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Consider the following second order elliptic differential operator in R:

d

LEf(x) =Y al(x)9:0f(x),

ij=1

where al(x) € Cg°(RY) is uniformly positive.
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Consider the following second order elliptic differential operator in R:

d

LEf(x) =Y al(x)9:0f(x),

ij=1

where a/(x) € Cy°(RY) is uniformly positive. It is well-known that the
Co-semigroup associated with .Z$ is analytic in LP-spaces provided
p € (1,00) (cf. Pazy’s book). The proof of this fact is based upon
the following deep apriori estimate:

10:0fllp < CUILElp + [1fllp). f € WHP(RY),

which is a consequence of singular integral operator theory.
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Now, consider the following non-local Lévy operator: for a € (0, 2),
i@nn:znv/(ﬂx+a-wunaxap\d%u, (1.1)
Rd

where P.V. stands for the Cauchy principle value, and (x, z) is a mea-
surable function on RY x RY and satisfies

K(X,2) = kX, ~2), 0 < ko < K(X.2) < Ay, (12)
and for some 3 € (0,1)

|5(x, 2) = K(Y, 2)| < Kalx =y (1.3)
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Due to the symmetricity of x in z, we may write

Zrf(x) = % /Rd(f(x + 2) + f(x — 2) — 2f(x))k(x, 2)|z| 79 %dz.
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Due to the symmetricity of x in z, we may write
LEf(x) = % / (f(x + 2) + f(x — 2) — 2f(X))k(x, 2)|z|~9dz.
Rd

Let A2 := —(—A)2 be the usual fractional Laplacian. By Fouriers
transform, it is easy to see that for some constant ¢4, > 0,

fol = Cd’aA%.
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Due to the symmetricity of x in z, we may write
LEf(x) = % / (f(x + 2) + f(x — 2) — 2f(X))k(x, 2)|z|~9dz.
Rd

Let A2 := —(—A)2 be the usual fractional Laplacian. By Fouriers
transform, it is easy to see that for some constant ¢4, > 0,

gol = Cd’aA%.

Hence, - can be considered as a generalization of Az as .Z§ gener-
alises Laplacian A.
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@ Existence of heat kernel associated with £, i.e.,

&p(l‘,X,y) = Zo’fp(t? -,y)(X), ,O(O,X,y) = 5O(X _y)?
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@ Existence of heat kernel associated with £, i.e.,

&p(l‘,X,y) = go’jp(t? -,y)(X), ,O(O,X,y) = 5O(X _y)?

@ If yes, heat kernel estimate, gradient and fractional derivative esti-
mate?
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@ Existence of heat kernel associated with £, i.e.,

&p(l‘,X,y) = Zo’fp(n -,y)(X), ,O(O,X,y) = 5O(X _y)?

@ If yes, heat kernel estimate, gradient and fractional derivative esti-
mate?

@ Analyticity of the semigroup associated with £ in LP-space?
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Well-known results

When
k(X,Z—Xx) =k(z,x — 2),

the operator £ is symmetric in the sense that

g(x)fc’ff(x)dX:/ f(x)Zrg(x)dx, f,ge C(RY).
Rd Rd
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Well-known results

When
k(X,Z—Xx) =k(z,x — 2),

the operator £ is symmetric in the sense that
90251 (dx = [ ). 25g(x)dx, f.g € C(RY).
Rd Rd
In this case, without Hélder’s assumption, the following two-sided sharp
estimates of the heat kernel pfi(t, x,y) of £% was obtained by Chen

and Kumagai (SPA 2003) by using the probabilistic approach:

Got(ts + [x — y)) 79 < p(t X, y) < ¢y M H(tw + |x — y|) 0
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Well-known results

@ Bogdan-Jakubowski (CMP 2007): A2 + b(x) - V, where a € (1,2).
(See also Jakubowski-Szczypkowski(JEE 2010), Jakubowski (Stu-
dia Math. 2011), Wang-Zhang(Forum Math. to appear)) (Duhamel’s
method)
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Well-known results

@ Bogdan-Jakubowski (CMP 2007): A2 + b(x) - V, where a € (1,2).
(See also Jakubowski-Szczypkowski(JEE 2010), Jakubowski (Stu-
dia Math. 2011), Wang-Zhang(Forum Math. to appear)) (Duhamel’s
method)

@ Chen-Kim-Song (JEMS2010): Dirichlet heat kernel estimate for
Az. (See also Chen-Kim-Song(AOP 2012)(2011) for various per-
turbation. A survey paper is Chen(Sci. China 2009)). (Probabilistic
method)
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Well-known results

