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A Survey

@ Skew Brownian motion was first introduced in
Ito & McKean (1965)

@ One construction was by
J. B. Walsh (1978)

@ The SDE expression was established by
J. M. Harrison & L. A. Shepp (1981)

@ As a solution of generalized SDE with local time, see
J. F. Le Gall (1984)

@ Multi-skewed Brownian motion studied by
J. M. Ramirez (2011)
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The Talk Topics

e Skew Brownian Motion
o Skew O-U Processes

e Skew Feller’s branching Processes
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Skew Brownian Motion
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A Discrete Approximation

Let {So, S1,- - - } be a Markov chain on the integers with Sp = 0 and
transition probabilities

a if S=0,
P(Sk+1 = Sk +1[So, -+, Sk) = { 1 othekrwise.

2
1—a if §=0,
%

P(Sk+1 = Sk —1[So, -+, Sk) = { otherwise.

For fixed t > 0, n='/25,; converges in finite dimensional distribution
to a-skew Brownian motion as n 1 oo (also converges weakly).
[Harrison & Shepp (1981)].
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Skew Brownian Motion
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lto & Mckean's Construction

Let {W;,t > 0} be a standard B.M. and J;, J>, - - - denote the
excursion intervals of the reflected process {|W;|, t > 0}.

For a given a € (0,1), let {AE,?) :m=0,1,---} be a sequence of
i.i.d. Bernoulli r.v.s with P(A%) = 1) = a.
Define an a-skew Brownian motion X;* started at 0 via

Xe =" 14,(0AR Wi,

m=1

where 1,4 denotes the indicator function of the set A.
See also [Appuhamillage & Sheldon (2011)].
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Skew Brownian Motion
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lto & Mckean's Construction

For a a-skew Brownian motion X, as a diffusion processe, the scale
S(x) and speed m(x) functions can be defined, respectively by

X x<0,
Sx)=4¢ 1-a
—X x> 0.
[0
201 —-a)x x<0O,
m(x) = { 2ax x> 0.

[lto and McKean (1965)].
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Skew Brownian Motion
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Walsh' s Construction

Now let r(x) be the inverse function of S(x)

A —a)x x<0,
r(X)_{ax x>0,

and define

t
1
A:/idW,
Y APTLT7A

where o(y) = §1{y20} + ﬁ1{y<0}-
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Skew Brownian Motion
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Walsh' s Construction

Next define a stopping time T;, by
T =inf{s > 0, (A)s > t},

for0 <t < oo.
If set X{* = r(Wr,). Then X is actually a a-skew Brownian motion
with parameter a. [Walsh (1978)]
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Skew Brownian Motion
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Harrison & Shepp's SDE

Define
t
Y = / a(Ys)dWs,
0
Then Y; = Wr,. Set Xi* = r(Y;). Apply a generalized /to formula to
r(Y:), we may have

2a — 1

ar(Y;) = dW; + dLy (0)

Note that, LX"(0) = 1dL}(0). Then X;* satisfy a SDE as follows.
dX® = dW, + (2o — 1)dL¥" (0).

[Harrison & Shepp (1978)].
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Skew OU Processes
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Skew OU Processes

Define a Skew OU processes X, to be the unique solution of SDE:
dX; = (u— aX})dt + odW, + BdL¥ (0), (1)

where [3| <1,a> 0,0 >0,z € R. W] is a standard B.M. and

Z{‘ (0) is the symmetric local time of X' at point 0. We certainly
have to check the existence and particularly the uniqueness under
the condition |3] < 1. [Song — Wang — Wang (2014)]
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Skew OU Processes
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A Transform

Define
1
G() %7 X<O,
1(X) = -
M’ )(207
2
and set
9_14—6 _1-8
1= 23 M, 2 — 23 M,
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Skew OU Processes
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A Transform

and

1+5U 0_1—5
2 7 927

o1 = o.

