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Lévy type generators

Based on a joint work with Jingiao Duan.
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Lévy type generators

A fairly large class of Markov processes on R are governed by
Lévy type generators, either via martingale problem (cf e.g. D
W Stroock, “Markov Processes from K. 1té’s Perspectives”,
Princeton Univ Press 2003 or V.N. Kolokoltsov, “Markov
Processes, Semigroups and Generators”, de Gruyter, 2011)

Lu(x) = Za, J(X)8i0ju(x) + b(x)Vu(x)

zVu(x)
+/Rd\{0}{u(x+z) —u(x) — Tz ‘2} v(x,dz)

for u € Dom(L), where a(x) = (a; j(X))dxqd is Non-negative
definite symmetric, b(x) is d-dimensional,
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Lévy type generators

and v(x, dz) is a Lévy kernel, i.e., Vx € RY v(x, -) is a o-finite
measure on (R?\ {0}, B(R?\ {0})) such that

2|2
2T (x.dz) < .
ro\f0} 1+ 12|

Such L is linked to a jump SDE (cf. e.g. Bennett, Wu: Stoch
Anal Appl 08)

ax; = b(Xt)dt—l—U(Xt)th
+ / c1( X, 2)N(dt, dz)
U\Up

+/ C2(Xi—, z)N(dt, dz).
Uo
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Lévy type generators

The operator (L, Dom(L)) is referred as an integro-differential
operators or pseudo-differential operators associated with
negative definite symbols, consisting of a combination of
second order elliptic differential operators with integral
operators of Lévy type. Moreover, Lévy type generators fulfill
the (global) positive maximum principle in the sense that for any
u € Dom(L)

0 < u(xp) = sup u(x) for some xg € RY = Lu(xp) < 0.
XxERY
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Lévy type generators

Further, it's known that the positive maximum principle implies
the dissipativity of the operator (L, Dom(L)), which is a crucial
condition of the Hille-Yosida theorem for (L, Dom(L)) to
generate a strongly contraction semigroup on certain function
spaces over RY. The Hille-Yosida theorem induces the
semigroup approach towards constructing Markov processes
on R? which makes an intrinsic link between Markov processes
and second order elliptic integro-differential operators. In the
same vein, K. Taira [Semigroups, Boundary Value Problems
and Markov Processes. Springer Monographs in Mathematics,
2004] explores the functional analytic approach to constructing
Markov processes in a prescribed region D c R9 via the elliptic
boundary value problems for associated Lévy-type generators.
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Lévy type generators

Due to pseudo-differential operators (involving integral
operators) in its nature, the Lévy-type generators are nonlocal
operators. Thus, the boundary conditions are significantly
different from those for second order elliptic partial differential
operators. In this context, the second order elliptic Waldenfels
operators appear naturally towards the well posedness of the
boundary value problems. Such kind of inegro-differential
operators was initiated by W. von Waldenfels in 1964. It was
elucidated by Taira that a Markov process obtained in this
manner could be interpreted with a physical picture that a
Markovian particle moves both by jumps and continuously in
certain region of the state space R? until it reaches the
(boundary) set where the particle is definitely absorbed or it
jumps outside the region forever.
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Lévy type generators

Let D c R be a bounded, connected domain with smooth
boundary 9D with closure D := DU 0D. A second order
(elliptic) Waldenfels operator W is defined as

Wu(x) = Au(x)+ Ku(x) (1)
d

2
= > ax) g)(]f’é)fk) + b(X)Vu(x) + c(x)u(x)
JI=1

+/ [u(x + z) — u(x) — zVu(x)| k(x, z)v(dz)
RI\{0}

where
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Lévy type generators

@ 3 € C*(D),a;/(x) = aj(x), 3\ > 0 such that

d
> a(x)z2 > Az
j7I:1

Q by C*(D),c e C*(D),c(x) <0,vx € D, but ¢ # 0.
© k:DxR?—[0,1]is continuous, and 3C > 0 and
6 € (0,1) such that

|k(X,Z)—k(y,Z)|§C’X—y‘9, X:yeba ZeRd
k(x,2)=0, ifx+z¢D.
© The measure v is a Radon measure on

(R9\ {0}, B(RY\ {0})) satisfying the following moment
condition

/ |z|2y(dz)+/ |z|v(dz) < 0.
0<|z|<1 |z|>1
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Lévy type generators

Based on the above, we introduce the following time
inhomogeneous operator

Lu(t, x) Au(t, x) + Ku(t X) (2)
d
=) aylt (; X) + b(t, x)Vu(t, x) + c(t, x)u(t, x)
jI=1 OXj0Xk
zvu(t, x)
+/Rd\{0} [u(t,x + z) — u(t, x) — W]u(t, X, dz)
with
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Lévy type generators