@ Bogdan-Jakubowski (CMP 2007): A% + b(x) - V, where a € (1,2).
(See also Jakubowski-Szczypkowski(JEE 2010), Jakubowski (Stu-
dia Math. 2011), Wang-Zhang(Forum Math. to appear)) (Duhamel’s
method)

@ Chen-Kim-Song (JEMS2010): Dirichlet heat kernel estimate for
Az. (See also Chen-Kim-Song(AOP 2012)(2011) for various per-
turbation. A survey paper is Chen(Sci. China 2009)). (Probabilistic
method)

@ Kochubei(Math. USSR 1988) proved the existence for £% with
smooth x in y and « € [1,2); Xie-Zhang(2012): at(x)A% +bi(x)-V
(Levi’'s method).
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Levi’'s method

Write
LEOf(x) = L5f(x) = 4 / 51(x; 2)k(x, 2)|z| 79~ dz,
Rd

where
d(x; 2) == f(x + z) + f(x — z) — 2f(x).
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Levi’'s method

Write

LEOf(x) = L5f(x) = 4 / 51(x; 2)k(x, 2)|z| 79~ dz,
Rd

where
d(x; 2) == f(x + z) + f(x — z) — 2f(x).

For fixed y € RY, let 25 be the freezing operator

LrWf(x) = 1 / 51(x; 2)k(y, z)|z| 79~ dz.
Rd
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Levi’'s method

Write
LEOf(x) = L5f(x) = 4 / 51(x; 2)k(x, 2)|z| 79~ dz,
Rd

where
d(x; 2) == f(x + z) + f(x — z) — 2f(x).

For fixed y € RY, let 25 be the freezing operator
LW(x) = ;/}Rd 51(x; 2)k(y, 2)|z| "9~ *dz.

Let py(t, x) := pi¥)(t, x) be the heat kernel of operator £, i.e.,

arpy (t, x) = Z5Wpy(t, x), lim py (£, X) = do(x). (1.4)
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Levi’'s method

Now, we want to seek the heat kernel p%i(t, x, y) of £ with the following
form:

Pt %, y) = py(t. X — y) / / p=(t — 5.x — 2)q(s,2,y)dzds. (1.5)
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Levi’'s method

Now, we want to seek the heat kernel p%i(t, x, y) of £ with the following
form:

t
Phltxy) =py(tx =)+ [ [ pult - s.x - 2)a(s.zy)azds. (1.9

The classical Levi’s continuity argument suggests that q(t, x, y) solves
the following integral equation:

t
atxy) =atx )+ [ [ at-sx2qszyzs (16
where
Go(t,x,y) = (L5 — ZEW)py (1 x ~ y)

= ;/]Rd 5Py(tﬁx -y Z)(K(X, Z) — /{(y’ Z))|Z‘_d_adz_
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Levi’'s method

In fact, we formally have
oL (t, x, y) = Z5Wpy (t,x — y) + q(t, X, y)
t
+ // oipz(t — 8, x — 2)q(s, z, y)dzds
0JRY
= ZWpy(t,x - y)
t
+ [ 25t - 5.x - 2)q(s.2.y)azas
0JRY

= go,j(X)pg(tvxvy)'
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Case: k(x,2) = k(2)

Let p; be the heat kernel of .Z%*. Write
Ops (8, X; 2) := PGt X + 2) + p(t, x — 2) — 2pg(t, X)

and i 1
d5(t, x) = ta (|x|? A )(tm + [x])79e.
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Case: k(x,2) = k(2)

Let p; be the heat kernel of .Z%*. Write
Ops (8, X; 2) := PGt X + 2) + p(t, x — 2) — 2pg(t, X)

and X 1
o5 (t,x) = ta (Ix|? AT)(t= + |x]) 70
We have
Lemma 1 (Fractional derivative estimate)
o

/Rd |0ps (£, X; 2)] - |z|79"2dz < Co(t, x).
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Case: k(x,2) = k(2)

Let p; be the heat kernel of .Z%*. Write
Ops (8, X; 2) := PGt X + 2) + p(t, x — 2) — 2pg(t, X)

and , .
o5 (t,x) = ta (Ix|? AT)(t= + |x]) 70

We have
Lemma 1 (Fractional derivative estimate)

o

/ 005 (1, X: 2)| - 12179 dz < Cof(t, ).
Rd
o

/]Rd |60 (8, %; 2) = Sps (8, X3 2)| - | 2|79 dz

< C((t=|x = x']) A 1)ad(t, x).
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Case: k(x,2) = k(2)

Lemma 2 (Continuous dependence of heat kernel)

Let k and & be two kernel functions. For any v € (0,« A 1), there exists
a constant C = C(d, «, kg, k1,7y) > 0 such that

o
IP5(t, X) = Pa(tX)| < Cllk — Rlloo (02 + 03, )(t. X).
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Case: k(x,2) = k(2)

Lemma 2 (Continuous dependence of heat kernel)

Let k and & be two kernel functions. For any v € (0,« A 1), there exists
a constant C = C(d, «, kg, k1,7y) > 0 such that

o
IP5(t, X) = Pa(tX)| < Cllk — Rlloo (02 + 03, )(t. X).

