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Chaos decomposition

� Cameron-Martin (1947): in the series of Fourier-Hermite...

(C0[0, 1],PW ), L2(C0[0, 1],PW )

{αp} orthonormal basis in L2(0, 1), Hm Hermite polynomial
of degree m

Φm,p = Hm

( ∫ 1

0
αp(s)dω(s)

)
Not connect with Itô multiple integrals



Chaos decomposition

� Itô (1951): Multiple Wiener Integrals

System of normal random measures B∫
· · ·
∫
ϕ(t1) · · ·ϕ(tn)dβ(t1) · · · dβ(tn)

=
1√
2
nHn

( 1√
2

∫
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Chaos decomposition

� Itô (1953): Complex Multiple Wiener Integrals

System of complex normal random measures M

Hp,q(z, z): complex Hermite polynomial of degree (p, q),
‖f‖2 = 1 ∫

· · ·
∫
f(t1) · · · f(tp)f(ts1) · · · f(tsq)

dM(t1) · · · dM(tp)dM(s1) · · · dM(sq)
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(∫
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Chaos decomposition

Theorem ( Wiener-Itô Chaos Decomposition )

L2(C0[0, 1],PW ) =

∞⊕
n=0

Hn,

Hn = span
{
Hn

(∫ 1

0
h(s)dW (s)

)
, h ∈ H, ‖h‖L2(0,1) = 1

}
,

Hn

(∫ 1

0
h(s)dW (s)

)
= n!

∫ 1

0

∫ tn

0
· · ·
∫ t2

0
h(t1), . . . , h(tn)dWt1 · · · dWtn .



Chaos Decomposition

Theorem (Chaos decomposition: Gaussian Hilbert space )

H : seperable Hilbert space

H : closed subspace of zero-mean Gaussian r.v.s

H ∼= H, E(W (h1)W (h2)) = 〈h1, h2〉H

L2(Ω,G(W (h)),P) =

∞⊕
n=0

Hn

Hn = span{Hn(W (h)), h ∈ H, ‖h‖H = 1}
= span{In(f), f ∈ H�n}



4th Moment Theorem

Theorem ( Nualart-Peccati Criterion, 2005 )

For q ≥ 2, Fn = Iq(fn), fn ∈ H�q, n ≥ 1. E(F 2
n)→ 1. The

following 4 conditions are equivalent, as n→∞,

(i) Fn
d−→ N (0, 1);

(ii) E(F 4
n)→ 3;

(iii) ‖fn ⊗r fn‖H⊗2(q−r) → 0, r = 0, 1 · · · , q − 1;

(iv) ‖D(Fn)‖2H → 0 in L2.



4th Moment Theorem

Approaches to prove

Nualart, Peccati (05, Ann. Probab.)
Dambis-Dubins-Schwarz Theorem

Nourdin, Peccati (09, P.T.R.F.)
Stein’s method and Malliavin calculus

Nourdin (11, Electron.Comm.Probab.)
k-moment, combinatorial techniques

Ledoux (12, Ann. Probab. )
Markov operators, spectral theory

Nourdin, Peccati and Swan (13, arXiv)
Relative entropy



Question

Does 4th Moment Theorem hold for complex Wiener-Itô integrals?
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Generating function of real Hermite polynomial

exp
(
tx− t2

2

)
=

∞∑
n=0

Hn(x)tn.

H ′n(x) = Hn−1(x), (n+ 1)Hn+1(x) = nHn(x)−Hn−1(x)

Generating function of Complex Hermite
polynomial

exp
(
− tt+ tz + tz

)
=

∞∑
p,q=0

1

p!q!
Hp,q(z, z)t

p
tq.

∂

∂z
Hp,q = pHp−1,q,

∂

∂z
Hp,q = Hp,q−1, . . .



Generating function of real Hermite polynomial

exp
(
tx− t2

2

)
=

∞∑
n=0

Hn(x)tn.

H ′n(x) = Hn−1(x), (n+ 1)Hn+1(x) = nHn(x)−Hn−1(x)

Generating function of Complex Hermite
polynomial

exp
(
− tt+ tz + tz

)
=

∞∑
p,q=0

1

p!q!
Hp,q(z, z)t

p
tq.

