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Background

Let X = {Xt , t ≥ 0} be a homogeneous and strong Markov process on
a Polish space E with the Borel σ-algebra E , P(t) be the corresponding
semigroup and {Px , x ∈ E} the Markov family.

• Ergodicity: ∃ a unique stationary ν,s.t. starting from any initial µ,

µP(t)→ ν weakly as t →∞.

Furthermore, ∀f ∈ L(ν),

t−1
∫ t

0
f (Xs)ds → ν(f ) a.s. and in L1 as t →∞.
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Background

If P(t) is sub-Markovian, by adding an extra point "”0”" into E , we can
assume P(t) transient on E0 = E \ {0}, with ∆ as a unique absorbing
state. Define

τ = inf{t ≥ 0, Xt = 0}.

• Assumption: Px (τ <∞) = 1 ∀x ∈ E .

We are interested in the long-time behavior of the process conditional
on {τ > t}. The motivation comes from the study of conditional large
deviations for non-ergodic Markov processes.
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Quasi-stationary distribution

• Quasi-stationary distribution(QSD): A probability measure ν on E0

satisfying that
Pν(Xt ∈ ·|τ > t) = ν. (1)

• Quasi-limiting distribution(QLD): A probability measure ν on E0 for
which there is an initial distribution µ, s.t.

lim
t→∞

Pµ(Xt ∈ B|τ > t) = ν(B) ∀B ∈ E ∩ E0. (2)

• Yaglom limit: A probability measure ν on E0 satisfying

lim
t→∞

Px (Xt ∈ B|τ > t) = ν(B) ∀B ∈ E ∩ E0, ∀x . (3)

Yaglom limit⇒ QSD⇔ QLD.
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Quasi-stationary distribution

Proposition

If ν is a QSD, then there is a λ ≥ 0, s.t.

Pν(τ > t) = e−λt , ∀t ≥ 0. (4)

• To study: The existence of a QSD, its description, the convergence to
it of conditioned processes, domain of attraction, its role in the process
conditioned on {τ > t}, and the behavior of τ .

Notice that if Bb(E) denote the set of bounded and measurable
functions on E , then (2)⇔

Eµ[f (Xt )|τ > t ]→ ν(f ) ∀f ∈ Bb(E). (5)

• Question:

Eµ[
1
t

∫ t

0
f (Xs)ds|τ > t ]→? (t →∞).
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Quasi-ergodicity

• Quasi-ergodic distribution: A probability measure ν on E0 for which

Ex [
1
t

∫ t

0
f (Xs)ds|τ > t ]→ ν(f )(t →∞) ∀f ∈ Bb(E0), ∀x . (6)

• Fractional Yaglom limit: A probability measure ν on E0 for which

Px (Xqt ∈ B|τ > t)→ ν(B) ∀B ∈ E ∩ E0, 0 < q < 1, x ∈ E0. (7)
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Quasi-ergodicity

• Irreducibility: ∃ a reference measure π on E s.t.∀h > 0, x ∈ E0,

π(B) > 0⇒
∞∑

n=0

Px (Xnh ∈ B; τ > t) > 0 B ∈ E ∩ E0.

• Decay parameter:

λ = inf{ρ ≥ 0 :

∫ ∞
0

eρtPx (Xt ∈ B; τ > t)dt =∞ π − a.e.x},

which is independent of B with π(B) > 0.
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Quasi-ergodicity

The process is said to be • λ-recurrent: if∫ ∞
0

eλtPx (Xt ∈ B; τ > t)dt =∞

∀B with π(B) > 0 and for π − a.e.x ;

• λ-transient: otherwise.
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Quasi-ergodicity

Proposition

If the process is λ-recurrent, then there is a measure α on E0 and a
non-negative and measurable function β on E0, such that

(αPt )(B) ,
∫

Px (Xt ∈ B; τ > t)α(dx) = e−λtα(B)

∀t > 0, B ∈ E ∩ E0,

and that

Ptβ(x) ,
∫
β(y)Px (Xt ∈ dy , τ > t) = e−λtβ(x) ∀x ∈ E0.

α : λ-invariant measure
β : λ-invariant function

}
both unique

.
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Quasi-ergodicity

λ-positive recurrence: λ-recurrence and

α(β) ,
∫
β(x)α(dx) <∞.

Theorem

Suppose that {Xt , t ≥ 0} is λ-positive and α is finite. Normalize α and
β so that

α(1) = α(β) = 1,

and define dm = βdα. Then α is a QSD, whereas for any bounded,
measurable f ,

lim
t→∞

Ex [
1
t

∫ t

0
f (Xs)ds|τ > t ] = m(f ).
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Quasi-ergodicity

Theorem

Under the same conditions as in the previous theorem, for any
bounded,measurable f , g

lim
t→∞

Ex [f (Xpt )g(Xqt )|τ > t ] =

{
m(f )m(g), if 0 < p, q < 1
m(f )α(g) if 0 < p < q = 1

, (8)

In particular,

lim
t→∞

Ex [g(Xqt )|τ > t ] =

{
m(g), if 0 < q < 1
α(g) if q = 1

, (9)
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• Example 1. Linear birth-death process on Z+, with birth and death
rates given by

bn = nb, n ≥ 0, dn = nd , n ≥ 1,

where b,d > 0. 0 is the only absorbing state. τ is the absorbing time.
The decay parameter λ = |b − d |. Then chain is always λ-positive for
b 6= d . However the λ-invariant measure α is summable if and only if
b < d .
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• Example 2. Killed BM on Rd . Let {Xt , t ≥ 0} be a standard
d−dimensional Brownian motion, D ⊂ Rd is connected, bounded and
open. Consider the Brownian motion killed outside D. Let
{pD(t , x , y), t ≥ 0} be the transition density of the killed BM with
respect to the Lebesgue measure, then it is well known that it admits
an eigen-expansion

pD(t , x , y) =
∞∑

n=1

exp(−λnt)ϕn(x)ϕn(y),

where 0 < λ1 < λ2 ≤ · · · are the (nondecreasing) Dirichlet eigenvalues

of −∆

2
counting multiplicity, ϕn are the corresponding eigenfunctions

which form a complete orthonormal system of L2(D). Then λ = λ1, and
the conditions needed are fulfilled with dα = ϕ1dx and dm = ϕ2