Then Y = Gi(X{) has the following form:

ay = a6y - Y)dt+odW}, if Y} <o, @)
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Skew OU Processes
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Transition density of Skew OU

Proposition

The transition density pi(t; xo, X) of Skew OU process X} with initial
state xp can be given by

pi(t; X0, x) = Gy (x)m1(Gi(x)) Zeﬂ"t (Gi1(%0))en(Gi(x)), x #0,

n=1

where my is the speed function of process Y, , and
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Skew OU Processes
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Transition density

Proposition

the eigenvalues 0 < A\ < \p < --- < Ay — 0o @as nt oo are the
discrete zeros of the Wronskian equation

— LAl o, — L L,
w(3) = eez-vyy/a | OB ) | Fel f)H”(\@
1

where a1 = 7%01, o = 7\/727892, vV = %
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Skew OU Processes
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Transition density

Proposition
and the normalized eigenfunctions

17(0, )\n)
W' (An)€(0, An)

Slgn(g(oa )‘n)n(oa )\n))

f(X, )‘n)a X< 0,

SOn(X) =
E(Oa /\n)

————n(x,\n), x>0,

w'(An)n(0, An) i )

with £(x, \) = €4 /4D, (~z1), n(x,\) = e%2/4D,(z), for

21 =Y22(x —0;), zo="22(x — ). D,(z) and H,(z) are parabolic

cylinder and Hermite function, respectively .

<
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Skew OU Processes
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Hitting time of Skew OU

For fixed Xo < x, define the first hitting time up 7! ., of X/ by
Tarx = inf{t > 0; X! = x},
and respectively, the first hitting time up T y 4y Of Y} by

T1

Ay = inf{t >0, Y] =y},

Due to the relations between X;' and Y;', we have

(7:(0TX —_ ) (TG1 Xg TG1 < t)
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Skew OU Processes
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Hitting time of Skew OU

Proposition
If Gi(x) > 0, the spectral expansion of Py, (Tx,1x < t) has a form as:

]P)XO(’]:(?)TX <t)=1- Z Cn,xefxn’xt@n,X(@ (X0)), (3)

n=1

where 0 < A\ x < Ao x < --- are eigenvalues, and ¢, x(x) are
eigenfunctions. Moreover,
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Skew OU Processes
00000000®000000000

Hitting time of Skew OU

(1) The eigenvalues 0 < \i x < Ao x < --- are the zeros of the
Wronskian equation

w(\) = exp (Q+ 4B2> o—3—2 [\/(iaszv_1(—a1)
(E(8)EP (a2) - Eé")(ﬂz)Eé”(az))
- Du(-ar) (VES () ELV (o) + 2B B)E, c2) |

(to be continued)
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Skew OU Processes
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Hitting time of Skew OU

(2) The eigenfunctions pn x(Xx) satisfy:
(0, Anx)
- : X, Anx), x <0,
_ \/W (Anx)E(O, /\n,X)g( &

(Pn,x(X) = 5(0 " )
» An,x
C1 \/w/(An,X)T](O, /\n,X)U(X, )\ﬂ,X)y 0 <X < G1 (X),

where Cy = sign(£(0, An.x)n(0, Anx)), (to be continued)
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Skew OU Processes
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Hitting Time

Br=—(Gi(x) = 01), o=

\{sza \/:(61( X) — 02),

E(x.A) = €4 D,(~z),

v_ze 2 52 0'2

n(x,A) =272 f

(E(82)EO (22) - EV(B)E(22))

and the coefficients ¢, x = —% D,(2), EX(2), E{"(2) are

the parabolic cylinder functions.
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Skew OU Processes
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Hitting Time

Proposition

If G1(x) < 0, the spectral expansion of ]PXU(7;]) +x < 1) also takes the
same form as the case of Gi(x) > 0, but the Wronskian w()\) should
be changed to be:

52
e D,(=p)

“N =G
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Skew OU Processes
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Hitting Time

To compute the first hitting time up, we mainly use the spectral
expansion and the properties of special functions.
[Song — Wang — Wang (2014)].

On the other hand, similarly we are able to compute the distribution of
first hitting time down of X; as to compute the first hitting time up.
[Song — Wang — Wang (2014)].
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Skew OU Processes
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Laplace Transform

Proposition

The Laplace transforms of T, ., = inf {t > 0; X} = x} and
T4, =inf{t>0; X! = x} are given by

Xod X
ls(Gi(x))

—o73 ) _ Do(Gi(x0))

E, (e—Wx‘on) _ 15(G1(x))

(to be continued)
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Skew OU Processes
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Laplace Transform

where the increasing function ly(x) satisfies:

