
                  UNIVERSIDADE DE MACAU 
 
 

 

 A Linear-Quadratic Optimal Control Problem
of Forward-Backward Stochastic Differential

Equations with Partial Information

Jie Xiong

Department of Mathematics
University of Macau

(Based on joint works with Wang and Wu (SICON 2013, IEEE TAC 2014?))

[The Tenth Workshop on Markov Processes and Related Topics]



                  UNIVERSIDADE DE MACAU 
 
 

 

 
Outline

1 Motivating examples

2 Problem formulation

3 Decomposition of Problem (LQC)

4 Maximum Principle for Problem (LQC)

5 A Special Case of Problem (LQC)

6 Summary



                  UNIVERSIDADE DE MACAU 
 
 

 

 
1. Motivating examples

Example 1: European call option under partial info

d stocks Si
t , 1 ≤ i ≤ d and 1 bond S0

t

{
dSi

t = Si
t

(
Xi

tdt+
∑m

j=1 σ̃
ij
t dW̃

j
t

)
, i = 1, 2, · · · , d,

dS0
t = S0

tX
0
t dt, t ≥ 0,

(1.1)
where W̃ := (W̃ 1, · · · , W̃m)∗ is m-dim B.M. (random factors)
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 Information available:

Gt := σ(Si
s : s ≤ t, i = 0, 1, 2, · · · , d), t ≥ 0.

Portfolio:

uit = $ amount in ith stock, i = 1, 2, · · · , d.

They should be Gt-measurable.
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Let yt be the wealth process.
Self-finance condition:

dyt =

(
yt −

d∑
i=1

uit

)
dS0

t

S0
t

+

d∑
i=1

uit
dSi

t

Si
t

(1.2)

=

(
X0

t yt +
d∑

i=1

(Xi
t −X0

t )uit

)
dt+

d∑
i=1

m∑
j=1

σ̃ijt u
i
tdW̃

j
t .
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 Note that X0
t = d

dt logS0
t is Gt-adapted.

Also, i = 1, 2, · · · , d,

logSi
t = logSi

0 +

∫ t

0

(
Xi

s −
1

2
aiis

)
ds+

m∑
j=1

∫ t

0
σ̃ijs dW̃

j
s , (1.3)

where

aijt :=

m∑
k=1

σ̃ikt σ̃
jk
t , i, j = 1, 2, · · · , d.

Then, 〈
logSi, logSj

〉
t

=

∫ t

0
aijs ds

is Gt-adapted.
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Let

Σt = (σijt )d×d =

√
(aijt )d×d.

Then, there is d-dim. B.M. Wt s.t.

m∑
j=1

∫ t

0
σ̃ijs dW̃

j
s =

d∑
j=1

∫ t

0
σijs dW

j
s , i = 1, · · · , d. (1.4)

Thus,

d logSi
t =

(
Xi

t −
1

2
aiit

)
dt+

d∑
j=1

σijt dW
j
t , i = 1, · · · , d.

(1.5)
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Note that Xt := (X1

t , · · · , Xd
t )∗ is not necessarily Gt-adapted

and hence, its value is not available to the investors.
Let Yt be defined as

dYt = Σ−1t d logSt, Y0 = 0.

Then

Yt =

∫ t

0
hs(Xs)ds+Wt, (1.6)

where

hs(x) = Σ−1s

(
x− 1

2
Ãs

)
.
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Suppose the appreciation rate process Xt = (X1
t , · · · , Xd

t )∗ can
be modeled by SDE in Rd as follows:

dXt = b(Xt)dt+ c(Xt)dWt + c̃(Xt)dBt, X0 = x. (1.7)

The wealth process yt satisfies the following SDE:

dyt =

(
X0

t yt +

d∑
i=1

(Xi
t −X0

t )uit

)
dt+

d∑
i,j=1

σijt u
i
tdW

j
t , (1.8)
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Terminal
yT = (S1

T −K)+.

Objective: Minimize
J(u·) = y0.
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Example 2: Recursive Utility Problem

Cash balance:

(Signal)

{
dxvt =

(
atx

v
t + btvt − b̄t

)
dt+ ctdwt + c̄tdw̄t,

xv0 = e0,

where v is a control strategy of policymaker and may denote
the rate of capital injection or withdrawal so as to achieve a
certain goal.

