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Il. Background

Superprocess:

1 WHAT is a superprocess?
2 WHY studying a superprocess?
3 HOW to study a superprocess?

Flow superprocess:

1 WHAT is a flow superprocess?
2 WHY studying a flow superprocess?
3 HOW to study a flow superprocess?

Any difference in between?  Independence / Dependence
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II.1 Background: Superprocesses

WHAT is a superprocess and WHY studying it?

1 Heuristically and roughly, a superprocess is used to describe the
evolution of population in an area, evolution of cells in a system,
evolution of clouds, etc; it is a measure-valued Markov process.

2 Mathematically, a superprocess arises as the high density limit of
branching particle systems; it is characterized by

/ e "NQy(u, dv) = e HVih),
M(E)

Vif(2) = Pof(x) /0 s /E O Vel (1) Prs (. ),
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II.1 Background: Superprocesses

WHAT is a superprocess and WHY studying it?

1 Heuristically and roughly, a superprocess is used to describe the
evolution of population in an area, evolution of cells in a system,
evolution of clouds, etc; it is a measure-valued Markov process.

2 Mathematically, a superprocess arises as the high density limit of
branching particle systems; it is characterized by

/ e "NQy(u, dv) = e HVih),
M(E)
Vif(x) = Pif(a /ds/¢y,Vf VP (. dy),

o(x,2) = —y(x)z + o(2)2? + / (e =1+ zu)m(z, du).

(0,00)
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HOW to study a superprocess?

particle systems approximation, Laplace functional, etc.

NOTATION:
E : Lusin topological space. Usually, £ = R¢

M (E) : space of finite Borel measures on E with weak topology

u(f) = (f,m = [5 f(
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HOW to study a superprocess?

particle systems approximation, Laplace functional, etc.

NOTATION:

E : Lusin topological space. Usually, £ = R¢
M (E) : space of finite Borel measures on E with weak topology

u(f) = (f,m = [5 f(

Branching Particle Systems (BPSs)

(1) underlying motion &: e.g., Brownian motion, Feller process
(2) lifetime a: exponential

(3) branching mechanism {p;(z)}: reproduction
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Brownian branching particle systems

Brownian binary branching particle trees
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Define

X (A) = # of particles alive in A at time ¢
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Define

X (A) = # of particles alive in A at time ¢

@ Basic Hypotheses:

(H1) the motions of particles are independent of one another; and

(H2) the branching and motions of particles are independent.

Under (H1) and (H2), X = {X; : t > 0} is an integer measure-valued
Markov process, which is called a BPS.

A superprocess arises as the scaling limit of BPSs by increasing branching
rates and decreasing the mass. Such a limit, also denoted by X, has
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Canonical Representation

A superprocess X = {X; : t > 0} is determined by

B [ X[ = ] = / e NQy () = o= VD (1)
M(E)
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Canonical Representation

A superprocess X = {X; : t > 0} is determined by

B e X 0|X = u] = / e Qu(p, dv) =MD (1)
M(E)

{Q:} transition semigroup, and {V;} cumulant semigroup of X, satisfying

Vif(2) = Pof(a /ds/qsy,Vf )Py, dy),

with P, f(z) := E,f(&), and branching mechanism

H(z,2) = —y(x)z + o(x)2> + / (e — 14 zu)m(x,du)

(0,00)

7,0 < o € B(E), and (u A u?)m(z, du) bounded kernel from E to (0, o).
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11.2 Background: Flow Superprocesses

WHAT is a flow superprocess and WHY studying it?
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11.2 Background: Flow Superprocesses

WHAT is a flow superprocess and WHY studying it?

Flow superprocesses are short for superprocesses over a stochastic flow

A flow superprocess was used to describe the evolution of “red tide”
phenomenon by Skoulakis and Adler in 2001; it is a measure-valued
Markov process in a random medium.
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Mathematically, a flow superprocess X arises as the high density limit of
branching particle systems over a stochastic flow (FBPSs); it is usually
characterized by
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Mathematically, a flow superprocess X arises as the high density limit of
branching particle systems over a stochastic flow (FBPSs); it is usually
characterized by

The Martingale Problem—[MP(2,3)’]

Zi(f) == X4 (f) /X (G +7)f)ds (2)

is a continuous square integrable martingale with Zy(f) = 0 and
t t
(= [ Kot [((Koxxoanas @)

where Af(z,y) = a(m (z,y)fi(x)f;(y) and a(m)(%y) = cu(z)cj(y).

v is called the drift function and o the branching variance.
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HOW to study a flow superprocess?

