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Random Partitions

For any integer n > 1 and 1 < k < n, a partition 7 of the set [n| = {1,...,n}
into k& blocks is a collection of k& nonempty unordered disjoint subsets A4, ..., Ag
of {1,...,n} such that

{1, c. ,n} — U'];::[A’l;°

Let P,, be the set of all finite partitions of {1,...,n}.

Definition: A random partition is a random variable II,, taking values in P,,. The
partition II,, is exchangeable if its law is invariant under permutations.

Definition: A consistent (in terms of restriction) family of {IL, : n > 1} denoted
by II is called a random partition of N = {1,2,...}.

Definition: A random partition 1I is exchangeable if for each n > 1 1I,, is
exchangeable.
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Let |A| denote the number of elements in A and set
Then nq,...,n; is clearly a partition of integer n. For any 1 < j < n, set

Clearly

n

n
ijj:n, ij:k
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A simple example: n =12 and

{1,2,3,4,5,6,7,8,9,10,11, 12}
={1,7,9 U {2,6} U{3,4,5} U {8,10,12} U {11}.

For this particular partition, we have

k=5

m1:1,m2:1,m3:3,m4:-~:m1220.
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The total number of set partitions of {1,...,n} corresponding to my,...,m,

IS
n!
Dmy,....my) = =
Hj:l(]!)mjmj!
Given a random partition II,,, let K,, be the total number of sets in the partition,
{'s+--, N the corresponding set sizes, and
M]n =#{i: N'=j}.
Definition: M7{, ..., M are called the frequency counts of the random partition
IL,,.

K, = Z?Zl M7 is the total frequency counts.
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Construction of Random Partitions

— Poisson point process

— Subordinator and excursion
— Gnedin's random open sets
— Kingman's paintbox

— Random distributions

— Species sampling

— Urn models (e.g. Chinese restaurant process)
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Construction Through Random Sampling

Let (X1,...,X,) be a random sample of size n from a population following
certain “nice "distribution.

A random partition is constructed so that the i, 7 belongs to the same family iff
X =X;.

Total frequency count K,, = the number of distinct families in the sample.

Frequency count M;" = number of families of size j.
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Given Xi,...,X,, additional samples of size m are selected resulting in a
sample of total size n + m: Xq,..., X, Xpa1,.- -, Xnam.

Let K,,S?) = K,,1n — K,, denote the total frequency counts of new blocks
introduced by the additional sample of size m.

Questions

1 What happens to K, and M} for large n? (unconditional setting)

2 Given X1, ..., X,,, what happens to K\ and M](nij) for large m?

(conditional setting)
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Example Consider a population of r types of individuals with corresponding
proportions p1,...,p,.. laking a random sample X;,...,X,, from the population
and introducing the equivalent relation ¢ ~ j iff X; = X;. This leads to a random
partition of {1,2,...,n}.

Possible generalizations:
1 The number of types r becomes infinity.
2 pi,...,pr becomes random.

The random sample X1, ..., X, will be exchangeable instead of iid.

3 Both 1 and 2.
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Finite r
A nice randomization of pq,...,p, is the Dirichlet distribution.
r = 00

A nice choice would be the so-called two-parameter Poisson-Dirichlet distribution
or equivalently

m=U, pn=010-U1)---(1—=Up-1)Up,n >2

where U;,Us, ... are independent Beta random variables with U; following the
beta(l — a, 0 + icr) distribution for some 0 < a < 1,0 + a > 0.

The latter is the focus of this talk.
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Pitman Sampling Formula

For each my,...,m,,and 0 < a < 1,0 > —«

P{M} =mj,j=1,...,n} = D(ma,...,my)

where the notation

(@)ars = ala+) -~ (a+ (n - 1)b).

This is the two-parameter Pitman model or the Ewens-Pitman model.
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Unconditional Results

Total Frequency Counts K,

The total frequency counts {K,},>1 is a nondecreasing Markov chain with
Ky =1andforany k > 1

ko + 6

P{K,+1=k+1|Kq,..., K, =k} =
(Koin =k + 1], b=
n — ka
P{K,+1=kKq,....K, =k} = .
(K1 = MK b=

This describes a natural urn structure as follows.
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e Consider an urn that initially contains a black ball of mass 6.

e Balls are drawn from the urn successively with probabilities proportional to their
masses.

e When a black ball is drawn, it is returned to the urn together with a black ball
of mass o« and a ball of new colour with mass 1 — «.

e |f a non-black ball is drawn, it is returned to the urn with one additional ball of
mass one with the same colour.

e Colors are labelled 1,2, 3, ... in the order of appearance.

The total frequency counts represent the total number of different new colours
after the nth draw.
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Given 0 < a < 1,0 > —q, the distribution of K,, is given by

(0 + a)k—11a
(0 +1)n—111

P{K, = k} = S.(n, k)

where S, (n, k) is a generalized Stirling number of the first kind satisfying

r(x+1)---(xr+n-—1) ZS n,)x(r+a) - (r+ (i —1)a)
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Fluctuation

Let S, ¢ be a positive continuous random variable with density function

e+ 1) o
ga,Q( )— F(%—!— 1)37 goz(x)7
where »
L o (=)™ IR
)= —S" T Tlia+ 1)
go () WQ; g (i + 1)a"™ " sin(mai)

is the density function of the Mittag-Leffler distribution.

