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@ A regime-switching diffusion process (RSDP), is a diffusion process in
random environments characterized by a Markov chain.
@ The state vector of a RSDP is a pair (X, A;), where {X;};+>¢ satisfies

a stochastic differential equation (SDE)
dX; = b(Xt,At)dt—FO'(Xt,At)th, t >0, (1)

with the initial data Xo =2 € R",Ag =i € S, and {A;};>0 denotes a
continuous-time Markov chain with the state space S := {1,2--- | N},

1 < N < o0, and the transition rules specified by
@i; A +o(D), i # 7,

P(Ayn = jlAy =) = (2)
1+ g +o(D), i=3].
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Motivations (Cont.)

@ RSDPs have considerable applications in e.g. control problems, storage
modeling, neutral activity, biology and mathematical finance (see e.g.
the monographs by Mao-Yuan (2006), and Yin-Zhu (2010)).

@ The dynamical behavior of RSDPs may be markedly different from dif-
fusion processes without regime switchings, see e.g. Pinsky -Scheutzow
(1992), Mao-Yuan (2006).

@ So far, the works on RSDPs have included ergodicity (Cloez-Hairer
(2013), Shao (2014)) stability (Mao-Yuan (06), Xi-Yin (2010)), re-
currence and transience (Pinsky-Scheutzow (1992), Shao-Xi (2014),
Yin-Zhu (2010)), invariant densities (Mattingly et al. (2014)), hypoel-
lipticity (Bakhtin (2012)), and so forth
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Motivations (Cont.)

@ Since solving RSDPs is still a challenging task, numerical schemes
and/or approximation techniques have become one of the viable al-
ternatives (see e.g. Mao-Yuan (2006), Yin-Zhu (2010), Higham et al.
(2007)).

@ For more details on numerical analysis of diffusion processes without
regime switching, please refer to the monograph by Kloeden and Platen
(1992).

@ Also, approximations of invariant measures for stochastic dynamical

sysytems have attracted much attention, see e.g. Mattingly et al.

(2010), Talay (1990), Bréhier (2014).
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Motivations (Cont.)

e For the counterpart associated with Euler-Maruyama (EM) algorithms,
we refer to Yuan-Mao (2005), and Yin-Zhu (2010), where RSDPs
therein enjoy finite state space.

e Sufficient conditions imposed in Yuan- Mao (2005), and Yin-Zhu (2010)
to guarantee existence of numerical invariant measures are irrelevant
to stationary distributions of the continuous-time Markov chains.

@ In this talk, we are concerned with the following questions:

(i) Under what conditions, will the discrete-time semigroup generated by
EM scheme admit an invariant measure?
(i) Will the numerical invariant measure, if it exists, converge in some

metric to the underlying one?
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Invariant Measure

Some notation is listed as below.
e (Q,.7,P): probability space with a filtration {.%; }+>0;
o {W;}i>0: an m-dimensional Brownian motion;
@ {A¢};>0: a continuous-time Markov chain with the state space S :=
{1,2--- | N}, N < oo; The transition rules of {A;};>¢ are specified by
(2)
e (-matrix ) := (gij) Nx N is irreducible and conservative so that {A;}+>0
has a unique stationary distribution p := (p1,- -+ , un).
We assume that, in (1), b : R" xS — R" and ¢ : R" x S — R” @ R™
satisfy the local Lipschitz condition, i.e., for each i € S and R > 0, there

exists an L > 0 such that
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Invariant Measure (Cont.)

|b($,2) - b(yal)| + ||0-($7l) - O(yaZ)H S LRll’ - y’a z,y € BR(O) (3)
Additionally, we assume that

(H) Foreach i € S and z,y € R", there exist ¢g > 0 and 3; € R such that
2(x,b(x,7)) + llo(z,9)|* < co + i, (4)
and
20w =y, b(x, 1) = b(y, 1)) + lo(@,i) — oy, )|* < Bilz —y[*. (5)
For any p > 0, let

diag(0) := diag(B1, -+ . Av).  Qp:= Q+diag(B), mp = — dnax
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Invariant Measure (Cont.)