Stock price:

(Observation)

{
dSv

t = Sv
t [(ftx

v
t + gt) dt+ htdwt] ,

Sv
0 = 1.
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Cost functional:

J [v] =
1

2
E
[∫ T

0
Rt(vt − rt)2dt+M(xvT −m)2 − 2yv0

]
.

Recursive utility from v:{
−dyvt = g(t, yvt , z

v
t , z̄

v
t , vt)dt− zvt dwt − z̄vt dw̄t,

yvT = xvT ,

where g is concave with respect to (y, z, z̄, v) and satisfies some
usual conditions for BSDEs.
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 Recursive Utility Problem

Find an admissible control v to minimize the cost functional,
subject to the cash balance process xv, the stock price Sv and
the recursive utility yv.

Suppose that the policymaker can only get information
from the stock. Then we are facing a special optimal
control problem derived by FBSDEs with partial
observations.
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 2. Problem formulation: Problem (LQC)
Find an admissible control u to minimize

J [v] =
1

2
E
{∫ T

0

[
Lt(x

v
t )2 +Ot(y

v
t )2 +Rtv

2
t + 2ltx

v
t + 2oty

v
t + 2rtvt

]
dt

+M(xvT )2 + 2mxvT +N(yv0)2 + 2nyv0

}
subject to

dxvt =
(
atx

v
t + btvt + b̄t

)
dt+ ctdwt + c̄tdw̄t,

−dyvt =
(
Atx

v
t +Bty

v
t + Ctz

v
t + C̄tz̄

v
t +Dtvt + D̄t

)
dt

− zvt dwt − z̄vt dw̄t,

xv0 = e0, yvT = FxvT +G,
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Observation: {
dY v

t = (ftx
v
t + gt)dt+ htdwt,

Y v
0 = 0.

(2.9)
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Problem formulation: Assumption Conditions

Assumption 1

The coefficients at, bt, b̄t, ct, c̄t, ft, gt, ht, 1/ht, At, Bt, Ct, C̄t,
Dt and D̄t are uniformly bounded, deterministic functions. e0
and F are constants, and G ∈ L2Fw,w̄

T

(R).

Assumption 2

Lt ≥ 0, Ot ≥ 0, Rt ≥ 0, lt, ot and rt are uniformly bounded,
deterministic functions. M ≥ 0, N ≥ 0, m and n are constants.



                  UNIVERSIDADE DE MACAU 
 
 

 

 

What is the Difficulty?

Partially observed stochastic control problems are always hard
to study:

Circular dependence between control and observation;

coupled filtering and control problems;

How to solve some practical problems;

· · ·
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Some Related References

This topic is related to

Huang, Wang & Xiong [SICON 2009]

zero observation coefficient.
BSDE state equation.

Wang & Wu [IEEE TAC 2009], Wu [SCIS, 2010], Xiao
[JSSC, 2011]

Bounded observation coefficient.
Girsanov transformation, variational method.

Wang, Wu & Xiong [SICON, 2013]

Linear observation coefficient.
Approximation method.
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New features

Their methods, however, are not available to Problem (LQC):

The observation equation is linear;

The observation noise is correlated with the signal noise.



                  UNIVERSIDADE DE MACAU 
 
 

 

 

3. Decomposition of the Signal and Observation

To solve Problem (LQC), we separate (xv, yv, zv, z̄v) and Y v

into

(xv, yv, zv, z̄v) =
(
x0, y0, z0, z̄0

)
+
(
x1, y1, z1, z̄1

)
,

Y v = Y 0 + Y 1,

where
(
x0, y0, z0, z̄0

)
and Y 0 are independent of v.
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Admissible Control

Define

U0
ad =

{
v|vt is an FY 0

t -adapted process with values in R such that

E sup
0≤t≤T

v2t < +∞

}

with FY v

t = σ{Y v
s ; 0 ≤ s ≤ t} and FY 0

t = σ
{
Y 0
s ; 0 ≤ s ≤ t

}
.

Definition 2.1

A control v is called admissible, if v ∈ U0
ad is FY v

t -adapted. The
set of all admissible controls is denoted by Uad.

Uad ⊆ U0
ad.



                  UNIVERSIDADE DE MACAU 
 
 

 

 

Equivalence Transformation

Proposition 3.1

Under Assumptions 1 and 2,

inf
v∈Uad

J [v] = inf
v∈U0

ad

J [v].

Problem (LQC) is equivalent to minimizing J [v] over
v ∈ U0

ad.

