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Model

@ Model:
aX; = 0X:dt + dVs, (1 1)

where dV; = pVidt + dWs, 6 < 0, p < 0 are unknown parameters
and W = {W;, t € [0,00)} is a standard Brownian motion, the initial
values Xp =0and Vp = 0.

@ Problem: asymptotic behaviors of the parameter estimators.
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Introduction Model and parameter estimators

@ The model (1.1) is the continuous-time version of second-order sta-
ble autoregressive process:

X =051+ 20, &= péh + Vi (1.2)

where the noise (\7k)k>1 is a sequence of independent and iden-
tically distributed random variables. The asymptotic properties of
parameters in this model:

e Bercu and Proia (ESAIM Probab. Stat., 2013) ,

o Bitseki Penda, Djellout and Proia (ESAIM Probab. Stat., 2013).
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Introduction Model and parameter estimators

Parameter estimators

@ If V is observable, then from one-dimensional OU process,
JoXedXe  X2-T
Jy X2dt 2 ] X2at
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Jo xeat T xgat )
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are natural estimators of 6 and p.
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Introduction Model and parameter estimators

@ When V is not observable, V can be estimated by

t
Vi=Xi—0r%;, where ¥;= / Xsds. (1.4)
0
Then ) <
. X2-T vzt
Or = TTiz? PT:77_-7A2 (1.5)
2 [, X?dt 2 [, Vadt

are estimators of 6 and p.
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Introduction Model and parameter estimators

@ The estimators are not asymptotic unbiased estimators of 6 and p.
In fact, when T — oo, almost surely,

Or —0°, pr—p",

where 60(0 1 p)
pld +p
0" =0+p, p'=—-g—"o-. 1.6
° Ifﬁ > p, then glmost surely, 0 > Ay > pr for T large enough, and
(01, p1) = ¢(0T, pT) Is an asymptotic unbiased estimator of (6, p),
where, for 0 > x; > Xo,

1 4 x5 4x5
= _ — 1— 1— .
p(x) =3 <X1 x4 X g X x1—x2>

@ By delta method, it is sufficient to study asymptotic behaviors of
(07, p7).
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Introduction Model and parameter estimators

@ ¢ : X — Y Hadamard differentiable at . Let r, — oo.

@ Delta method:
If {rn(Zn — 0),n > 1} converges weakly to Z, then {r,(®(Z,) —
®(0)), n > 1} converges weakly to ®;(2).

@ Delta method in large deviations (Gao, Zhao (AOS,2011) ) :
If {rn(Z, — 6),n > 1} satisfies the large deviation principle with
speed A\(n) and rate function /, then {ry(®(Z,) — ®(0)), n > 1} sat-
isfies the large deviation principle with speed A(n) and rate function
lo; , where

loy () = nf{1(x); ®(x) = y}.
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Introduction Model and parameter estimators

@ It is obvious that the estimator 7 is a function of the following
quadratic functionals for the OU processes :

T T T
ST:/ X2dt, PT:/ X; Vst QT:/ Y2dt. (1.7
0 0 0

@ In particular, In order to study large deviations for these quadratic
functionals, we need to estimate the Laplace integrals of these
quadratic functionals.
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Introduction Model and parameter estimators

@ A powerful tool is the Log-Sobolev inequality on the Wiener space
W:
-
Ent(f?) < CE (/ |th|2dt> , fecl(w/L?).
0

where C}(W/L?) is the space of all bounded function f on W, dif-

ferentiable with respect to the L?-norm, such that Vf is also contin-
uous and bounded from W equipped with L?-norm to L2([0, T], R).

e Gourcy, Wu(Potential Analysis, 2006),
e Gao, Jiang (ECP,2009)).

@ Here, we estimate Laplace integrals of the quadratic functionals by
calculating the eigenvalues of the Hilbert-Schmidt operators asso-
ciated with the quadratic functionals.
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Introduction Main results

Multiple Wiener-1t6 Integrals

@ SetA=[0,Tand Ay ={(t1, -, ta) € [0, T] 4 <--- <t, < T}
for every n > 1. For any symmetric function f € L?([0, T]"), the
multiple stochastic integral J,(f) is defined by

Jn(f) — f(S1, 7Sn)dWs1 "‘dWsn. (18)
An

@ For each symmetric function f € L2([0, T]?), define:

i
(A'p)(t) = /0 f(s.0)¢(s)ds, e 20, T]).  (19)
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Introduction Main results

o A'is a symmetric Hilbert-Schmidt operator on L2(]0, T]), i.e.,

1A |35 32/[ . |f(s, t)|?dsdt < co.