∂

∂z
Hp,q = pHp−1,q,

∂

∂z
Hp,q = Hp,q−1, . . .



Generating function of real Hermite polynomial

exp
(
tx− t2

2

)
=

∞∑
n=0

Hn(x)tn.

H ′n(x) = Hn−1(x), (n+ 1)Hn+1(x) = nHn(x)−Hn−1(x)

Generating function of Complex Hermite
polynomial

exp
(
− tt+ tz + tz

)
=

∞∑
p,q=0

1

p!q!
Hp,q(z, z)t

p
tq.

∂

∂z
Hp,q = pHp−1,q,

∂

∂z
Hp,q = Hp,q−1, . . .



Generating function of real Hermite polynomial

exp
(
tx− t2

2

)
=

∞∑
n=0

Hn(x)tn.

H ′n(x) = Hn−1(x), (n+ 1)Hn+1(x) = nHn(x)−Hn−1(x)

Generating function of Complex Hermite
polynomial

exp
(
− tt+ tz + tz

)
=

∞∑
p,q=0

1

p!q!
Hp,q(z, z)t

p
tq.

∂

∂z
Hp,q = pHp−1,q,

∂

∂z
Hp,q = Hp,q−1, . . .



∫
· · ·
∫
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Dynamics Associated with Complex Chaos Decomposition

1-d complex OU process

dZt = −αZtdt+
√

2σ2dζt.

α = aeiθ = r + iΩ, ζt = B1(t) + iB2(t)

[
dX1(t)
dX2(t)

]
=

[
−a cos θ a sin θ
−a sin θ −a cos θ

] [
X1(t)
X2(t)

]
dt+

√
2σ2

[
dB1(t)
dB2(t)

]
=

[
−r Ω
−Ω −r

] [
X1(t)
X2(t)

]
dt+

√
2σ2

[
dB1(t)
dB2(t)

]
.
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Invariant measure, Generator of 1-d complex OU process

Invariant measure

dµ =
r

2πσ2
exp

{
−r(x

2 + y2)

2σ2

}
dxdy.

Generator

A = (−rx+ Ωy)
∂

∂x
+ (−Ωx− ry)

∂

∂y
+ σ2(

∂2

∂x2
+

∂2

∂y2
)

= − r
[(

1 + i
Ω

r

)
z
∂

∂z
+
(
1− i

Ω

r

)
z
∂

∂z
− 4σ2

r

∂2

∂z∂z

]



Eigenvalue

Proposition ( Normal operator (�~,�5,5��f) )

AA∗ = A∗A

As = σ2∆− rx ∂
∂x − ry

∂
∂y , J = −iΩ(y ∂

∂x − x
∂
∂y )

AsJ = JAs

Proposition ( Metafune, Pallara, Priola 02, Chen & L. 14a )

σ(A) = {−(m+ n)r + i(m− n)Ω, m, n = 0, 1, 2 . . . }



Eigenfunction

Theorem ( Eigenfunction of complex OU operator )

The eigenfunction associated with the eigenvalue
−r(m+ n)− i(m− n)Ω of A is

Jm,n(z, ρ) =


zm−n

n∑
r=0

(−1)rr!
(
m
r

)(
n
r

)
|z|2(n−r) ρr, m ≥ n,

z̄n−m
m∑
r=0

(−1)rr!
(
m
r

)(
n
r

)
|z|2(m−r) ρr m < n,

=

{
zm−n(−1)nn!Lm−nn (|z|2 , ρ), m ≥ n,
z̄n−m(−1)mm!Ln−mm (|z|2 , ρ), m < n.

Jm,n(x, y) =

{
(−1)nn!(x+ iy)m−nLm−nn (x2 + y2, ρ), m ≥ n,
(−1)mm!(x− iy)n−mLn−mm (x2 + y2, ρ), m < n,

ρ = 2σ2

r , Lαn(z, ρ) is Laguerre Polynomial.



Hermite-Laguerre-Itô Polynomial

Remark

If ρ = 1, Jm,n(z, 1) is called the Hermite polynomials of complex
variables by K. Itô. We name Jm,n(z, ρ) the Hermite-Laguerre-Itô
Polynomials.