H_, — A , x <0,
W= Ci HE (ﬁ\%) + oH_ (\%) , x>0, @

(to be continued)
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Skew OU Processes
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Laplace Transform

and the decreasing function Dy(x) satisfies:
Zq Zq
csH_, <—> + caH-, (> , y<0,
Do(x) = NG v2 ©)
H.,|—], >0,
X (fz) g

where x =v/a, zy = %(x —01), zo= \ﬁif(x —02), H/(2) is
Hermite function, (to be continued)
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Laplace transform

and the coefficients c;, i = 1,2, 3,4 satisfy

(to be continued)
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Laplace transform

oy = 72 (38) Hons (35) — v Hox (35) Pt (32)
r2bx (=98) Hoxet (35) + o2Hon (8) Honr (=53)
et () ot (23) + oo (=38) Hoxt (33)

Cy = '
Mo (35) Hou (55) + o2Ho () Mo (-53)
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Skew Feller’s branching Processes
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Q Skew Feller’s branching Processes
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Skew Feller’s branching Processes
©00000000000000000000

Definition

Skew Feller’s branching processes X? is the unique solution of the
following SDE:

dX2 = i3 — X2)dt + 51/ X2dW2 + FdLX (b), (6)
where |3| <1,b>0,a2>0,/,5 > 0, W? is a standard B.M. and

Zfz(b) is the symmetric local time of X2 at point b.  [Trutnau (2010,
2011)].
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Skew Feller’s branching Processes
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A Transform

Define
H—ﬁ(x—b)er, 0<x<b,
Ga(x) = 135
5 (X=b)+b, x>b,
and
-~ (1-pa (1+43 1-3+ (145
91:( 2B)aJr( +2[>’)b7 51 =0 267/1:( +26)b
- (1+pha (1-8 1+8+ (1-5
92_( +26)a+( 2ﬁ)b7 o= ;B,/2=( Zﬁ)b

Page 34 of 53



Skew Feller’s branching Processes
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A Transform

The transformed process Y? = Gz(X?) has the following form:

ﬁ(ég*yt2>dt+5'2\/yt2772dwt2, 72<Yt2<b,
dYg = i . (7)
i (B = YR) dt+ 61\ Y2 ~haW2, YZ>b.
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Skew Feller’s branching Processes
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Transition density

Proposition

The transition density p(t; X0, x) of Skew Feller’s branching process
X2 with initial state xo can be given by

Pa(t; X0, X) = Gy(x)ma(Ga(x Ze 2o Ga(%0))pn(Ga(X)). X # b

where my is the speed function of process Yf. (to be continued)
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Skew Feller’s branching Processes
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Transition density

and the eigenvalues 0 < \{ < \o < --- < Ay — 00 as nt oo are the
simple discrete zeros of the Wronskian equation

1 20«

A) = —— [P Ea, 7w, AU+ 1,7 + 1, A
w() §2(b)[5'12 (a, m, N2)U(a + 1, 7+ 1)
5
2 U, M)F(a+ 1,7+ 1,A2)],
027T
where m = 255‘25, a:—%, A :%{7‘), Ao = 2ﬁ(§§‘72),<2 is the scale

function of Y?, (to be continued)
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Skew Feller’s branching Processes
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Transition density

Proposition
and the normalized eigenfunctions follow

% (X,)\n) 72<)(<t)7

— (
2ol { sign(¢(b, An)v (b, )\n))\//o\bi)\n)")d)(x An) X =D,

where (x,\) = U(a, 7, %), ¢(x,)) = F(a,m,2) and

2 = 2UCh) 5y = B0 (a7, 2) and F(a,w, z) are the Tricomi
1 2

and Kummer function.

v
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Skew Feller’s branching Processes
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Hitting time

For fixed Xo < x, define the first hitting time up T2, of X2 by

e

0

= inf{t > 0; XZ = x},
and the first hitting time up T my of Y2 by

52

2, =inf{t>0; Y2 = y}.

