random factors)
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Information available:

Gi:=0(S: s<t, i=0,1,2,---,d), t>0.

Portfolio:

ui = $ amount in ith stock, i1 = 1,2, -+ ,d.

They should be Gi-measurable.
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Let y; be the wealth process.
Self-finance condition:

d

d
dye = (%—Zui) dSt +Z tdSb} (1.2)
= (Xtywz X — X)) )dt+ZZ&§Jugthf.

i=1 =1 j=1
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R

Note that Xt = g log SO is Gy-adapted.
Also, 1 =1,2,--- ,d,

log S! = log S} —|—/ <XZ a“) ds + Z/ FIAWI,  (1.3)

where
m
Z Zkaik7 .a . 1727"' 7d'
k=1

Then,

t
<log5i,log5j>t:/ aijds
0

is Gi-adapted.
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Let

X = (Uij)dxd =/ (aij)dxd-

Then, there is d-dim. B.M. W, s.t.
Z/ ol dWy :Z/ cddwi, i=1,---,d.  (14)
j=1"70 =170

Thus,

d
) 1 I _
dlog S} = <X§2a?> dt + g o AW}, 1=1, -, d.
j=1
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Note that X; := (X}, -, X)* is not necessarily G;-adapted
and hence, its value is not available to the investors.
Let Y; be defined as

ay, =%, Ydlog Sy, Yo=0.

Then y
Y, = / hs(Xs)ds + Wy, (1.6)
0

)

where

>
V)

&
|

™
@ |
—
/\
l\')\r—t
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Suppose the appreciation rate process X; = (X}, - ,Xtd)* can
be modeled by SDE in R? as follows:

dXt - b(Xt)dt + C(Xt)th + E(Xt)dBt, X() = X. (17)

The wealth process ¥, satisfies the following SDE:

dy, = (Xt yt—l—z X! — X%u ) dt + Z ocluldw?,  (1.8)

=1 i,j=1
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Terminal
yr = (Sp — K)™.

Objective: Minimize
J(u.) = yo.
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Example 2: Recursive Utility Problem
Cash balance:

dzy = (aray + byoy — by) dt + cidwy + Codiby,

(Signal) { "

Ty = €o,

where v is a control strategy of policymaker and may denote
the rate of capital injection or withdrawal so as to achieve a
certain goal.

Stock price:

dS,}’ = S;] [(ftl'f T gt) dt + htdwt] 9

(Observation) {
So = 1.
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Cost functional:
1 r 2 v 2 v
Jv] = i]E Ri(vy — re)“dt + M (zp — m)” — 2y
0

Recursive utility from v:
—dyy = g(t,yy, 2, z{, ve)dt — z dwy — z dwy,
yr = xp,

where g is concave with respect to (y, z, Z,v) and satisfies some
usual conditions for BSDEs.
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Recursive Utility Problem

Find an admissible control v to minimize the cost functional,
subject to the cash balance process x”, the stock price S and
the recursive utility y*.

@ Suppose that the policymaker can only get information
from the stock. Then we are facing a special optimal
control problem derived by FBSDEs with partial
observations.
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2. Problem formulation: Problem (LQC)
Find an admissible control v to minimize

1 T
Jv] = 5B { / [Le(2})? 4+ Ou(yf)? + Ryvp + 2y + 205 + 21wy dt
0
+ Z\J(:L‘%)2 + 2ma + N(yg)2 + 2ny8}

subject to

dgjf = (at:L‘f + by + l_?t) dt + cidw; + cpdy,
—dy? = (Al + By + Ciz + iz + Dyvy + Dy) dt
— z{dw; — Z; dwy,

xy =eo, yp=Fzp+G,
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Observation:

ayy = (fixy + g¢)dt + hydwy,
)

(2.9)



Problem formulation: Assumption Conditions
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Assumption 1

The coefficients at, bt7 Et: Ct, Etv fta gt hta 1/ht7 Ata Bta Ct7 Ct,
Dy and D, are uniformly bounded, deterministic functions. eg
and F' are constants, and G € K;w,w (R).

T

Assumption 2

L:>0,0:; >0, Rt >0, I, 0 and 7 are uniformly bounded,
deterministic functions. M > 0, N > 0, m and n are constants.