where @ is the Q-matrix of {A;}+>0, and spec((Q),) denotes the spectrum
of Qp.
(Proposition 4.2, Bardet et al. (2010)) Assume that

N
> i <0. (7)
i=1
Then, i, > 0forp < k, where k € (0, min;es g,>0{—24ii/Fi}) for max;es 8; >
0. Remark:

e The RSDP (1) is said to be attractive “in average” if (7). In what
follows, we call (7) an “averaging condition”.

o m e P(R" xS) is called an invariant measure of (X", A?) if

{ 7T(F x {i}) = Pz, 5;T x {i})n(dz x{j5}), ¢t>0.
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Invariant Measure (Cont.)

(Theorem 1) Let N < oo and assume that (3), (H) and (7) hold. Then
(X" A%) admits a unique invariant measure 7 € P(R™ x S).

Proof: The Perron-Frobenius Theorem + Proposition 4.2 (Bardet et al.
(2010)).

Example | Let {A¢}+>0 be a right-continuous Markov chain taking values in

S := {0, 1} with the generator

with some v > 0. Consider the scalar Ornstein-Uhlenback (O-U) process

with regime switching

dX; = OzAtXtdt + UAtth, t>0, Xo=u=, Ag =i €S, (8)
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Example | (Cont.)

where «. : S — R such that ap = 1, and a3 = —1/2, and 0 € R is a
constant.

Remark:

@ By an M-Matrix approach, (8) has a unique invariant measure for vy €
(0,1), see e.g. Example 5.1 (Yuan-Mao, 2003).

e By Theorem 1, (X', A?) admits a unique invariant measure m €
P(R™ x S) for v € (0,2).

@ Theorem | can apply more interesting examples than the existing lit-
erature.

@ For a scalar RSDP, existence and uniqueness of invariant measure can

be determined only by the drift coefficient in some cases.
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Numerical Invariant Measure

For a given stepsize ¢ € (0, 1), define the discrete-time EM scheme associ-

ated with (1) as follows
Vi = Vi +0(Vis Ak)d + 0(Vis Akg) AWi, k>0, (9)

with ?:5’7’ = :L‘,Af) =1 €S, where AW, := W(y1)s — Wis stands for the
Brownian motion increment. Remark:

o (Y5, L) is a time homogeneous Markov chain.

o If 7% € P(R™ x S) such that
N
W (i) =Y [ Phe il x (e x (). T € 2R,
j=1

then we call 7° € P(R™ x S) an invariant measure of (?i;,Azé).
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Numerical Invariant Measure: Additive Noise

we further assume that, for each i € S and z,y € R", there exists an L > 0

such that
b(z,3) — b(y, )| + |lo(z,i) — o(y,i)|| < Llz —yl. (10)

(Theorem 2) Let N < oo, and assume further that (H), (7), and (10) hold
with o(-,-) = o(:). Then, (Yi;;i, ¢5) admits a unique invariant measure
70 € P(R™ x S) whenever the stepsize is sufficiently small.
Remark:
@ Example II: The EM scheme associated with (8) has a unique invariant
measure whenever the stepsize 0 € (0, 1) is sufficiently small.
@ Under the averaging condition (7), existence and uniqueness of numer-

ical invariant measure for (1) with multiplicative noise is still open.
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Proof of Theorem 2

(i) Existence of an Invariant Measure. For each integer ¢ > 1, define the

measure

piq(Br X S) : ZIP’ (Y1 ALy) € Br x S),

where Bg := {z € R" : |z| < R}, a compact subset of R", for some R > 0.
To show existence of an invariant measure, it suffices to show that, for any
x € R,

supE|7£;;i|p < 0. (11)
k>0

Indeed, if so, the Chebyshev inequality yields that the measure sequence
{11q(-)}g>1 is tight. Then, one can extract a subsequence which converges

weakly to an invariant measure (see e.g. Meyn-Tweedie (1992)).
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Proof of Theorem 2 (Cont.)

