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CHAOS DECOMPOSITION

OO0 Cameron-Martin (1947): in the series of Fourier-Hermite...

o (Co[0,1],PW), L%(Co[0,1],PW)

o {a,} orthonormal basis in L?(0,1), H,, Hermite polynomial
of degree m

1
D Hm(/o ap(s)dw(s))

o Not connect with Ité multiple integrals
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o lterated stochastic integrals

o Orthogonalizing Wiener's chaos polynomials
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CHAOS DECOMPOSITION

[0 Segal (1956): Tensor Algebras over Hilbert Spaces
o A theory of integration over Hilbert spaces, QFT

o Harmonic analysis, Fourier-Plancherel transform

©

Algebra of symmetric tensors =;; square integrable functions

©

Finitely additive (cylindrical) measure
O Gross (1965): Abstract Wiener spaces

00 Hu and Meyer (1988): Hu-Meyer formula

o Relation between Stratonowich multiple integrals and
Wiener-1t6 multiple integrals



CHAOS DECOMPOSITION

THEOREM ( WIENER-ITO CHAOS DECOMPOSITION )

(Co O 1 @H"’
Ho = W{Hn(/o h(s)dW (s)). b € H., [0l 20, = 1}

1
i, / h()aW (s))
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CHAOS DECOMPOSITION

THEOREM (CHAOS DECOMPOSITION: GAUSSIAN HILBERT SPACE )

$) : seperable Hilbert space
‘H : closed subspace of zero-mean Gaussian r.v.s
H =9, E(W(h)W(h2)) = (h1, h2)s

L*(Q,6(W EB’H

Hn = W{Hn(w(h))7h € H, HhHﬁ = 1}
= span{I,(f), f € H°"}




4TH MOMENT THEOREM

THEOREM ( NUALART-PECCATI CRITERION, 2005 )

Forq>2, F, = I,(fn), fn €9°,n>1. E(F?) — 1. The
following 4 conditions are equivalent, as n — oo,

Q) Fn % N, 1);

(i) E(EH — 3;

(iil) [Ifn ®r fullge2e-n =0, 7=0,1---,¢—1;
) ||D( n)”ﬁ — 0 in L%

(iv




4TH MOMENT THEOREM

APPROACHES TO PROVE
o Nualart, Peccati (05, Ann. Probab.)
Dambis-Dubins-Schwarz Theorem
Nourdin, Peccati (09, P.T.R.F.)
Stein’s method and Malliavin calculus
Nourdin (11, Electron.Comm.Probab.)
k-moment, combinatorial techniques

Ledoux (12, Ann. Probab. )
Markov operators, spectral theory

(]

©

©

(]

Nourdin, Peccati and Swan (13, arXiv)
Relative entropy




Does 4th Moment Theorem hold for complex Wiener-It6 integrals?J
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exp tac ==

Z H,(z)t".

() = Hn1(2), (n+ 1) Hpya(z) = nHy(z) — Hna(2)

@H g =pHp-14, %Hpaq = Hp g1,
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exp tm ==

ZH
H,(x)

GENERATING FUNCTION OF REAL HERMITE POLYNOMIAL

Hy 1(z), (n+1)Hyy1(z) = nHy(x)

— Hn_l(l‘)




eXp tm ==

Z Hiy
H,(z) =

GENERATING FUNCTION OF REAL HERMITE POLYNOMIAL

Hy 1(z), (n+1)Hyy1(z) = nHy(x)

— Hn_l(a:)
GENERATING FUNCTION OF COMPLEX HERMITE
POLYNOMIAL

— 1
exp(—tE+tz+282) = Y —

—Hpq(2, z)Et.
pa=0 P




eXp tm ==

GENERATING FUNCTION OF REAL HERMITE POLYNOMIAL
Z Ha(
Hy(z) = Hp1(z), (n+ 1) Hps1(z) = nHy()

n\T) —
GENERATING FUNCTION OF COMPLEX HERMITE
POLYNOMIAL

Hn_l(il?)