What is the Difficulty?
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Partially observed stochastic control problems are always hard
to study:

o Circular dependence between control and observation;
o coupled filtering and control problems;
e How to solve some practical problems;



Some Related References
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This topic is related to
e Huang, Wang & Xiong [SICON 2009

e zero observation coefficient.
e BSDE state equation.

e Wang & Wu [IEEE TAC 2009], Wu [SCIS, 2010}, Xiao
[JSSC, 2011]

e Bounded observation coefficient.
o Girsanov transformation, variational method.

e Wang, Wu & Xiong [SICON, 2013]

e Linear observation coefficient.
e Approximation method.
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Their methods, however, are not available to Problem (LQC):

@ The observation equation is linear;

@ The observation noise is correlated with the signal noise.
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3. Decomposition of the Signal and Observation

To solve Problem (LQC), we separate (z",y", 2",z") and Y
into

('xv,yv’zv’,zv) = (x07y0a ZO,ZO) + (xlaylazlazl) )

V' =y0+Yl

where (xo, yY, 20, 20) and Y are independent of v.



Admissible Control
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U = { vlu is an F, Yo—adapted process with values in R such that
d t

E sup th < 400
0<t<T

with FY' = o Y0<s<t and FY' = o Y0 0<s<tl.
t s t s

Definition 2.1

A control v is called admissible, if v € U?, is Y -adapted. The
set of all admissible controls is denoted by Uy,q.

Z/{ad g Z/{aod.
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Proposition 3.1
Under Assumptions 1 and 2,

inf J[v] = inf J[v].
Ueuad ’Ueugd

e Problem (LQC) is equivalent to minimizing J[v] over
v E Z/lgd.
@ One key point of its proof is that U4 is dense in Z/lgd under
the metric of £3EY(0, T;R).
0
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4. Maximum Principle for Problem (LQC)

Theorem 3.1

Let Assumptions 1 and 2 hold. Suppose that (u,z,y, z, Z) is the
optimal solution. Then the FBSDE

dpt = (Bipr — Oy — 0¢)dt + Cypedwy + Cypydivy,
—dqt = (atqt — Atpt + Lixy + lt)dt — kydwy — k‘td’wt,
po= —Nyo—n, qr=—Fpr+Mzr+m

admits a unique solution (p, q,k, l;:) € £§_-M (0, T; }R4) such that
(Maximum Condition) Ryus—D:E [pt‘f,?/]+th [qt‘}"ty] +r; =0

with FY = o{V%0 < s < t}.



Optimality Cond1t10n Verification Theorem
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Theorem 3.2
Assume Assumptions 1 and 2 hold. Let u € U4 satisfy

Riu; — DE [pt’}—tY] 4 th [qt‘ﬂy] +1ry = O,

where (z,y, 2, Z,p, ¢, k, k) is a solution to the Hamiltonian
system

( dwy = (apxs + byug + by)dt + cpdwy + Gdiy,  x0 = e,
—dys = (A + Byyr + Cizt + Cizy + Dyuy + Dy)dt — zpdwy — Zpdiny,
dps = (B — Opyr — 0¢)dt + Cyppdwy + Cyppdivy, po = —Nyg — n,
—dg; = (asqs — Agpy + Lixy + 1y)dt — kydw; — kydiby,
yr = Fer + G, qr = —Fpr+ Mxp +m.

Then w is an optimal control of Problem (LQC).



Optimality Condition: Uniqueness

7S e UNIVERSIDADE DE MACAU

Assumption 3

R; > 0 and 1/R; are uniformly bounded and deterministic
functions.

Proposition 3.1

Let Assumptions 1, 2 and 3 hold. If u is an optimal control of
Problem (LQC), then w is unique.



Optimal Fﬂtenng of State Equation
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Proposition 3.2

Let Assumption 1 hold. For any v € U4, the optimal filtering of
(x9, 9, 2¥, 2V) with respect to F " satisfies an FBSDE

d(i‘%} = ((Ltf%} + bt’Ut + l_)t) dt + <Ct + ;;—ft> d’lf)t,
¢
—di? = (Ad? + Beiip + Cu2Y + Ci2Y + Dyvy + Dy) dt — Z7 iy,
&6 =eo, @ =Fiy+G,
(4.10)
where the mean square error P; of the estimate zj is the unique
solution of

e A special case of (4.10) is derived originally in Huang,
Wang and Xiong [SICON, 2009].



Optimal Fllteung of State Equation
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Continuation of Proposition 3.2

P, — 2a,P; + (Ct + ;L—ft> — (et +&)* =0,
t
Py =0,
“f
Wy = / 22 (z? — £Y)ds + wy (4.11)
0 hs

is a standard BM with values in R, and

2y =5+ L (o - avat).