Congzao Dong (Xidian University (=% Hi fFlow superprocesses with spatially dependent Aug 14, 2014 14 / 47



HOW to study a flow superprocess?

FBPSs approximation, martingale problem, duality,
conditional log-Laplace functional (Xiong, 2004), etc.
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HOW to study a flow superprocess?

FBPSs approximation, martingale problem, duality,
conditional log-Laplace functional (Xiong, 2004), etc.

NOTATION
E:=R% b:R'—RY c:RI5R>™ e RY— RIXY
W ={W(t):t>0}: m-dimensional BM
B={B(t):t>0}: d-dimensional BM, independent of W

@ Stochastic flow

dY (t) = b(Y(t))dt + c(Y(t))dW(t), Y(s)=y€EEFE (4)
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The motion of particles over the above flow
dY (t) = b(Y(t))dt + e(Y (¢))dB(t) + c(Y (t))dW (t) (5)
Y ={Y(t) : t > 0} has generator
d
GF @)=Y bl fie) + 5 D diylar )15 (@),
i=1 ij=1

where d;j(z,y) = Zizl ea(r)ejr(y) + 2212, cal@)cji(y).
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The motion of particles over the above flow
dY (t) = b(Y(t))dt + e(Y (t))dB(t) + c(Y (t))dW () (5)
Y ={Y(¢t) : t > 0} has generator

d
CHa) =3 bl fiw) + 5 D digla ) (),

i=1 i,j=1

where dij(x,y) = Y5y ein(@)eju(y) + 200 cal@)eu(y).
@ Branching Particle Systems over a Stochastic Flow (FBPSs)

Construction of FBPSs is postponed until next section.

A flow superprocess X = {X; : ¢ > 0} arises as the scaling limit of FBPSs.
Skoulakis and Adler (2001) showed that X is the unique solution to the
martingale problem [MP(2,3)'] with v and o constant.
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[I1. Our Purpose

Construct flow superprocesses with location dependent branching. That is,
solve the martingale problem [MP(2,3)'] with v and o generalized to
functions, denoted by [MP(2,3)]
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[I1. Our Purpose

Construct flow superprocesses with location dependent branching. That is,
solve the martingale problem [MP(2,3)'] with v and o generalized to
functions, denoted by [MP(2,3)]

e Martingale Problem—[MP(2,3)]

2(f) = Xu(f) / X(G+fds  (2)

is a continuous square integrable martingale with Zy(f) = 0 and
quadratic variation process

Z(f) = /0 Xo(0? f2)ds + /0 (X, x X)(ADds,  (3)

where Af(z, y)—a ( y) fl(x )f/( )7 a;j (1' y) = ca(x)cu(y),
v € C|(FE )andaeCl( )T

Congzao Dong (Xidian University (=% Hi fFlow superprocesses with spatially dependent Aug 14, 2014 17 / 47



V. Main Results

1 Model description
2 Existence (approximation method)
3 Uniqueness (dual method)

4 Properties (moment formula)
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V.1 Model Description

@ Construction of FBPSs

NOTATION:
I:= {a:(a()?al?---aak):ai:1,2,-..,ogi§k}
’Ck’ - ’(OZ(),OQ,...,O&]C” =k

a—1=(ag, -, q|-1)

al; = (ag, ..., q4)
a~ptelal/n<t<(1+]a])/n,t>0
E=R4
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K, particles located separately at «7,... 2% € E att=0. A particle «
born at time |«|/n will die at (1 + |a|)/n with N®™ offspring produced.

For oo ~,, t, the motion of « is determined by
dY*"(t) = b(Y " (t))dt + e(YU" (t))dBY"™ (t) + (Y (t))dW™(t),(6)
where
yen(0) = at,
W™ m-dimensional BM

B*™: d-dimensional BM stopped at t = (|a| + 1)/n
B (t) = B L1(¢t) for t < |a|/n
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Let k, = k/n and a,, = 1/n. Define for t € [ky, kn + ay)

g‘tn — O,(Ba,n’NCl,n . |O[| < k) \/ ﬂ U(Wg,B?ﬂl S S T, ‘O{| = k)

r>t

and

T, =T\ o(W2,BE" s < ky + an, |a] = k).
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Assume that {N®" : |a| = k} are conditionally independent given ?Zﬂ,
and that for such N¢™

B (N7, ) = 1m0Vt ) /n = 5a(0,,)

7
Var (Non[75 ) = on(VE0, )% "

kn+an

where v, € C)(E) and o,, € C;(E)". Now define

number of particles alive in B at time ¢
X{(B) = - .