One key point of its proof is that Uad is dense in U0
ad under

the metric of L2FY
0

(0, T ;R).
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4. Maximum Principle for Problem (LQC)

Theorem 3.1

Let Assumptions 1 and 2 hold. Suppose that (u, x, y, z, z̄) is the
optimal solution. Then the FBSDE

dpt = (Btpt −Otyt − ot)dt+ Ctptdwt + C̄tptdw̄t,

−dqt = (atqt −Atpt + Ltxt + lt)dt− ktdwt − k̄tdw̄t,

p0 = −Ny0 − n, qT = −FpT +MxT +m

admits a unique solution
(
p, q, k, k̄

)
∈ L2Fw,w̄

(
0, T ;R4

)
such that

(Maximum Condition) Rtut−DtE
[
pt
∣∣FY

t

]
+btE

[
qt
∣∣FY

t

]
+rt = 0

with FY
t = σ{Y u

s ; 0 ≤ s ≤ t}.
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Optimality Condition: Verification Theorem

Theorem 3.2

Assume Assumptions 1 and 2 hold. Let u ∈ Uad satisfy

Rtut −DtE
[
pt
∣∣FY

t

]
+ btE

[
qt
∣∣FY

t

]
+ rt = 0,

where (x, y, z, z̄, p, q, k, k̄) is a solution to the Hamiltonian
system

dxt = (atxt + btut + b̄t)dt+ ctdwt + c̄tdw̄t, x0 = e0,

−dyt = (Atxt +Btyt + Ctzt + C̄tz̄t +Dtut + D̄t)dt− ztdwt − z̄tdw̄t,

dpt = (Btpt −Otyt − ot)dt+ Ctptdwt + C̄tptdw̄t, p0 = −Ny0 − n,
−dqt = (atqt −Atpt + Ltxt + lt)dt− ktdwt − k̄tdw̄t,

yT = FxT +G, qT = −FpT +MxT +m.

Then u is an optimal control of Problem (LQC).
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Optimality Condition: Uniqueness

Assumption 3

Rt > 0 and 1/Rt are uniformly bounded and deterministic
functions.

Proposition 3.1

Let Assumptions 1, 2 and 3 hold. If u is an optimal control of
Problem (LQC), then u is unique.
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Optimal Filtering of State Equation

Proposition 3.2

Let Assumption 1 hold. For any v ∈ Uad, the optimal filtering of
(xvt , y

v
t , z

v
t , z̄

v
t ) with respect to FY v

t satisfies an FBSDE
dx̂vt =

(
atx̂

v
t + btvt + b̄t

)
dt+

(
ct +

Ptft
ht

)
dŵt,

−dŷvt =
(
Atx̂

v
t +Btŷ

v
t + Ctẑ

v
t + C̄t ˆ̄z

v
t +Dtvt + D̄t

)
dt− Ẑv

t dŵt,

x̂v0 = e0, ŷvT = Fx̂vT + Ĝ,
(4.10)

where the mean square error Pt of the estimate x̂vt is the unique
solution of

A special case of (4.10) is derived originally in Huang,
Wang and Xiong [SICON, 2009].
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Optimal Filtering of State Equation

Continuation of Proposition 3.2 Ṗt − 2atPt +

(
ct +

Ptft
ht

)2

− (ct + c̄t)
2 = 0,

P0 = 0,

ŵt =

∫ t

0

fs
hs

(xvs − x̂vs)ds+ wt (4.11)

is a standard BM with values in R, and

Ẑv
t = ẑvt +

ft
ht

(
x̂vt y

v
t − x̂vt ŷvt

)
.
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Optimal Filtering of Adjoint Equation

Proposition 3.3

Let Assumptions 1, 2 and Ot = 0 hold. The optimal filtering of
(pt, qt, kt) depending on FY

t satisfies an FBSDE
dp̂t = (Btp̂t − ot)dt+

[
Ctp̂t +

ft
ht

(x̂tpt − x̂tp̂t)
]
dŵt,

−dq̂t = (atq̂t −Atp̂t + Ltx̂t + lt)dt− K̂tdŵt,

p̂0 = −Ny0 − n, q̂T = Mx̂T − F p̂T +m
(4.12)

with

K̂t = k̂t +
ft
ht

(x̂tqt − x̂tq̂t) ,
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Optimal Filtering of Adjoint Equation