)

@ The operator A is of trace class and can be written by

oo

Alo(t) = Nilhi @) 2o, myhi(t)
i=

where \;,i = 1,--- are the eigenvalues of A’ counted repeatedly
according to the multiplicity, and h;(t) is the eigenvector with eigen-
value \;,i > 1. Set o(A") = sup{|\j|,i > 1}.
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Introduction Main results

Decompositions of the quadratic functionals

9 0
St=——-5 5— 02 (f1) + Jg(fz) + WJZ("S)
p Op T
P ) (f) -t ey T,
T e CEa P Ot e R
(1.10)
1 1 1
Qr =go = zhh) = o=z hl) + o =g h(h)
] T
———ado(fy) - 5 do(f5) -
) U o) el e Bl
(1.11)
and
0 p 1 b
+53,T7
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Introduction Main results

where

{ fi(s,t) = Sl f(s,t) = et=Sl, fy(s, 1) = 20T 0+,

fi(s, 1) = e2T—r1+s)  f(s ) = el0+A)T (e ps—0t | g—bs— pt)
1

( 13)
1 T —1  eT -1 20p(e*t7
1,7 = (v — 0)2 2 -+ 7 0 p)2
1 e20T _ 4 e2rT _ 1 (e(é’-i—p)T
R ) N V- p)2 ’
e —1 0 (el*AT 1)
e = — .
ST ap(p—0)  (0+p)2(p—0)
(1.14)
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Laplace integrals for quadratic Wiener functionals

Theorem 1.1

(1). o(A") < —2,i=1,2,and forall u < -4,

E (exp {ud2(f)})

- (COSh(Tm>‘(0+M)Sw)); (1.15)
<oxp {50+ 0T},

E (exp {nd2(f2)})

- <C°Sh (TVi2+2u) - (pW)Sw))_; (1.16)

a' ) 1 Q \ Tl
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Introduction Main results

(2). The operators A% and A’ have the eigenvalues 920;‘1 and €71

p b
. M(e29T_1)
repectively, and for ——— < 1

E (exp {nda(B)}) = (1 - & (27 - 1))5 exp {~15 (¢¥7 1)}
(1.17)
u(e? 1)

for - <1

E (exp {uda(fs)}) = <1 _H <62pT B 1))
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Introduction Main results

(3). The operator A% has the eigenvalues

e0+n)T _ 4 L \/(1 — e20T)({ — g20T)

0+p 2 0p

and for (e((”p)r_1 +3 (1629T)(162pr)) <1

6+p 0p
E (exp {uda(f5)})
2 2 20T 2pT _%
(1 P (gotn)T _ o p( =) — ™)
- ((1 0+ p (e 1)) 49p
Xexp{_eip (e(9+P)T_1>}' ( )
1.19
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Deviation inequalities

Theorem 1.2

There exist some positive constants Cy, Co depending only on 6, p, such
that for allr > 0 and T large enough,

.
P(|S > rT
( T+2(9+p>‘—r)

P < Qr + 29[)(97-—1—p)‘ > I'T) < 4e=Cv(NT + 129_02”-7 (1.20)

{
P(|Pr+ | >rT
<T+2(e+p)‘— ) J

8r—1
P(r) = rhoqa)(r) + 16 I /4,00)(F)-

v
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Introduction Main results

Moderate deviations for parameter estimators

Let a(T) be positive numbers satisfying

a(T) a(T)
T—>O, ﬁ%oo, T — oo.

Define 5
()
L Up

2p*((6*)2—6p)
(0%)2+0p

2 29" ((07)° + 0p ((0%)* — 0p(2(6%)? — 0p)))

g, = .

((6)2 + 0p)°

where 03 = —260*,. = , and
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Introduction Main results

Theorem 1.3
The family {TTT) (ér — 0%, p1 — p*) T > O} satisfies the large devia-

tions with speed @ and good rate function
1 —1,7 2
l(x)zéxl' X", xeRe,
that is, for any closed set F ¢ B(R?),

lim sup T log P (T
Tooo @ (T) a(T)

and for any open set G € B(R?),

(éT — 0 pr— p*) € F) < — inf I(x)

XeF

I T
liminf —— log P (a(T)

I — 0%, pr — p* > — i :
minf > (9T 0%, pr p)eG) inf I(x)

xe@

v
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A representation for Laplace integral of quadratic
Wiener functionals.
Let 1» € L?([0, T]) and let f be a symmetric function in L?([0, T]?). Set

F = J;(¢) + Jo(f). Assume that / 4 A’ has positive spectrum. Then for
any u € R with uo(A") < 1,

E (e“F> = (detz(l - MA’))A/2 o' I3 W) (I-nA) T (s)ds. (2.1)

where the Carleman-Fredholm determinant dety(/ + A") is defined by

deto(/ + A") = det(/ + ANe ™',

[e.e]

det(/+ A" =JJ(1 +\), tA = Z)\,,

=0
and );,i > 0 are the eigenvalues of A", counted with their multiplicities.
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Laplace integrals for quadratic functionals Laplace integrals

Therefore, in order to calculate the Laplace integrals
E(equ(n)>’ i=1,....5

a key step is to calculate the eigenvalues of the operators A, i =
1,...,5.
@ References for Laplace integrals of the quadratic functionals:
o Lévy’s stochastic area formula (lkeda, Kusuoka and Manabe, Proc.