=1
_ 3 Lo
pg=0""""
0
&Hp,q =pH,

exp (— tt 4tz + t2)

1,9 %Hq:Hq 1,
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dZt = —O[tht + V 20’2d<—t.

a=ae? =r+iQ, ¢ = By(t) 4+ iBs(t)
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DyNAMICS ASSOCIATED WITH COMPLEX CHAOS DECOMPOSITION

1-D coMPLEX OU PROCESS

dZt = —Cthdt + V 20’2(1@5
a=aé’ =r+iQ, ¢ 1(t) +1Ba(t)

B R
_ [—T

v 2]
—Q Q] [ngg

dBa(t)
] dt + V252 [dBl (t)}

dBa(1)




INVARIANT MEASURE, GENERATOR OF 1-D COMPLEX OU PROCESS

INVARIANT MEASURE

_ r(z® +y?)
dp = o2 exp{ g2 dzdy
GENERATOR
B 0 0 5, 02 0?
A=(-rz+ Qy)% +(—Qx — ry)a—y +o (W + 8_3/2)
Q. 0 Q.0 4o? 0?
= |0+ + 0~ 10)% ~ <)




E1IGENVALUE

o

PROPOSITION ( NORMAL OPERATOR (IE%#, IEH, MLV T) )

AA* = A*A
o Ay, = 0?A —

m:% —ryay, G = —1Q(

|
8
o
N~—

Asj:j.A

(A) ={—-(m+n)r+i(

PROPOSITION ( Metafune, Pallara, Priola 02, Chen & L. 14a )
o(A) =

—n)Q, m,n=0,1,2

!




EIGENFUNCTION

THEOREM ( EIGENFUNCTION OF COMPLEX OU OPERATOR )

The eigenfunction associated with the eigenvalue
—r(m+n)—i(m—n)QY of A is

m"Z () () 1P, mz i,
Jm,n(z,p): =
2"_7”20 () () [ o m <,

zm_”(—l)”n!an_”(|z|2, p), m>n,
(_1)mm1L77711—m(|z|2’ p)v m<n.

T (T, y) = (=1)"nl(z +iy)™ "L~ (2® + 42, p), m>mn,
ma\T: YY) = (=D)™ml(z —iy)" ™LA ™ (2 + y%,p), m<n,

p= # L% (z,p) is Laguerre Polynomial.




HERMITE-LAGUERRE-ITO POLYNOMIAL

REMARK

If p=1, Jyn(z,1) is called the Hermite polynomials of complex
variables by K. It6. We name Jy, (2, p) the Hermite-Laguerre-It6
Polynomials.

The first few Hermite-Laguerre-It6 polynomials are

Jm,O = Zm’ JO,n = én’

— |2 _ 2 201412
Fa =l p Ty = (2~ 2) sy = (el 3p)....
o= 22— 20), Joz = 2l' — p|ef + 207, oz = 2(lelt — 6pl2P
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PROOF: 2 APPROACHES

O Key point: A,J = J A, common eigenfunctions. Solving S

l
Tl @ m) = kzoﬁka(fU, 8YH 1 (y,5)
Jm,n(l'ay) = _:AQJm,n(xay)
M(—i(m—n ),5 =

[0 Complex creation and annihilation operator

O6)(E) =~ 520(:) + 200, (F'9)(:) = —5-6(2) + 2(2).



PROOF: 2 APPROACHES

O Key point: A,J = J A, common eigenfunctions. Solving S

l
@ 7)) = 1;—:0 BeHy(z, 5)Hi—1(y, §)
Jm,n(xa y) = _:AQJm,n(xa y)
M(—i(m—n )g =

[0 Complex creation and annihilation operator

O6)(E) =~ 520(:) + 200, (F'9)(:) = —5-6(2) + 2(2).

Tmn(z,p) = p"(07)™(0")"1.




RELATION BETWEEN REAL AND COMPLEX HERMITE POLYNOMIALS

PROPOSITION ( Chen & L. 14a,14b )
z=ux+1iy. Then

Jm,lfm( ) Zl: i kErJrs k( )( sm)(_1)limisHk(x)Hl*k(y)v

0

k—
Hy(z)Hy—(y) = z Y rpomm (5 (5B (-1)2 T om(2).