Qo aj e C1’O°([O,OO) X D), aj,,(t, X) = a,J(t, X),H)\ > 0 s.t.
d

> ak(t.x)ziz > Mz[? V(t,x,2) € [0,00) x Dx R?
=

O ,V(t,x) € [0,00) x D, but ¢ # 0.

v(t, x, dz) is measurable on (t, x) € [0,00) x D, and
V(t,x) € [0,00) x RY,u(t, x,-) is a Lévy measure for
(t,x) € [0,00) x D. Here we further assume that the
measure v(t, x, dz) is supported in
D-x:={y—x:yeD}ie.

Q b, € C'([0,00) x D), c € C"*([0, ) x D), c(t, x) <
o

suppr(t,x,) =D — x

which indicates that a Markovian particle cannot move by
jumps from a point x € D to the outside of D.
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Lévy type generators

In what follows, we introduce parabolic Waldenfels operators

related to the time inhomogeneous elliptic Waldenfels

operators. Our parabolic Waldenfels operator is then defined as
0

—or L

and we are concerned with the maximum principles for such
parabolic operators.
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Weak and strong maximum principles

let T > 0 be arbitrarily fixed. Set further that
Dr:=(0,T] x D, 8*Dy:=0Dr\ ({T} x D).

Notice that 0* D7 is nothing but the time space boundary which
can have a clear picture if for instance in one space
dimensional case D C R, one simply takes D = (0, h) for some
fixed h > 0. Then Dy = (0, T] x (0, h) and 0* Dt consists of
three edges of the rectangle [0, T] x [0, h] except the edge
{T} x [0, h],i.e.,

9"Dr = ({0} x [0, A) U ([0, T] x {0}) U ([0, T] x {h}).
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Weak and strong maximum principles

(The weak maximum principle) Letu ¢ C"?(D7) n C(Dr).
Q If —% + Lu > 0 in Dy, then u may take its nonnegative
maximum only on 9* Dr.

Q /fc(t,x) <0 and —% + Lu > 0 in D, then u may take its
positive maximum only on 0* Dy. Consequently,

max u(t,x) < max ut(t, x)
(t,x)eDr (t,x)ed*Dr

where, as usual, ut := max{u,0},u := max{—u,0} and
u=ut—u.
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Weak and strong maximum principles

Proof We assume the contrary that there is a point
(fo, Xo) € Dt such that u(ty, xo) is the nonnegative maximum of

u, that is,
0 < u(ty,x0) = sup u(t,x)= max_u(t,x).
(t,X)EDT (f,X)GDT
Then we have
8u( T7 XO) au(t07X0)
D SR YA —
P >0, and T 0 forO<ty< T
and
d
8U(t0,Xo) . . 82U(t0,X0)
5% 0, for 1 <j <d, wit ”2_1 a;/(t, Xo) F0%
and

/ [u(fy, X0 + 2) — u(ly, Xo)]v(ty, X0, dz) <O.
RY\ {0}
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Weak and strong maximum principles

Hence we get

ou(ty, X
- %OtO) + Lu(to, Xo) < c(to, Xo)U(lo, Xo)- (3)
Now for Assertion 1, we have —% + Lu > 0 in Dy which gives
that Bult
—U((;;XO) + Lu(ty, Xp) > 0.
On the other hand, we have by (3)
_9u(to, Xo)

ot + Lu(ty, Xo) < c(to, Xo)u(ty, Xo) <0

as c(to, x0) < 0 and u(ty, xo) > 0. Thus, we end with a
contradiction

ou(ty, Xo)
ot
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Weak and strong maximum principles

Hence, u may take its nonnegative maximum only on 9*Dr.
An immediate consequence is then that

ou
—— 4+ Lu>0inDy, max u(t,x)>0
ot TR T (t,x)eDr (t,%)

= max u(t,x) < max _u(t x).
(t,x)eDr (t,x)eo*Dr

Towards our Assertion 2, we note that u™(f, Xo) > 0 is the
positive maximum of u. By (3), we have the following derivation
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Weak and strong maximum principles

—au(g);XO) + Lu(to, Xo)
c(to, Xo)u(to, Xo) = c(to, Xo)u™ (fo.Xo0) — c(to, Xo)u™ (fo.Xo)
c(to, Xo)u™ (fo-Xo)

0

o
IN

AR VANV

since c(fy, Xo) < 0 and u™(ty, Xo) > 0. This is yet again a
contradiction. Thus, u may take its positive maximum only on
0* Dt and consequently,

max u(t,x) < max_ut(t x).