Clearly X' = %ZaNt dyen(y) (empirical measure).
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Assume there exist p > 2 and C > 0 independent of o and n such that

E[(N“™P] < C,y, =y € C(E) and 0, = 0 € Cy(E)™. (8)
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Assume there exist p > 2 and C > 0 independent of o and n such that

E[(N“™P] < C,y, =y € C(E) and 0, = 0 € Cy(E)™. (8)

Hypotheses (LU)

(L) [o(z) = b(y)| + lle(@) — )] + lle(z) —e)|| < K|z —yl, z,y€E.
(U) bi,ca,ei € CHE), i,k=1,...,d,l=1,...,m, and for any N > 1
there exists Ay > 0 such that

N d

N d
DD Gdilap €] = Aan Yy Y (&)

p,q=1i,5=1 p=11i=1

with dij(2,y) = S0 _; ean()en(y) + Sy cal@)eu(y).
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Let Y =(Y!,...)Y
(t) = b(Y'L(t))dt + e(Y1(2))dB(t) + c(Y(t))dW (1)

dy'!
dyN
where
W
B,....BN
(SN0 :
Gn

N be the solution to

: m-dimensional BM
: independent d-dimensional BMs, independent of W

semigroup of Y

. generator of Y

Aug 14, 2014 24 / 47
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Then for f € 2(Gn)

Notice: G1 =G
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V.2 Existence of martingale problem

We are to solve the martingale problem [MP(2,3)]. Existence is established

by branching particle systems approximation. Let £ = E U {A}. Recall
E=R%
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V.2 Existence of martingale problem

We are to solve the martingale problem [MP(2,3)]. Existence is established

by branching particle systems approximation. Let £ = E U {A}. Recall
E=R%

e Claim: For each N >1,3aset D(E ) dense in C(E N) such that
D(EY) i= D(E™)|pn © CH(EN).

For t € [kp, kn + an] and f € D(E) := D(E"'), by the construction of X"

XP(F) = XG0 + X)) = X0, (D] + DX o, () = X2 ()]

r<k
=X0(f) + M) + I ) + N ()
+Z () + () + B (),
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where

MO () =nt3 " ST M (DN = Bu(Y, )],

r<k ar~nrn

T ="t N M (f)

ar~npkn
ntan __
S Y [ G A, < 1

r<k ar~opTp

YN X B (V) = Ba(YE)]

r<k ar~nrn

+n YN T M (DIBa(YE,,) = BV,

r<k a~pTn
Tn+an

o 712 Z/ FXZ™M)du[N®™ — B (Y, ]

r<k a~opTn
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n —IZ Z f Xan Noz,n ﬁn( rn—i-an)]

r<k aropTp

-1 § § a,Tn o,n
Mrn—l-an (Y;”n )’
r<k ar~onrn

ntan __

o 1Y / GF (X du

r<k a~nrn

Yy GfX"‘”du—/X”Gf)

ar~pkn

HP (=030 Y FXEM[BaYE™) — 1] = | X, (fn)ds,

r<k aropTp

where h := h on E and h(A) := 0.
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Lemma (1, Moments of FBPSs)

Let p be asin (8) and T > 0. If X§ = v € M(E), then

Cr = supE( sup Xf(1)2> < ocand Cp = supE( sup Xf(l)p) < 0o
n>1  \0<t<T n>1  \0<t<T

Proof. Use martingale inequalities and Gronwall's inequality. U
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Lemma (2, Tightness)

For every f € D(E),
(1) (M)} ANT(f)} and {T(f)} = 0 in Dg0, 00);
(2) {C™(£)} and {H™(f)} are C-tight in Dg[0, 00);

(3) for each n, {(Z,g:)(f),ﬂgn) :k=0,1,...} is a square integrable
discrete martingale with quadratic variation process
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Lemma (2, Tightness)

For every f € D(E),
(1) {M®(f)}, ANT(f)} and {J™)(f)} =0 in Dg[0, c0);
(2) {C™(£)} and {H™(f)} are C-tight in Dg[0, 00);

(3) for each n, {(Z,g:)(f),ﬂgn) :k=0,1,...} is a square integrable
discrete martingale with quadratic variation process

kn
(2O (f)), = /0 XPig, (F251, (62))ds+

/kn s | ( [ stane ydu) B ) B () X g, () X, (d9)+

S (5 [ st - SN @] dn) 5w, 0)
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Lemma (2-continued, Tightness)

(4) Moreover, let t — (Z™(f)); be the cadldg extension of

k= (Z™ (), such that (Z™(f)); == (Z0) (), for

t € [kn, kn + an). Then {((Z™(£))¢)} is C-tight in Dg[0, 00);
(5) for each integer J > 1,

n 2
limn_>ooE<Sup0<k<P\nJ] (( )1) (f) — Zlgn)(f)‘ > =0, and the

sequence {SUPy<j<[xnJ] Z (f) n > 1} is uniformly integrable;

(6) {(Zt(n)( f))} is C-tight in Dg|0, c0).