Thus, {Ji(2) : k+1=n} and {Hp(x)H(y) : k+1=n}
generate the same linear subspace of L4(C,v).

Jm,n(zv P) = Jn,m(z7 p)

B, [Jinn(2, 0)2] = BulJmm(2; 0)Jam(2, 0) = 0, if m # n.




CoMPLEX GAUSSIAN HILBERT SPACE, COMPLEX ISONORMAL

GAUSSIAN PROCESS

DEFINITION

$ : separable Hilbert space
X,Y : iid. real Gaussian isonormal process over §)

Xc, Yo @ complexicfation of X, Y

2() = Xc(b)\J/rﬁiYc(h)’ b€ He




COMPLEX CHAOS DECOMPOSITION

THEOREM ( Chen & L. 14b )

Hnn(Z) = Spa{ Jmn(Z(H)), b € Hc, [[blloc}

LA(Q,0(X,Y), P @@%

n=0 m=0

REMARK ( Janson 08 )

Lg = é HE.
n=0

In fact, we can prove

(o)
H(Cn _ @ ‘}fmﬂ
m=0




CoMPLEX WIENER-ITO MULTIPLE INTEGRALS

DEFINITION
1
T i= || gt s (V22 e0))

T (symm(DF,65™) © symm(£72,¢8™)) = vminlm n.

jm,n(f) : ﬁ((@;m ® ~6([®:n = %m,n




A PRODUCT FORMULA OF REAL MULTIPLE INTEGRALS

W: Gaussian Hilbert spaces over ) @ $).
Hn(W): n-th Chaos decomposition of W.

THEOREM ( Chen & L. 14b )
Suppose that || f[3 + llgll3 = 1,

n

. n l n—l X(f) Y(g)
X ()4 (6) = 3 () W ot o s )

Hy(X () Hno1(Y(9)) = > _ My Hy(cos 0, X (f) + sin 04 Y (g)).
k

Ho(W) = P Hr(X)HI(Y).
k+l=n




CONNECTION BETWEEN REAL AND COMPLEX CHAOS

THEOREM ( Chen & L. 14b )

~12
Suppose that || 5 + Ilgll§ = 1. | ][, +lgll3 = 1.

Ho(X(f) +Y(9) +iHo (X (f) + Y (9))




CONNECTION BETWEEN REAL AND COMPLEX CHAOS

THEOREM ( Continued )
Suppose that $c > b with ||hls. = V2,

Jk,n k Zcz n fz +Y(gz))

fi +igi = %eieif_}, and

g 2 O

7=0 r4+s=j

HE (W) = Ho (W) +iHo (W) = €D H4.4(2).

k+l=n




A PRODUCT FORMULA OF REAL MULTIPLE INTEGRALS

THEOREM ( Chen & L. 14b )

Suppose that ¢ € HX™ @ HA" and F = Iy, n(¢) = U +1V, There
exist real u, v € ($ ® $H)°"+) such that

U=Tnin(u), V=LIuu(v),

where Z,,(g) is the p-th real Wiener-It6 multiple integral of g with
respect to W. And if m # n then

E[U%] = E[V?], E[UV]= (m+n)u, v)zamnem+n = 0.
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4TH MOMENT THEOREM

THEOREM ( Chen & L. 14b )
Fy : (m,n)-th complex Wiener-1té6 multiple integrals, m +n > 2,
E[|Fy2] = 02 as k — .
(1) Ifm #mn, as k — oo, then
(i) (Fi) 5¢ ~ CN(0,0%);

(i) E[|Fy|*] — 20*.




THEOREM ( Continued )
(2) If m=n, E[F?] — 0%(a+ib), a,b €ER, a® +b? < 1, then

(i) (ReFy, TmFy,) % N(0,%C), where C = [lJbra 13}}

~
(i) E[Fi*] = (a® +b* + 2)0*.

2

(3) If m=n, E[F?] = 0*(a+ib), a,b ER, a® +b* =1, then
0

(i) (ReFy, ImFy,) % N(0, %C)
=
(i) E[|F|*] = 30*
=

(i) E[FyY] — 3(a + ib)20?.
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