(t,x)eDr (t,x)ed*Dr

This completes the proof of our Theorem 1. (O
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Weak and strong maximum principles

Some consequences of the weak maximum principle. Let u

solve
ou(t, x)

ot
@ Applying weak MP to u and —u yields

= Lu(t, x).

max |u| < max |ul.
Dy *Dr
Q If maxg-c(t, x) < 3 < 0, then applying weak MP to +ue ot
yields
max |u| < e°T max |ul.
77- o*Dt
© Let v := ue"r¢(t, x). Applying weak maximum principle
to +v, one can derive the uniqueness of
_ou(t, x)

+ Lu(t, x) = f(t, x)

ot
for given £, initial u(0, x) and u| o, 11xaD-
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Weak and strong maximum principles

Comparison principle
Let f: [0, T] x D x R — R be continuous and satisfies one-
sided (uniform) Lipschitz condition

f(t, x,ur) — f(t, x,u2) < C(ug — u2), foruy > uo.
If u,v € C"?(D7) n C(Dr) such that
_ov(t x)
ot

_ou(t, x)
ot
in Dr and u < von dDt, then u < vin Dy.

+ Lv(t, x)+f(t,x,v(t,x)) <0

+ Lu(t, x) + f(t,x,u(t,x)) >0
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Weak and strong maximum principles

(The strong maximum principle) Let D be open, bounded, and
connected inRY. Letu € C'?(D7) N C(Dt) such that
ou

—EJrLuinnDT.

@ Letc = 0. Ifu attains maximum at an interior point of Dr,
then u is a constant in Dr.

© For the general case of c(t, x) < 0,V(t, x) € Dr, if u attains
a non-negative maximum at an interior point of Dt, then u
is a constant in Dr.
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Weak and strong maximum principles

Proof Let (&, Xo) € Dr be a point such that u(fy, Xp) attains its
maximum
u(to, Xo) = max_ u(t, x).
(t,X)GDT

We assume the contrary that u is not a constant in Dy. Define
S:={(t,x) € D1 : u(t, x) = u(ty, xo)} € Dy = (0, T]xD c R'*9.

Then, S # Dt unless u = u(ty, xo) is a constant in Dr. Thus,
S C Dr. Notice that u € C*3(Dr) N C(Dr), so the set S'is
closed in Dy.
Before proceeding further, let us compute —% + Lu(ty, Xo)-
We have on one hand

du(ty, Xo)

_T+Lu(t07X0) ZO (4)
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Weak and strong maximum principles

which is clear from the assumption on u. On the other hand,we

have
OU(T, XO) 8U(t()axo)
— =7 > _— =
T >0, and T 0 forO<tg<T
d
6U(fo,Xo) . . 62u(t0,x0)
_ 7 — <1< : - -’ -7
ox, 0, for1 <j < d, with E a;(f, Xo0) X0

J,I=1

KU(to,Xo) = / [U(to,X() + Z) — U(to,Xo)]V(to,Xo, dZ) <0.
RY\ {0}
Hence we get
ou(to, Xo)

Tt + Lu(ty, Xo)

Lu(to, Xo) = Au(ty, Xo) + Ku(to, Xo)
Au(to, xo) < c(fo, Xo)u(to, Xo) <0 (5)
since ¢(fy, xo) < 0 and u(ty, Xo) > O.
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Weak and strong maximum principles

Combining (4) and (5) we have
—BU(SZZXO) + Lu(ty, x0) = 0

and further
Au(lo, xo) = Ku(to, Xo) =0
due to both Au(ty, xo) < 0 and Ku(fy, Xp) < 0. On the other

hand, v(fy, Xo, -) is supported on D — xg, we then have
0 = Ku(to, xo) = /_ [u(to, X0 + 2) — u(lo, Xo)]v(to, X0, dZ).
D—Xo

Recall that S = {(t, x) € Dt : u(t, x) = u(fp, Xo) }, then we have

the following decomposition of D — xq
{z € RN\{0} : (to, 2) € S—(to, x0)}U{z € RI\{0} : (to, 2) ¢ S—(to, X0)}
Notice that

u(to, xo + 2) = u(ty, X),Y(fh, X0 + 2) € S
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Weak and strong maximum principles

Equivalently

u(ty, Xo+2) = u(ty, x0), vz € {z € RN\ {0} : (1o, 2) € S—(lo, X0)}
u(ty, Xo+2) < u(ty, Xo), ¥z ¢ {z € RI\{0} : (o, 2) € S—(to, X0)}-
Hence,

KU( th XO)

[u(fy, X0 + 2) — u(ly, Xo0)]v(lo, X0, 02).