(ii) Uniqueness of Invariant Measure. It is sufficient to claim
7‘ " - k6
E(Y,5" — Y5'P) < ce ™|z —yP. (12)

Remark:
@ (11) and (12) can be obtained by using the Perron-Frobenius Theorem
plus Proposition 4.2 (Bardet et al. (2010)).
@ Actually, a upper bound of § € (0,1) such that Theorem 2 holds can

be given as follows
6 < (1/(16L%)) A (np/)?/?.

° (?ig,A};&), associated with Example |, admits a unique invariant mea-

sure 70 € P(R x S) whenever the stepsize is sufficiently small.
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Numerical Invariant Measure: Multiplicative Noise

(Theorem 3) Under conditions of Theorem 2, for sufficiently small ¢ €
(0,1),
Wp(p,n) < e, p e (0,1 Apo),

where

Wy(p,v) ;== inf / / d(z,y)Pr(dz,dy), pe (0,1],
TeC(w,v) JR7 xS JR7 xS

(Theorem 4) Let N < o0, (10), (H), and (7) hold. Assume further that
I%iél{—%i/ﬂi,ﬁi >0} > 1. (13)

Then (Y5, ALs) has a unique invariant measure 7° € P(R" x S) whenever

the stepsize § € (0, 1) is sufficiently small.
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Example Il

Let {A:}+>0 be a right-continuous Markov chain taking values in S :=

{0,1,2} with the generator

-3B+v) v 3
Q= 1 -3 2
1 2 -3

for some v > 0. Consider a scalar linear SDE with regime switching
dX; = OéAtXtdt + UAtXtth; t>0, Xo=u=x, Ag=1igp, (14)

where a., 0. : S — R such that
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Example Il (Cont.)

Observe that (10) holds with L = 4, and (H) holds for Gy = %O,ﬂl =0,

and 33 = —5. Since the Markov chain possesses the stationary distribution

5 6 + 3v 9+2y>

n = (/’L()nu’luuz) = (20+5V720+57/720+5V

it is easy to see that (7) and (13) are satisfied respectively for any v > 0.

Then, (Yig,A}'w) has a unique invariant measure for sufficiently small § €
(0,1).
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Numerical Invariant Measure: Reversible Case

In this section, we assume that the Markov chain {A;};>¢ is reversible, i.e.,
TiQij = TjQji, 4, j € S, for some probability measure 7 := (my,--- ,7y). To

begin with, we need to introduce some notation. Let
N
L3(7) = {f € A(S): mef < oo}.
i=1
Then (L%(7), {-,-o, | - |lo) is a Hilbert space. Define the bilinear form

(D(f), 2(D)) as
1 l
D(f) = 5 Z quzj(f] - fz)2 - Zﬂzﬁzfzza f € Lz(ﬂ—)a
=1

ij=1
where 3; € R,i € S, is given in (H), and the domain

2(D) := {f € L*(x) : D(f) < 00},
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Numerical Invariant Measure: Reversible Case (Cont.)

The principal eigenvalue \g of D(f) is defined by

Ao :=nf{D(f) : f € Z(D),||fllo =1}

For more details on the first eigenvalue, refer to Chen (2000, 2005) .
Due to the fact that the state space of {A:};>0 is finite, there exists
&= (&, ,&v) € Z(D) such that

D(&) = Xoll€[[5- (15)

Define the operator

Q= Q+d|ag(/817 7/8]\7)’

where @ is the @Q-matrix of {A;};>0, and ; € R such that (H).
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Numerical Invariant Measure: Reversible Case (Cont.)

(Theorem 5) Let N < oo, (10) and (H) hold, and assume further Ay > 0.
Then, (?%,Aga) admits a unique measure m € P(R" x S) whenever the
stepsize § € (0,1) is sufficiently small.

Proof: Recalling (15) and checking the argument of Theorem 3.2] (Shao-Xi,
2014), one has

§>0 and (QE)(i)+ Bi&i = —Ao&i, i €S.