IVRE(t, X) — VPE(t,X)| < Cllk — &lloot ™= (0% + 01, )(t, X).

Xicheng Zhang ( Wuhan University ) Heat kernels of non-symmetric Levy operators July 7, 2013 12/22



Case: k(x,2) = k(2)

Lemma 2 (Continuous dependence of heat kernel)

Let k and & be two kernel functions. For any v € (0,« A 1), there exists
a constant C = C(d, «, kg, k1,7y) > 0 such that

o
IPE(t, X) — PE(t, X)| < Cllk — &lloo(ed + 01— )(t, X).
o
IVRE(t, X) — VPE(t,X)| < Cllk — &lloot ™= (0% + 01, )(t, X).
o

/ |0ps (£, X; 2) — 62 (8, X; 2)|dz
Rd

iz < Clls = Rlloo (08 + 02,)(t, X).
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Idea of the proof

If we set

ko

k(z) == K(2) = %,

then by convolution technique, one can write

Paltx) = [ pEA(tx = YpE(t )y
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Idea of the proof

If we set
R(z) = r(z) - 3,
then by convolution technique, one can write
Paltx) = [ pEA(tx = YpE(t )y
On the other hand, by Duhamel’s formula,

t
PE(tX) — PRt X) = / / PE(t— 8, X — y)(L5 — ZF)pi (s, y)dyds

/ /R (L = LD)pi(t = s,x — y)pi(s, y)dyds.
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Statement of Main Theorem

Under (1.2) and (1.3), there exists a unique nonnegative continuous
function p(t, x, y) on (0,1) x RY x RY solving

oo (t, X, y) = Zipa(t, -, y)(x), t>0,

and satisfying that

Xicheng Zhang ( Wuhan University ) Heat kernels of non-symmetric Levy operators July 7, 2013 14 /22



Statement of Main Theorem

Under (1.2) and (1.3), there exists a unique nonnegative continuous
function p(t, x, y) on (0,1) x RY x RY solving

oo (t, X, y) = Zipa(t, -, y)(x), t>0,

and satisfying that
@ (Upper bound) For all t € (0,1) and x, y € RY,

pg(taxvy) < C1tQ8(t7X_.y)'
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Statement of Main Theorem

Under (1.2) and (1.3), there exists a unique nonnegative continuous
function p(t, x, y) on (0,1) x RY x RY solving

oo (t, X, y) = Zipa(t, -, y)(x), t>0,

and satisfying that
@ (Upper bound) For all t € (0,1) and x, y € RY,

pg(taxvy) < C1tQ8(t7X_.y)'

@ (Holder’s estimate) For all v € (0,aA1),t € (0,1)and x, x’, y € RY,

Lt X, y) = pa(t, X, )
< calx =X PO { bt x = y) + (X = ).
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Statement of Main Theorem

@ (Fractional derivative estimate) For all x, y € R9, the mapping t —
Zrpk(t, -, y)(x) is continuous on (0, 1), and
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Statement of Main Theorem

@ (Fractional derivative estimate) For all x, y € R9, the mapping t —
Zrpk(t, -, y)(x) is continuous on (0, 1), and

| Zapa(t, - yY)(X)| < cagd(t, x — ).
@ (Continuity) For any bounded and uniformly continuous function f :
RY — R,

lim sup
t0 yerd

|, Pattx )iy = ) =o.
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Statement of Main Theorem

@ (Conservativity) For all (t,x) € (0,1) x RY,

/ pL(t, x,y)dy = 1.
Rd
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Statement of Main Theorem

@ (Conservativity) For all (t,x) € (0,1) x RY,

/ pL(t, x,y)dy = 1.
Rd

@ (C-K equation) For all s,t € (0,1) and x,y € RY, the following
Chapman-Kolmogorov’s equation holds:

[ it x.2)pi(s. 2. vz = it + 5.x,).
R
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Statement of Main Theorem

Moreover, if a € [1,2), then
@ (Gradient estimate) for all x,y € R? and t € (0, 1),

1
IVRE(L - y)(X)| < cat' @ 0d(t, x — y);
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Statement of Main Theorem

Moreover, if a € [1,2), then
@ (Gradient estimate) for all x,y € R? and t € (0, 1),