Proof. Omitted.
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Tightness of { X"} and martingale characterization of its limits is given by

Theorem (3, Existence of MP(2,3))

{X"} is C-tight in Dy g[0,00). Suppose that X is a weak limit of
{X"}. Then for any f € D(E),

Z(f) = Xu(F) — v(f) — /0 X,(G T F)ds (9)

is a continuous square integrable (Z;X)-martingale with Zo(f) = 0 and
quadratic variation process
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Tightness of { X"} and martingale characterization of its limits is given by

Theorem (3, Existence of MP(2,3))

{X"} is C-tight in Dy g[0,00). Suppose that X is a weak limit of
{X"}. Then for any f € D(E),

amzxmﬂ—mn—lxx@+wnw (9)

is a continuous square integrable (Z;X)-martingale with Zo(f) = 0 and
quadratic variation process

wumzﬁxmwﬂ@ﬁAmemww& (10)

Moreover, P{X € Cp(gy[0,00)} = 1.
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Proof.
o C-tightness of {X"}:
Lemma 2 = {X"(f)} tight = {X"} tight
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Proof.
o C-tightness of {X"}:
Lemma 2 = {X"(f)} tight = {X"} tight
@ quadratic variation process:

Use Skorokhod's Representation Theorem
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Proof.
o C-tightness of {X"}:
Lemma 2 = {X"(f)} tight = {X"} tight
@ quadratic variation process:

Use Skorokhod's Representation Theorem
o X({A}) =0 P-as.

Use martingale equality U

Congzao Dong (Xidian University (=% Hi fFlow superprocesses with spatially dependent Aug 14, 2014 33 /47



V.3 Uniqueness of the martingale problem

@ Equivalent martingale problems

The MP(2,3) will be equivalent to another martingale problem for .Z, a
diffusion operator on C'(M (E)) defined by

2
27 = [(© ) (G i) + 5 [ oer W uae)

2 Z / / @) C’m;yg (ducfl)wcguz )) uldo)uldy)

1]1
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Let 2(L) = 21(Z) U Zo( L) with 2;( ) C C(M(FE)) and
D(L) = {F : Fy(p) = (f,1™), € D(EV)},

Po(L) = {F: Fryp) = F(u(@)), f € CUR), 6 € D(E)*}

ULE : Fro(n) = f(u(ér),- .- ulon)), f € CFRY), {¢i} C D(E)}.

Let X be a solution to MP(2,3). Equivalence is established by

Lemma (4, Equivalence)

(1) E,[X¢(1)™] is locally bounded in t for each n > 1.
(2) X is also a solution of the martingale problem for (£, 2(£),v).

That is, for all F € 2(£)
F(X;)— F(v) — /0 LF(Xs)ds (11)

is a continuous martingale with Xy = v.
(3) MP(2,3) and the martingale problem (11) are equivalent.
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Note that for f € D(E™)

N N
LFp() =Foy (1) +1/2 ) Fo,,1(1) +1/2>  Fo, (1)
p=1

o
N
=F.(Gnf,N)+1/2 Z [Fu(@pgf, N —1) — Fyu(f, N)]
o
N
+1/2 [Fu(®pf, N) = Fu(f, N)] + 1/2N?F,(f, N), (12)
p=1

where for h € B(E") and = = (21,...,%,) € E", Fy(h,n) = Fy(n),

O, h(z1,. .. Tp1) = U(xn_1)2h($1, ey Ty ey Ty e ey T—2)

O, h(z) = 27y(zp)h(z).
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@ Construction of a dual process.

Let B := U2 B(E™) be endowed with pointwise convergence on each
B(E™) and N :={1,2,...}. Assume {ej,e2,...} is a sequence of
mutually independent unit exponential random variables with eg := 0.
Define a sequence I' = {T'y, : k = 1,2,...} of random operators on B and
a B-valued cadlag process L = {L; : t > 0} as follows: Given a B-valued

random variable L, independent of {e1, e, ...}, define recursively
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Ly = SN(LTk) N(Lr,_q) N(Lfl) LT0)

PRl PNCA oS SN L i <t < T
P{ly41 = ®p4|N(Ly,) = nk+1} = n: 1 for 1 <p+#q < ngy
P{T11 = ©|N (L7, ) = npa} = ﬁ for 1 <p#q < nkt

N(L~, N(L+._,) N(L~, N (L~
Lo, = Trpr So sy et mp st i g o) k= 0,1,2.

where 7 = 0,7, = x"—yz. Th = Sk miand N(h) :=1if h € B(E").
Tn—1
Define M; = N(Ly).
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Let X be a solution to the martingale problem (11).