Then, the desired assertion follows by following an argument of Theorem 2.
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Example IV

Let {A:}+>0 be a right-continuous Markov chain taking values in S :=

{0,1,2} with the generator

—b b 0
Q=1 2a —2(a+b) 2b
0 3a —3a

for some a,b > 0. Consider a scalar SDE with regime switching
dX; = CKAtXtdt + O'AtXtth, t>0, Xg=nr,
where a., 0. : S — R such that

00:2a0+08<0, 01:2a1+0%, 02:20424—0%.
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Example IV (Cont.)

We further assume that
b+cp<0, a—b—c1 >0, a—c2>0. (17)
Note that (10) holds with L = max;es{|a;| + |o;|} and (H) holds with
Bo=rco, Br=c1, ,B2=ca
Moreover, by the notion of 2, for &, =¢+ 1, 2 =0, 1,2, we deduce that

(€6)(0) = =(=b—co)éo, ()(1) =—(a—b—c1)&r, (A)(2)=—-(a—c2

Taking

A =min{—b—cp,a—b—ci,a—co} >0
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Example IV (Cont.)

thanks to (17), one finds that
(Q)(1) < =A&, i=0,1,2.

Then A\g > 0 due to Theorem 4.4 (Shao-Xi, 2014, see also Chen, 2000). As
a result, (7%,1\’;;5) has a unique invariant measure whenever the stepsize
is sufficiently small.

Remark: Theorem 5 can also be extended into the case of RSDPs with a
finite state space (i.e. N = oo) provided that Ay is attainable, i.e., there

exists f € L2(m), f # 0, such that D(f) = Aol f]I3.
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Numerical Invariant Measure: Countable State Space

We further suppose that

K:=supf; <oo and  sup(—g;) < oo, (18)
ieS i€S
where 3; € Ris given in (H). Let us insert m points in the interval (—oo, K]
as follows:
—o00 =t kg < k1 < <kp <kny =K.
Then, the interval (—oo, K] is divided into m + 1 sub-intervals (k;_1, k]
indexed by 7. Let

F;, .= {jGS:/BjE(ki,l,ki]}, 1=1,--- ,m+1.

Without loss of generality, we can and do assume that each F; is not empty.
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Numerical Invariant Measure: Countable State Space

(Cont.)

Then
F:={F, -, Fnu}

is a finite partition of S. For¢,7 =1,--- ,m+ 1, set

SuprEFi ZkEFj Adrk, ] < 7:’

q’LJ T lnfT‘EFi ZkeFj Adrk, J > 1,
r .

= 2 Gigo L=

So QF = (qg) is the @-matrix for some Markov chain with the state space

So :=A{1,--- ,m+1}.
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Numerical Invariant Measure: Countable State Space (Cont.)

Fori=1,--- ,m+1, let
111 1
. 11 1
B; = sup 3, Hpy =
JjeF;
0 00 1

(m+1)x(m+1)
(Theorem 5) Let N = oo, (10), (H) and (18) hold. Assume further that
{A¢}+>0 is ergodic and that

—(QF +diag(B, -+, BE 1)) Hint

is a nonsingular AM/-matrix. Then (Y5, A};) admits an invariant measure

70 € P(R™ x S) whenever the stepsize § € (0, 1) is sufficiently small.
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Summary

In this talk, we are concerned with long-time behavior for EM schemes as-
sociated with a range of regime-switching diffusion processes. In particular,
existence and uniqueness of numerical invariant measures are addressed
o (i) For regime-switching diffusion processes with finite state spaces by
the Perron-Frobenius theorem if the “averaging condition” holds,
@ And, with regard to reversible Markov chain, via the principal eigenvalue
approach provided that the principal eigenvalue is positive;
o (ii) For regime-switching diffusion processes with countable state spaces
by a finite partition method and an M-Matrix theory.
@ Also, we reveal that numerical invariant measures converge in the

Wasserstein metric to the underlying ones.
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Thanks A Lot !
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