.
VRSt~ y)(X)| < cat' "= 0t x = y);
and if Vyk(x,z) and V2k(x, z) are bounded, then we also have the
following conclusions:
@ (Generator) For all f, g € C3°(RY),
Iim1/ a(0) (2§ 1) — F(x) dx_/ 9O)ZEF(X)dx,

tlo t Jga

where
2i0) = [ Pt x Y.
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Statement of Main Theorem

Moreover, if a € [1,2), then
@ (Gradient estimate) for all x,y € R? and t € (0, 1),

.
VRSt~ y)(X)| < cat' "= 0t x = y);
and if Vyk(x,z) and V2k(x, z) are bounded, then we also have the
following conclusions:
@ (Generator) For all f, g € C3°(RY),
Iim1/ a(0) (2§ 1) — F(x) dx_/ 9O)ZEF(X)dx,

tlo t Jga

where
2i0) = [ Pt x Y.

@ (Analyticity) The Co-semigroup (2§ )0 is analytic in LP(RY) pro-
vided p € [1, o).
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A key lemma (Kochubei)

If 8 €[0,«), then

yt+B—a

/gf(t,x)dxjt o
Rd
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A key lemma (Kochubei)

If 8 €[0,«), then

yt+B—a

/gf(t,x)dxjt o
Rd

If 81,82 € [0,a) and ¢ + B1 > 0, 72 + B2 > 0, then

t
B1 B2
o (t — 8, x — 2)p32(s, z)dzds
11+B81 22+B 0 B B
= B(%7 %){Q%Jﬂywrﬂﬁrﬁz + 97114-72—4-62 + QW12+’72+51 }(t’ X),

where B(~, ) is the usual Beta function defined by

1
B(y.8) = /0 (1 sy 187 1ds, 4,3 > 0.
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A nonlocal maximal principle

Let u(t, x) € Cp([0, 1] x RY) with
Itim sup |u(t,x) — u(0,x)| = 0.

10 yeRrd
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A nonlocal maximal principle

Let u(t, x) € Cp([0, 1] x RY) with
Itim sup |u(t,x) — u(0,x)| = 0.

10 yxeRrd
Suppose that for each x € R,
t— ZFu(t, x) is continuous on (0, 1],
and for any £ € (0,1) and some 7. € ((a«—1) v 0, 1),

sup |u(t,x) — u(t,x")| < C.|x — x'|=.
te(e,1)
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A nonlocal maximal principle

Let u(t, x) € Cp([0, 1] x RY) with
Itim sup |u(t,x) — u(0,x)| = 0.

10 yxeRrd
Suppose that for each x € R,
t— ZFu(t, x) is continuous on (0, 1],
and for any £ € (0,1) and some 7. € ((a«—1) v 0, 1),

sup |u(t,x) — u(t,x")| < C.|x — x'|=.
te(e,1)

If u(t, x) satisfies the following equation: for all (¢, x) € (0,1) x RY,
dru(t, x) = Z u(t, x),
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A nonlocal maximal principle

Let u(t, x) € Cp([0, 1] x RY) with

lim sup |u(t, x) — u(0,x)| = 0.
t0 ycRrd

Suppose that for each x € R,
t— ZFu(t, x) is continuous on (0, 1],
and for any £ € (0,1) and some 7. € ((a«—1) v 0, 1),

sup |u(t,x) — u(t,x")| < C.|x — x'|=.
te(e,1)

If u(t, x) satisfies the following equation: for all (¢, x) € (0,1) x RY,
dru(t, x) = Z u(t, x),
then forall t € (0, 1),

sup u(t, x) < sup u(0, x).
PISRG xeRY
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Proof of analyticity

Below, we write

Pi1(x) = [ pEtx )y,

Lemma 3

Forany p € [1,00) and f € LP(RY), (0,1) > t — LrPrf € LP(RY) is
continuous. In the case of p = oo, i.e., if f is a bounded measurable
function on R9, then for each x € RY, t — L= 2Ff(x) is a continuous
function on (0,1). Moreover, for any p € [1, 0], there exists a constant
C = C(p, d, o, kg, k1) > 0 such that for all f € LP(RY) and t € (0,1),

125 25 llp < Ct Il |
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Open questions

@ Lower bound estimate of heat kernel of 57
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Open questions

@ Lower bound estimate of heat kernel of 57

@ Existence of Markov process associated with .£%?

Xicheng Zhang ( Wuhan University ) Heat kernels of non-symmetric Levy operators July 7, 2013 21/22



Open questions

@ Lower bound estimate of heat kernel of 57
@ Existence of Markov process associated with .£%?

@ Can we do the estimates for more general operators like

22100 = | 3 pnleyayy?
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Thank you very much for your kind attention!

Xicheng Zhang ( Wuhan University ) Heat kernels of non-symmetric Levy operators July 7, 2013 22/22



	Introduction