Theorem 1. (Pitman (97))

. K,
lim — =S, a.s.
n—oo N ’
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Large Deviations

Define

and

Theorem 2.
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I“(z) = Sl)l\p{ACU —Aa(M}

(F and Hoppe(98)) For appropriate subset A of |0, 00),

P{K,/n € A} < exp{—n inf I%(x)}.

€A
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Key Calculations in the Proof

For 8 = 0, BN (e
B{(K,)) = o
ForA>andz=1—¢e""
E[(l i x)Kn] _ Zajz (1 -7271—1 1)

This leads to
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Frequency Counts M}

Lemma 3. (Favaro and F (2014a)) For any integers j,r > 1, we have for 6 # 0
E[(Mj') 1]
and for 6 = 0,
E[(M]")r1]
= ar1<n> .T C) =1 (O‘<1 - Oéz)!(l_m) e
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In particular, one has

ro+1)d-a)g-pnl'l@+a+n—yj nl
[0+ «) j! I'(6 + n) (n — j)!

0+ a)l(0+1)
- T(0 4+ 2a) (

(1 —oz)(j_l)Tl)QF(G—l—Zoz—l—n—Zj) n!
j! ['(0+n) (n —25)!
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Let n tends to infinity, we obtain

My (0+a)

Y

Var[—L] — I'( + 1){ -

n '+« [I'(0+ a)l?

Define
al'(j — «a)

[0 +1) }<(1 — ®)j—111
g1

&Wﬁzru—&wg+¢)
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LLN

For any 57 > 1,

Fluctuation(Pitman(97)):
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M
— 5 0,n—= 00, a.s

My

nO{

= Sa,0,j, M — 00.
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Large Deviations

For A\>0, letz=1—e"" and

Fo(z;0,a) = K[ =E

Theorem 4.

Fo(z;0, )
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In particular for 6 = 0, we have

Fo(x;0, )
2]

z ' &u—amqwli no(n—ij—+io—1
‘o \1-z 5! n—ij\ n—ij—1 )

For A <0, set A, ; =0. For A >0, let

<3

ax(l — oz)(j_l)ﬂ
(1 —x)j!

T =

and eg(A) be the unique solution of the equation

(j —a)log(l — (j —a)e) — jlog(l — je) — alogae —logx = 0.
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For A > 0, define
Qe

Ao, i(AN) =log[l + T

|

and
Ii(y) = sup{\y — An ;(N) : A € R}

Theorem 5. (Favaro and F(2014b)) For any measurable set A C R, set I;(A) =
inf{l;(y) : y € A}. Then

n n

M; _
I;(A°) < lim mf—log IP’{— € A} <lim sup—log IP’{— € A} < —I;(A)

n—oo M n—oo N

where A° and A are the interior and closure of A respectively. In other words the
family {M?}'/n : n > 1} satisfies a LDP under the two-parameter Dirichlet process
with good rate function I;(-) as n tends to infinity.
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Conditional Results

Total Frequency Counts

Let P; and [E; denote the respective conditional law and conditional expectation
given K,, = I[.

Theorem 6. (Favaro and F (2014a)) For A >0, let x =1 — e=*. Then

(n)
El[e)\Km ]
L n+0+koa+m—1
_ +£ £ 4 < n+04+m—1 )
= (1 -2 ZH(Z i 5)’““ (HOFRa=T)
k>0 n+60—1
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Fluctuation

For any c,d > 0, let B. 4 denote the beta random variable with parameters ¢

and d. Let Sif; be the independent product of a beta random variable B;_ g /4 n/0—1
and Sa,g.

Theorem 7. (Favaro et al (2009)) Under IP;, we have

K5
——>S § @.5.asm — 0.
mOé

In other words, the condition on the first n samples has a long lasting impact about
the fluctuation of future samples.
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Large Deviations

Theorem 8. (Favaro and F(2014a)) For any measurable set A C R,

—I(A°) < liminf —log IP’Z{ € A} < limsup — logP;{
m

m—oo MM m— o0

where A° and A are the interior and closure of A respectively, and the rate function
IS the same as the unconditional case.
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Frequency Counts

Fluctuation

Theorem 9. (Favaro et al (2009)) Under IP;, we have

M("er) (i —
J 5 ol'(y a) Sg% a.S. as m — oo.
me 'l—a)l'(j+1) *%

In other words, the condition on the first n samples has a long lasting impact about
the fluctuation of future samples.
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Large Deviations

Theorem 10. (Favaro and F(2014b)) For any measurable set A C R,

1 M(n—km)
—I;(A°) < liminf—logP{—2 c A}
m—oo M
1 M(n-l—m)
< limsup — logP/{—2 c A}
m—oo M
< —Ii(4)

where the rate function turns out to be the same as the unconditional case.
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