/{ZGRd\{O}1(fo,2)¢3—(fo,xo)}

Now in order that Ku(fy, xo) = 0, the following must hold

v(to, Xo, {z € RY\ {0} : (to,2) ¢ S— (fo,X0)}) =0.  (6)
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Weak and strong maximum principles

Next, since S is closed in Dy, we can choose a point
(s,z) € Dt \ S such that the following open set B is entirely
contained in D7\ S

B:=(rns,pvs)x{xeD:|x—z|<r} CcDr\S.

with r := |xp — z|, where as usual
fo A s :=min{ty, s}, th V s := max{ty, s}. Obviously, we have
(fo, Xo) € OB. Moreover, we set a function

w(t, x) := exp{—0(t + |x — z|?)} — exp{—0(t + | X0 — 2|?)}

that is
w(t,x) = e % (e 0x—2" _ g=0r%)

where 6 > 0 is a constant to be determined later.
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Weak and strong maximum principles

Clearly, we have the following
w(t,x) >0, V(tx)eB
w(t,x) =0, VY(t,x)eoB
w(t,x) <0, Y(t,x)eDr\B.

In what follows, let us compute —22(6%0) 1 J w (¢, x;). For the
sake of clarity in computation, let us use vector formulation.
Denote that

alt,x) = (aj,,(t, X))1§j,l§d b(t, x) := (b1(t, x), ..., bg(t, X))

with the diagonal vector of the d x d-matrix a(t, x) by

diag(a(t, x)) = (a1,1(t, X), ..., @q.a(t, X)).
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Weak and strong maximum principles

We also use 7 for the transpose of a matrix and V for the
(spatial) gradient operator on R9. We first note that

w(ty, X0) = 0

ow(lo, x)
ot
VW(to,Xo) = —29(X0 — Z)e_e(t0+r2) ?é 0.

Hence, by Conditions 1 and 2 of L defined in (2), we can derive

_ —0lxn—2z|2 _or2
— _fe 9t0(e 0|x0—2| —_e 9r):0

Aw(ty, xp) = e b+r) [462(x0 — 2)a(to, X0) (X0 — Z)"
—20(diag(a(to, o) + b(to, Xo)) (X0 — 2)7)]
e~ (b) [4X62r2 — Cyr]

v

where
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Weak and strong maximum principles

0 < Cy:= max_|diag(a(ty, Xo) + b(t, Xo)| < oo

(to,x0)€DT

is a constant independent of r. On the other hand, we have for
the integral operator Kw(ty, Xp)

Kw(ty, x0) = [w(to, Xo + 2) — w(lo, Xo)

/{ZERd\{O}:(to,xwz)eS}
_z(Vw(to, X0))"

1 +|Z’2 ]V(tO’XOadz)'

We have then

|Kw(to, X0)| < (C262 + C30)e"
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Weak and strong maximum principles

so that
ow(to, Xo)
- ot
by properly chosen 6 sufficiently large.
Finally, we define for 5 > 0

Lw(ty, x0) < Aw(lo, xo) — |Kw(lo, x0)| > O

ug(t, x) == u(t, x) + Bw(t, x).
Then choosing 5 > 0 properly depending on the above

constants Cy, Cy, Cs, there exists a neighborhood B’ of (fy, Xp)

such that
B 8u5(t, X)

ot L
ug < u(t,x) ondB
usu(to, Xo) = u(to, Xo)

which contradicts the weak maximum principle (our Theorem

2.1) accordingly. We are done. [J

ug(t,x) >0 inB



Boundary point lemma for elliptic Waldenfels operators

For the elliptic Waldenfels operator

Wu(x) = Au(x)+Ku(x)
d
)

= Zaj,,tx

J, =1

+ bVu(x) + c(x)u(x)

+ /]Rd\{o} [u(x + z) — u(t,x) — leﬂ(z)’(g]y(x, dz).

we can recover Hopf’s lemma — the boundary point lemma
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Boundary point lemma for elliptic Waldenfels operators

Theorem

Let W be defined as above. For u € C(D) with Wu > 0 in D
and maxp u > 0, if there exists a point y € 0D such that
u(y) = maxp u, then the interior normal derivative satisfies

au(y)
on

unless the function u is a constant in D.

<0
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Boundary point lemma for elliptic Waldenfels operators

Further works

1. Maximum principles for pure jump Waldenfels operators K
and —% + K, in particular when v(t, x, dz) = k(t, x,z)dz, e.g.,
fractional Laplacian with variable order.

2. Hopf’s lemma for parabolic Waldenfels operators.

3. Jump type SDEs with boundary conditions associated with
elliptic Waldenfels operators W.
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Thank Youl!
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