Continuation of Proposition 3.3

where (x̂, ŷ), ŵ and x̂mp satisfy (4.10) with v = u, (4.11), and
dx̂mt pt =

[
(mat +Bt)x̂mt pt − otx̂mt + m

(
btut + b̄t + ctCt + c̄tC̄t

)
x̂m−1t pt

]
dt

+

[
mctx̂

m−1
t pt + Ctx̂mt pt +

ft
ht

(
x̂m+1
t pt − x̂tx̂mt pt

)]
dŵt,

x̂m0 p0 = − em0 (Ny0 + n), m = 1, 2, 3, · · · ,

respectively.
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State Feedback

Set {
qt = πtxt + Σtpt + θt
πT = M, ΣT = −F, θT = m.

Then,  π̇t + 2atπt −
1

Rt
b2tπ

2
t + Lt = 0,

πT = M,

(4.13)
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State Feedback

 Σ̇t +

(
at +Bt −

1

Rt
b2tπt

)
Σt +

1

Rt
btDtπt −At = 0,

ΣT = −F,
(4.14)

 θ̇t +

(
at −

1

Rt
b2tπt

)
θt − otΣt −

1

Rt
btrtπt + b̄tπt + lt = 0,

θT = m.

(4.15)
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State Feedback

Theorem 3.3

Let Assumptions 1, 2, 3 and Ot = 0 hold. If

ut =
1

Rt
(Dtp̂t − btq̂t − rt)

is the optimal control of Problem (LQC), then it can be
represented as

ut =
1

Rt
[(Dt − btΣt)p̂t − btπtx̂t − btθt − rt],

where (x̂, ŷ, ẑ, ˆ̄z),
(
p̂, q̂, k̂

)
, π, Σ and θ are the solutions of

(4.10) with v = u, (4.12), (4.13), (4.14) and (4.15), respectively.
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5. A Special Case of Problem (LQC)

Example 4.1

inf
v∈Uad

J [v], J [v] =
1

2
E
{∫ T

0

[
Ot(y

v
t )2 +Rtv

2
t

]
dt+N(yv0)2 + 2nyv0

}
,

{
−dyvt =

(
Bty

v
t + Ctz

v
t + C̄tz̄

v
t +Dtvt

)
dt− zvt dwt − z̄vt dw̄t,

yvT = G.

Suppose that wt is observable at time t. It can be regarded as
the case of (2.9) with ft = gt = 0 and ht = 1.
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Maximum principle

ut = R−1t Dtp̂t

where {
dpt = (Btpt −Otyt)dt+ Ctptdwt + C̄tptdw̄t

p0 = −Ny0 − n

and hence,
dp̂t = (Btp̂t −Otŷt)dt+ Ctp̂tdwt,

−dŷt =
(
Btŷt + Ctẑt + C̄t ˆ̄zt +Dtut

)
dt− ẑtdwt,

p̂0 = −Ny0 − n, ŷT = Ĝ.

(5.16)
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How to solve it?

Set
pt = αtyt + βt, α0 = −N, β0 = −n.

Then,
αtzt = Ctpt, αtz̄t = C̄tpt

 α̇t −
(
2Bt + C2

t + C̄2
t

)
αt −

1

Rt
D2

tα
2
t +Ot = 0,

α0 = −N,
(5.17)

 β̇t −
(
Bt + C2

t + C̄2
t +

1

Rt
D2

tαt

)
βt = 0,

β0 = −n.
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Optimal Solution

Proposition 4.1

Let Assumptions 1, 2 and 3 hold. The optimal control of
Example 4.1 is uniquely denoted by

ut =
1

Rt
Dtp̂t,

where p̂ is the unique solution of
dp̂t = (Btp̂t −Otŷt)dt+ Ctp̂tdwt,

−dŷt =
(
Btŷt + Ctẑt +

(
α−1t C̄2

t +R−1t D2
t

)
p̂t
)
dt− ẑtdwt,

p̂0 = −Ny0 − n, ŷT = Ĝ.
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6. Summary

We focus on an LQ optimal control problem of FBSDEs,
where observation coefficient is linear with respect to x,
and observation noise is correlated with state noise. A
backward separation method is introduced. Combining it
with variational method and optimal filtering, two
optimality conditions and a feedback representation of
optimal control are derived. A closed-form optimal solution
is obtained in Example 4.1.

The backward separation method is applicable to some
linear stochastic differential games with partial
observations.
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——————

Thanks!

——————
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