Pure. Math. AMS, 1995),
@ Solutions of the KdV equation (Taniguchi, JFA, 2004).
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Laplace integrals for quadratic functionals Laplace integrals

Lemma 2.1

X # 0 is an eigenvalue of A" if and only if
sinh (T\/92 T 29>r1)
V2 4+ 201

where S"M(2) _ e*-e"® for 7 c R and't € [0, T].

cosh (T\/HZ n 26?)\—1> .

(9 + A“) —0, (2.2)
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Laplace integrals for quadratic functionals Laplace integrals

Lemma 2.2

Let {\;} be the eigenvalues of Ah and
MN(T)=max{\,i>1}, M\(T)=min{\;,i>1}.
Then

2
A= liminfA(T) =0, A :=limsup\(T) < -=.  (2.3)
T—o0 T—o0 0

v
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Laplace integrals for quadratic functionals Laplace integrals

Lemma 2.3

Forall i < -9,
(dety(/ — pAR)) 2
- (cosh (T\/92 n 2u9) -

X exp{—é(&%—u)T}.

(6 + ) sinh (T\/ev2 + 2m9) =
V02 + 210 )
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Laplace integrals for quadratic functionals Laplace integrals

Proof of Theorem 1.1

From Lemma 2.2, o(A") < —2. For any p < —§, we can write by (2.1)
that

1
E (exp {a(f1)}) = (deto(l — pA")) 2.
Therefore, by Lemma 2.3,

E (exp {uda(f)})
= (cosh (T\/GZ + 2M9>

X exp {—;(0 +u)T} .

(6 + 1) sinh (T\/02 n 2u9) -3
- N2, >
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Laplace integrals for quadratic functionals Deviation inequalities

Proof of Theorem 1.2

Forall0 < p< -4,

2 I
V02 +2u0 > —(0+ p) + R

From (1.15), it follows that

E (exp {nd2(f1)})
:<1_ 0+ p +1e—2T 02+2u9<1+ 0+ p >>_;
2 2y2t2us 2 V62 + 206
x e—%(x/@%ﬂ)
<e

By Chebychev’s inequality, for any r > 0
P(|Je(fy)| > rT) < 267 ¥, (2.4)
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Laplace integrals for quadratic functionals Deviation inequalities

Corollary 2.1
Forany é > 0,

I|m ZZ-T) IogP(‘ST + 2(91+p)' >5> = —00.

1

. T Qr B

T—o0 32( T)
and

I|mTIoP'DjL 1 >0 ) =-
2 2T \T T2 1)) -

F.Q. Gao (Wuhan University) Laplace integrals for quadratic Wiener functior 2014 28/34



Moderate deviations for 67 and s Exponential equivalence

Exponential equivalence

Firstly, we show that ?TT)(éT — 0%, p7 — p*) is exponential equivalent to
a linear transformation of the martingale ﬁ(MT, MY), where

T T
My = / X;dW;, MY = / VidW,.
0 0
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Moderate deviations for 67 and s Exponential equivalence

Proposition 3.1

Foranye > 0,

T T . —20* M7
Or — ") — —— L =— 3.1
Am 2 '°gP< anT=) " —m >€> o0, (31)
and
T . N CiMt + CQM7\-/ _
Jim 2(T) log P <|a(T)(pT—p ) — Bt e R R
(3.2)
where
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Moderate deviations for 67 and s Exponential equivalence

We can write
Mr Ry —-20"My My [ T
or — 0" = T (=—+200 L
T St -1 T\ tAlta)
where
0p T ? 9p
_— f— 2
Ry = 5 (/O X,dt) 5 —X7

Then, (3.1) is a conclusion fo the following lemma.
Lemma 3.1

For any § > 0, we have

. T T |Rr L
Ity 07 (am 5| >0) =
and
. T Mz T L
TlinooaQ(T)logP(av(T)<8T+2(9+p)>‘>5>_ 0.
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Moderate deviations for 67 and s Exponential equivalence

Corollary 3.1

T ) *
ﬁwr—@ )

lim sup lim sup a2(TT) log P < > N) =—00. (3.5)

N—oco T—oo
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Moderate deviations for 67 and s Moderate deviation principle

Proof of Theorem 1.3. Theorem 1.3 can be obtained from Proposi-
tion 3.1 .
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Moderate deviations for 67 and s Moderate deviation principle

Thank you for your attention
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Moderate deviations for 67 and s Moderate deviation principle
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Moderate deviations for 67 and s Moderate deviation principle
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