Theorem (5, Dual Relationship and Uniqueness)

Suppose that hypotheses (LU) hold. Then for alln > 1,t > 0 and
h € B(E™) we have

B((h X)) = B [ty {5 [2as}]. 3

where X{* = Xy x --- x Xy € M(E"™). Moreover, uniqueness holds for the
martingale problem (11) and hence for MP(2,3).
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Let X be a solution to the martingale problem (11).

Theorem (5, Dual Relationship and Uniqueness)

Suppose that hypotheses (LU) hold. Then for alln > 1,t > 0 and
h € B(E™) we have

B((h X)) = B [ty {5 [2as}]. 3

where X{* = Xy x --- x Xy € M(E"™). Moreover, uniqueness holds for the
martingale problem (11) and hence for MP(2,3).

Proof. Use martingale equalities, approximation, and moment problem.
Techniques developed in Dawson et al. [1]. O
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Theorem (6, Weak Convergence and Martingale Characterization)

If X§' = Xv,, = v in M(E), then under the hypotheses (LU), X" = X in
Dyy(g)[0,00), where X € Cyy(g)[0,00) is the unique solution of the
following martingale problem: for any f € D(E),

Zu(f) = Xu(f /X (G + ) f)ds (14)

is a continuous square integrable martingale with Zy(f) = 0 and quadratic
variation process

(Z(f)) = /0 Xo(0? f2)ds + /0 (Xo x X)(Af)ds.  (15)

v
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Theorem (6, Weak Convergence and Martingale Characterization)

If X§' = Xv,, = v in M(E), then under the hypotheses (LU), X" = X in
Dyy(g)[0,00), where X € Cyy(g)[0,00) is the unique solution of the
following martingale problem: for any f € D(E),

Zu(f) = Xu(f /X (G + ) f)ds (14)

is a continuous square integrable martingale with Zy(f) = 0 and quadratic
variation process

(Z(f)) = /0 Xo(0? f2)ds + /0 (Xo x X)(Af)ds.  (15)

v

Proof. This is immediate from Theorem 3 and Theorem 5. O
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IV.4 Moments of flow superprocesses

Definition (7, Flow Superprocess (G, 0))

An adapted cadlag process in M (E) which satisfies [MP(2,3)] is called a
superprocess over a stochastic flow, or simply flow superprocess (G,~, o).
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IV.4 Moments of flow superprocesses

Definition (7, Flow Superprocess (G, 0))

An adapted cadlag process in M (E) which satisfies [MP(2,3)] is called a
superprocess over a stochastic flow, or simply flow superprocess (G,~, o).

For h € B(E™), define operators U(™ and V(" by
gy = L h, and V), — X ;
=5 > Byeh, and V h:iz%h.
p#qe{l,...,n} p=1

Recall that SV is the semigroup of Y. Define a semigroup 7™ as follows

T%nh(y) _ Ey [efot V(M(?(s))dsh(?(t))] )
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Let X be a flow superproccess (G, 7, o).

Proposition (8, Moments)

For h € B(E™) and eachn > 1

E,(h,X) = (I/'h,v")
n-1 t t1 ti1 ) )
+Z</ dtl/ dtQ---/ TP~ T™ (i — 15 ¢)hdt;, v ™),
=1 YO 0 0

where TI™ (i — 1;) = (U=~ D =Dl yymn,

i—1—;
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Proof. Use the dual relation (13), the following relation and the Markov
property of X.

1 t
| DA [(LtvﬂMt>eXp{2/ MEdSH
0

- <th, Mn>
1 n t M 1 t—s )
+§ Z / Eg¢, sthn—1 |:<Lt3a:u t5>exp{2 Mudu}] ds
pa=1 70 0
P#q
1 n t M 1 t—s )
+§ / Es, 5000 [(Lt_s,,u t—s>exp{2 Mudu}] ds. (16)
=10 0

O
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V.5 Extension to bounded spatially dependent branching

In terms of the relations (13) and (16), flow superprocesses (G,~, o) with
v € B(E) and 0 € B(E)" can be constructed.
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THANK YOU!
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