The first few Hermite-Laguerre-Itô polynomials are

Jm,0 = zm, J0,n = z̄n,

J1,1 = |z|2 − ρ, J2,1 = z(|z|2 − 2ρ), J3,1 = z2(|z|2 − 3ρ), . . .

J1,2 = z̄(|z|2 − 2ρ), J2,2 = |z|4 − 4ρ |z|2 + 2ρ2, J3,2 = z(|z|4 − 6ρ |z|2 + 6ρ2), . . .

. . .



Proof: 2 Approaches

� Key point: AsJ = JAs, common eigenfunctions. Solving βk
Jm,n(x, y) =

l∑
k=0

βkHk(x,
ρ
2)Hl−k(y,

ρ
2)

Jm,n(x, y) = −iλΩJm,n(x, y)

M
(
− i(m− n)

)
~β = 0

� Complex creation and annihilation operator

(∂∗φ)(z) = − ∂

∂z̄
φ(z) +

z

ρ
φ(z), (∂̄∗φ)(z) = − ∂

∂z
φ(z) +

z̄

ρ
φ(z).

J0,0(z, ρ) = 1

Jm,n(z, ρ) = ρm+n(∂∗)m(∂̄∗)n1.



Proof: 2 Approaches

� Key point: AsJ = JAs, common eigenfunctions. Solving βk
Jm,n(x, y) =

l∑
k=0

βkHk(x,
ρ
2)Hl−k(y,

ρ
2)

Jm,n(x, y) = −iλΩJm,n(x, y)

M
(
− i(m− n)

)
~β = 0

� Complex creation and annihilation operator

(∂∗φ)(z) = − ∂

∂z̄
φ(z) +

z

ρ
φ(z), (∂̄∗φ)(z) = − ∂

∂z
φ(z) +

z̄

ρ
φ(z).

J0,0(z, ρ) = 1

Jm,n(z, ρ) = ρm+n(∂∗)m(∂̄∗)n1.



Proof: 2 Approaches

� Key point: AsJ = JAs, common eigenfunctions. Solving βk
Jm,n(x, y) =

l∑
k=0

βkHk(x,
ρ
2)Hl−k(y,

ρ
2)

Jm,n(x, y) = −iλΩJm,n(x, y)

M
(
− i(m− n)

)
~β = 0

� Complex creation and annihilation operator

(∂∗φ)(z) = − ∂

∂z̄
φ(z) +

z

ρ
φ(z), (∂̄∗φ)(z) = − ∂

∂z
φ(z) +

z̄

ρ
φ(z).

J0,0(z, ρ) = 1

Jm,n(z, ρ) = ρm+n(∂∗)m(∂̄∗)n1.



Relation between real and complex Hermite polynomials

Proposition ( Chen & L. 14a, 14b )

z = x+ iy. Then

Jm,l−m(z) =
l∑

k=0

il−k
∑

r+s=k

(
m
r

)(
l−m
s

)
(−1)l−m−sHk(x)Hl−k(y),

Hk(x)Hl−k(y) = il−k

2l

l∑
m=0

∑
r+s=m

(
k
r

)(
l−k
s

)
(−1)sJm,l−m(z).

Thus, {Jk,l(z) : k + l = n} and {Hk(x)Hl(y) : k + l = n}
generate the same linear subspace of L2

C(C, ν).

Jm,n(z, ρ) = Jn,m(z, ρ).

Eν [Jm,n(z, ρ)2] = Eν [Jm,n(z, ρ)Jn,m(z, ρ)] = 0, if m 6= n.



Complex Gaussian Hilbert space, Complex isonormal

Gaussian process

Definition

H : separable Hilbert space

X, Y : i.i.d. real Gaussian isonormal process over H

XC, YC : complexicfation of X, Y

Z(h) =
XC(h) + iYC(h)√

2
, h ∈ HC



Complex chaos decomposition

Theorem ( Chen & L. 14b )

Hm,n(Z) = span{Jm,n(Z(h)), h ∈ HC, ‖h‖HC}

L2
C(Ω, σ(X,Y ), P ) =

∞⊕
n=0

∞⊕
m=0

Hm,n

Remark ( Janson 08 )

L2
C =

∞⊕
n=0

H :n:
C .

In fact, we can prove

H :n:
C =

∞⊕
m=0

Hm,n.