1dx .
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(Example 2 continued) Let {Yt , 0 ≤ t <∞} be the diffusion on D with
transition densities given by

Q(t ; x , y) = exp(λ1t)
ϕ1(y)

ϕ1(x)
PD(t ; x , y).

Corollary
Given x ∈ D, define

k = k(x) = min{n ≥ 2 : ϕn(x) 6= 0}

Then
lim

t→∞
e(λk−λ1)t ||PQ

x (Yt ∈ ·)−m||Var > 0.
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A Variational representation of decay parameter

Now let {Xt , t ≥ 0} be a Markov chain on E = E0 ∪ {0}, irreducible on
E0, with the Q-matrix

Q = (qi,j) =

[
0 0′

q0 Q1

]
. (10)

q , {qi =
∑

j 6=i qi,j , i ∈ E}. Let L be the generator of the process, with
domain D(L).

D+(L) = {u ∈ D(L), inf u > 0}.

For A ∈ E , let M1(A) be the space of probability measures on A.

Mq
1 (E) = {µ ∈ M1(E) : µ(q) <∞}.
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A Variational representation of decay parameter

Define for µ ∈ M1(E)

I(µ) = − inf
u∈D+(L)

∫
Lu
u

dµ. (11)

J(µ) =

{
− inf

u∈U

∫ Qu
u dµ µ ∈ Mq

1 (E)

+∞ otherwise
, (12)

where U = {u : measurable on E0 with inf u > 0}.

Theorem

(1) λ = infµ∈M1(E0) I(µ) = infµ∈M1(E0) J(µ);
(2) the infimum in the above formula is attained at some µ iff P(t) is
λ-positive, in this case, the µ is unique and is given by µ = m, the
quasi-ergodic distribution.
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A Variational representation of decay parameter

Corollary
For any irreducible transition function on E,

−λ = sup
µ∈Mq

1 (E)

inf
u∈U

∫
Qu
u

dµ (13)

= inf
u∈U

sup
µ∈Mq

1 (E)

∫
Qu
u

dµ = inf
u∈U

sup
j∈E

(Qu)j

uj
(14)

Applying it to a birth-death chain with birth rates {bn} and death rates
{dn}, we see that

λ = sup
u∈U

inf
n
{bn + dn − bn

un+1

un
− dn

un−1

un
} (15)
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A Variational representation of decay parameter

The above approach can be generalized to give variational
representation for decay parameter of Q-matrix with certain potential.
Given V ∈ Cb(E), let Q + V = (qV

ij )i,j∈E , with qV
ij = qij + δijV (i). Q + V

is a “quasi" q-matrix in the sense that for some constant C,∑
j

qV
ij ≤ C ∀i

A decay parameter λ(V ) can be defined for Q + V , and we have the
following

− λ(V ) = sup
µ∈M1(E0)

{∫
Vdµ− I(µ)

}
. (16)
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The limiting process

Let Ω = D([0, ∞), E). Given a path ω ∈ Ω, the corresponding
empirical processes are defined by

Rt = Rt (ω) =
1
t

∫ t

0
δθs(ω(t))ds, t > 0,

where θs is the usual shift operator defined by (θsω)t = ωt+s, and ω(t)

is the t-periodic version of ω given by

ω
(t)
kt+s = ωs for integers k ≥ 0, and 0 ≤ s < t .

Denote by Ms(Ω) the space of all stationary probability measures on
Ω, then Rt ∈ Ms(Ω) for each t > 0.
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The limiting process

H = D-V entropy functional for Markov process.

Hτ (R) =

{
H(R)− λ1 if µR(E0) = 1,
+∞ if µR(E0) < 1

µR = the single time marginal of Q. For i ∈ E0, we define for each
t > 0

ρt ,i = Pi(Rt ∈ ·|τ > t)

and
µt ,i = Ei [Rt |τ > t ]

which are probability measures on Ms(Ω) and on Ω, respectively.
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The limiting process

Theorem

Under the above definitions and notations, for i ∈ E0,
(1) if {ρt ,i , t > 0} are tight, any weak limit of them is supported on M0;
(2) any weak limit R∗ of {µt ,i , t > 0} admits a representation

R∗ =

∫
M0

Rρ(dR)

for some weak limit ρ of ρt ,i . Hence Hτ (R∗) = 0. If in addition,
M0 = {R∗} is a singleton, then

lim
t→∞

ρt ,i = δR∗ weakly

and
lim

t→∞
µt ,i = R∗ weakly.
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The limiting process

Next we connect Hτ with the entropy functional H∗ for some
unconditional Markov chain. To this end, we define a chain X ∗ on E0

as follows:

P∗i,j(t) =
eλ1tPi,j(t)βj

βi
, i , j ∈ E0.

Then X ∗ is irreducible on E0. Note that the path space of X ∗ is
Ω∗ = D([0, ∞), E0), thus τ =∞. For this chain, let H∗ be defined in
the same way as for H.

Theorem

5 If the eigenfunction {βi , i ∈ E0} is bounded, then

H∗ = Hτ = H − λ1. (17)
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Thank you�
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