Due to the relationship of X? and Y?, we have

(7:(0TX —_ ) (TGZ Xg TGZ < t)
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Skew Feller’s branching Processes
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Hitting time

Proposition

If Go(x) > b, the spectral expansion of the distribution E”XO(7}§¢X <t)
takes the form:

Pro(Tamx <) =1=_ coxe " 0px(Ga(X)), (8)
n=1

where
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Skew Feller’s branching Processes
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Hitting time

(1) the eigenvalues 0 < A\ x < Ao x < --- are the zero points of the
Wronskian equation

w(A) = —Q(;)D{F(a,ﬁ,/\g)[F(a +1,7+1,A)U(e, 7, 11)

=27
+7F (o, m,v)U(a+ 1,7+ 1,A1)] + %F(a-ﬁ- 1,m+1,A2)
02
[F(OL,W,IA)U(O[,?T,/M) - F(OZ,?T7/\1)U(OZ,7T,V1 )]}7

and
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Skew Feller’s branching Processes
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Hitting time

Proposition

M =Fla+1,7+1,v1)U(a,m,v1) + BF(a,m, 1) U(ac+ 1,7+ 1,14),
with

"M=——">H5 Vo = =
2 52

_2UG() =) 20(Ga(x) ~To)

(to be continued)
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Skew Feller’s branching Processes
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Hitting time

(2) the eigenfunctions ¢, x(x) satisfy:

Tt M) R<y<b,
erx(X) = 9(BAn.x)

Coy/ i futo g (X Anx) b < X < Gal(x),
where
Co = sign(1(b, \nx)p(b; Anx)), ¢(x,\) = F(a,,22),

W)= o

—[F(a, m,v1)U(e, 7, 21) — F(a, m, 21 )U(a, 7, 11)],

(to be continued)
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Skew Feller’s branching Processes
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Hitting time

Proposition
and the coefficients cy, x satisfy

o G
X )\n,x§2(GZ(X)) ’ e

(to be continued)

don x (X
(Gol)) = 22nsCd)
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Skew Feller’s branching Processes

00000000000 0e00000000

Hitting time

Proposition

If Go(x) < b, the spectral expansion of ]P’Xo(7;§TX < t) also takes the
same form as the case of Go(x) > b, but the Wronskian w(\)
equation should be changed to:

F(Oé, T, VZ)

“N =G e
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Skew Feller’s branching Processes
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Hitting time

To compurte the first hitting time up, we mainly use the spectral
expansion and the properties of special functions. [Song — Xu — Wang
(2014)].

On the other hand, similarly to compute the distribution of first hitting
time down fo X? as to compute the first hitting time up.
[Song — Xu — Wang (2014)].
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Skew Feller’s branching Processes
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Laplace transform

The Laplace transforms of T2, = inf{t > 0; X = x} and
T2, =inf{t>0; XZ = x} are given by

E, (e‘ﬂTx[m) _ I9(Ga(%))
° T5(G(x)

Ex, (e‘”w) _ M7
Dy(Gz(x))

)

where

Page 47 of 53



Skew Feller’s branching Processes
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Laplace transform

(1) the increasing function Iy(x) is determined by

F(L r 2) x<b,

boy=1 Fy oy ©
C1F(ﬁ,7r,z1)+CQU(ﬁ,7r,z1) X > b,

and
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Skew Feller’s branching Processes
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Laplace transform

the decreasing function Dy(x) is defined by

5 &3F(£,7T,22)+&4U(£,7T,22) X < b,
Dﬁ(x) = 19/’[’ 1%
U(ﬁ77rv21) X = b.

(to be continued)
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Skew Feller’s branching Processes
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Laplace transform

(2) Set

_ - s 0
= :O’%F(ﬁ—l-1,7r—|—1,/\1)U(ﬁ,ﬂ',/\1)

+ &STFF(%,

¥
7'1',/\1)U(ﬁ—i-1,71’—|—1,/\1)7
_ s 9
=) :5—12F(ﬁ+1,7r+17/\2)U(R’7T7A2)

9 9
+ 5127rF(ﬁ,7r,/\2)U(ﬁ +1, 7+ 1,A2),

(to be continued)
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Laplace transform

Skew Feller’s branching Processes
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and the coefficients ¢;,i = 1,2, 3, 4, are determined, respectively by
- 9

0
(GFF (5 + 17+ 1. A)U(m AY)
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Skew Feller’s branching Processes
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Laplace transform

& = [ U
=
= &ZWU(% =F 1,71— + 17A1)U(guﬂ—7/\2)]7

1

77T7A1)U(£+137T+1a/\2)
i

. ¥ 9
Cy = [5'12F(ﬁ+1aﬂ-+17/\2)u(ﬁaﬂ7/\1)

) i)
+5:§7TF(E’7T7/\2)U(E+1,7T+1,/\1)]-
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Skew Feller’s branching Processes
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Thank You!
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