Complex Wiener-Itô multiple integrals

Definition

Jm,n :=
∏
k

1√
2mk+nkmk!nk!

Jmk,nk
(
√

2Z(ek)).

Im,n(symm(⊗∞k=1e
⊗mk
k )⊗ symm(⊗∞k=1ē

⊗nk
k )) =

√
m!n!Jm,n.

Im,n(f) : H�mC ⊗ H�nC 7→Hm,n.



A product formula of real multiple integrals

W : Gaussian Hilbert spaces over H⊕ H.
Hn(W ): n-th Chaos decomposition of W .

Theorem ( Chen & L. 14b )

Suppose that ‖f‖2H + ‖g‖2H = 1,

Hn(X(f)+Y (g)) =

n∑
l=0

(
n

l

)
‖f‖l ‖g‖n−lHl

(X(f)

‖f‖
)
Hn−l

(Y (g)

‖g‖
)
,

Hl(X(f))Hn−l(Y (g)) =
∑
k

M−1l,kHn

(
cos θkX(f) + sin θkY (g)

)
.

Hn(W ) =
⊕
k+l=n

Hk(X)Hl(Y ).



Connection between real and complex chaos

Theorem ( Chen & L. 14b )

Suppose that ‖f‖2H + ‖g‖2H = 1,
∥∥∥f̃∥∥∥2

H
+ ‖g̃‖2H = 1.

Hn

(
X(f) + Y (g)

)
+ iHn

(
X(f̃) + Y (g̃)

)
=

n∑
k=0

dk
(
Jk,n−k(Z(h)) + iJk,n−k(Z(h̃))

)
,

where h =
√

2eiθ(f − ig), h̃ =
√

2eiθ(f̃ − ig̃),

dk =
1

2n

∑
r+s=k

(−1)s
n∑
l=0

(
n

l

)(
l

r

)(
n− l
s

)
(cos θ)l(i · sin θ)n−l.



Connection between real and complex chaos

Theorem ( Continued )

Suppose that HC 3 h with ‖h‖HC
=
√

2,

Jk,n−k(Z(h)) =

n∑
i=0

c̃iHn(X(fi) + Y (gi)),

fi + igi = 1√
2
eiθi h̄, and

c̃i =
n∑
j=0

M−1j,i in−k
∑
r+s=j

(
k

r

)(
n− k
s

)
(−1)n−k−s.

HC
n(W ) := Hn(W ) + iHn(W ) =

⊕
k+l=n

Hk,l(Z).



A product formula of real multiple integrals

Theorem ( Chen & L. 14b )

Suppose that ϕ ∈ H�mC ⊗H�nC and F = Im,n(ϕ) = U + iV , There
exist real u, v ∈ (H⊕ H)�(m+n) such that

U = Im+n(u), V = Im+n(v),

where Ip(g) is the p-th real Wiener-Itô multiple integral of g with
respect to W . And if m 6= n then

E[U2] = E[V 2], E[UV ] = (m+ n)!〈u, v〉(H⊕H)⊗(m+n) = 0.
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4th moment theorem

Theorem ( Chen & L. 14b )

Fk : (m,n)-th complex Wiener-Itô multiple integrals, m+ n ≥ 2,
E[|Fk|2]→ σ2 as k →∞.

(1) If m 6= n, as k →∞, then

(i) (Fk)
d−→ζ ∼ CN (0, σ2);

⇔

(ii) E[|Fk|4]→ 2σ4.



Theorem ( Continued )

(2) If m = n, E[F 2
k ]→ σ2(a+ ib), a, b ∈ R, a2 + b2 < 1, then

(i) (ReFk, ImFk)
d−→ N (0, σ

2

2 C), where C =

[
1 + a b
b 1− a

]
,

⇔

(ii) E[|Fk|4]→ (a2 + b2 + 2)σ4.

(3) If m = n, E[F 2
k ]→ σ2(a+ ib), a, b ∈ R, a2 + b2 = 1, then

(i) (ReFk, ImFk)
d−→ N (0, σ

2

2 C)

⇔

(ii) E[|Fk|4]→ 3σ4

⇔

(iii) E[Fk
4]→ 3(a+ ib)2σ4.
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