Optimal Fﬂtenng of Adjoint Equation
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Proposition 3.3

Let Assumptions 1, 2 and O; = 0 hold. The optimal filtering of
(pt, qt, k) depending on F} satisfies an FBSDE

dpy = (Bpr — o)dt + |Cepy + % (Zepr — T4Pyr) | daby,
¢
—ds = (asGs — APy + Ly + ly)dt — Kydaby,
Po= —Nyo—n, q4r=Mir—Fpr+m
(4.12)
with
e o f .
Ki =k + n (Teqe dt) ,
¢



Optimal Fllteung of Adjoint Equation
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Continuation of Proposition 3.3

where (z,7), W and z%p satisfy (4.10) with v = u, (4.11), and

—

da% = [(mat =F Bt)a% — Ot.’;;ﬁl + m (btut -+ Bt -+ CtCt -+ Etét) x

+ [mctxt 'py+ Ctiﬁt D+ Jt < ot — gyaf pt)] dy,
@):_egl(NyO'i_n)a m:172737"'7

respectively.



State Feedback
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Set
qr = mxs + Xgpy + Oy
WT:M, ZT:—F, HT:m.

Then,

1
7:('t+2at7Tt—§b?7T?+Lt:0, (4 13)
t .

7TT:M,



State Feedback

a = UNIVERSIDADE DE MACAU

. 1 1
Y+ (a¢ + B — =12 )z + —bDymy — Ay = 0,
t <at t R, Tt t R, t LTt t (4'14)

Sr=—F,

. 1 1 _
0 + <at - Rtbfwt> O — 02 — Ebt""tﬂ't + b + 1 =0,

9T =m.
(4.15)



State Feedback

] = UNIVERSIDADE DE MACAU

Theorem 3.3
Let Assumptions 1, 2, 3 and O; = 0 hold. If

1 . .
up = E(Dtpt — beGr — 7t)

is the optimal control of Problem (LQC), then it can be
represented as

1 “ A
e = 2o (Dy = )P — bimdy — bify = i,

where (2,7, 2, 2), (ﬁ,(j, l%), 7, ¥ and 6 are the solutions of
(4.10) with v = u, (4.12), (4.13), (4.14) and (4.15), respectively.
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5. A Special Case of Problem (LQC)

Example 4.1

1 iy
inf Jp], Jp] = E{ | o+ Read) e+ NG +2ny3}7
VEU g 2 0
—dy;) = (Btyf ar Cth ol C_’tgz) aF Dtvt) dt — zfdwt = Efdwt,
yr = G.
Suppose that w; is observable at time t. It can be regarded as
the case of (2.9) with f; = ¢ =0 and h; = 1.



Maximum principle
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u = R; ' Dy
where
{ dp: = (Bipt — Ogyr)dt + Cyppdwy + Cipydivy
po=—Nyo—n
and hence,

dpy = (Bpy — O )dt + Cypedwy,
—dy; = (Btﬁt + Cize + étét + Dtut) dt — Zidwy, (516)
Po= —Nyo—n, yr=_0G.



How to solve it?

] = UNIVERSIDADE DE MACAU

Set
pt = oy + P, ag=—N, Bop=—n.

Then,
oz = Cipy, iz = Cypy

—(QBt—i-CE—i-C_'E)Ozt— tat+0t 0

Ry (5.17)
o = —N,

. _ 1
B — (Bt+CE+CE+R Dfozt> B =0,
t

Bo = —



Optimal Solution
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Proposition 4.1
Let Assumptions 1, 2 and 3 hold. The optimal control of
Example 4.1 is uniquely denoted by

1 .
U = EDtpta
t

where p is the unique solution of
dpy = (Bipr — Oge)dt + Cyprdwy,
—dji = (Buje + Coée + (o 'C} + Ry ' DY) pr) dt — Zydwy,
po= —Nyo—n, jr=_0G.
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6. Summary

@ We focus on an LQ optimal control problem of FBSDEs,
where observation coefficient is linear with respect to =,
and observation noise is correlated with state noise. A
backward separation method is introduced. Combining it
with variational method and optimal filtering, two
optimality conditions and a feedback representation of
optimal control are derived. A closed-form optimal solution
is obtained in Example 4.1.

@ The backward separation method is applicable to some
linear stochastic differential games with partial
observations.
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Thanks!
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