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Background and Motivation

o It is well known that Laplacian operator A is the infinitesimal genera-
tor of Brownian motion. The fundamental solution of heat equation for
Laplacian operator A is the Gaussian kernel

p(t,x,y) = (4mt) 42 P /4
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Background and Motivation

o It is well known that Laplacian operator A is the infinitesimal genera-
tor of Brownian motion. The fundamental solution of heat equation for
Laplacian operator A is the Gaussian kernel

p(t,x,y) = (4m1) 42 P /4

@ The study of heat kernel estimates for perturbation of Laplace operator
A by gradient operator has a long history and this subject has been stud-
ied in many literatures. In general, the heat kernel of A + b(x)V under
an appropriate Kato condition on the drift function b is comparable with
Gaussion kernel in short time (see Q.Zhang (1996), Q.S.Zhang (1997),
Kim-Song (2006)).
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Background and Motivation

o It is well known that Laplacian operator A is the infinitesimal genera-
tor of Brownian motion. The fundamental solution of heat equation for
Laplacian operator A is the Gaussian kernel

p(t,x,y) = (4m1) 42 P /4

@ The study of heat kernel estimates for perturbation of Laplace operator
A by gradient operator has a long history and this subject has been stud-
ied in many literatures. In general, the heat kernel of A + b(x)V under
an appropriate Kato condition on the drift function b is comparable with
Gaussion kernel in short time (see Q.Zhang (1996), Q.S.Zhang (1997),
Kim-Song (2006)).

@ In this talk, we are concerned with the existence and uniqueness of fun-
damental solution of Laplacian operator perturbed by non-local operator.
Furthermore, we will give two sided kernel estimates.
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B/2

Symmetric Stable Processes and A

@ A stochastic process Z = (Z;,P,,x € R?) is called a (rotationally) sym-
metric [3-stable process (3 € (0,2)) on R if it is a Lévy process such
that its characteristic function is given by

E, [e’f'(z’_z")} = 1l for every x € RY.
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B/2

Symmetric Stable Processes and A

@ A stochastic process Z = (Z;,P,,x € R?) is called a (rotationally) sym-
metric [3-stable process (3 € (0,2)) on R if it is a Lévy process such
that its characteristic function is given by

E, [e’f'(z’_z")} = 1l for every x € RY.

@ The infinitesimal generator for the symmetric (3-stable process on R? is
AP/2 as follows:

dz

APPI() = A=) [ (e ~1(0) = V) - gaen) i

for f € C3(R?). Lévy measure of Z;: v(dz) = A(d, —B)W dz.
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B/2

Truncated Symmetric Stable Processes and A

@ {Z,t > 0} is called a truncated (also called finite range) isotropically
symmetric /3-stable process in R¢ if it is a symmetric (3-stable process
with jumps of size larger than 1 removed.
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B/2

Truncated Symmetric Stable Processes and A

@ {Z,t > 0} is called a truncated (also called finite range) isotropically
symmetric /3-stable process in R¢ if it is a symmetric (3-stable process
with jumps of size larger than 1 removed.

@ The infinitesimal generator for the truncated symmetric 3-stable process

on R? is AP/? as follows:

dz

AP (x) = - X —flx) — X)2) =7
ATS(x) = Ald, ﬁ)/ﬂz'g}(f( +2) =) = (V%) - 2) T

Lévy measure of Z;:

A(d, —
v(dz) = 1<y (2)v(dz) = ]{ZI<1}(Z)|(Zd+BB)dZ'
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In this talk ,we consider Laplacian operator perturbed by a class of non-symmetric
and non-local operator:

Lf(x) = Af(x) + S (x),
where

b(x,z)

Sf(x) == A(d, —B) / , (e +2) =) = (V1) gz e

forf € C2(RY), where 0 < 3 < 2 and b(x, z) is a real-valued bounded function
on RY x RY with

b(x,z) = b(x,—z) for every x,z € R%.
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The operator we consider:
Lf(x) = Af(x) + S’ (x),

where

b(x,z)

S'F(w) = Al =5) [ (7542 =00 = (V)31 ) Foges

Remarks:
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The operator we consider:
Lf(x) = Af(x) + S’ (x),

where

b(x,z)

S'F(w) = Al =5) [ (7542 =00 = (V)31 ) Foges

Remarks:

@ The operator £ is in general non-symmetric.
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The operator we consider:
Lf(x) = Af(x) + S’ (x),

where
S°f(x) := A(d, —B) /Rd (Flx +2) = (%) = (Vf(x), 2l 13<1y)) mdz
Remarks:

@ The operator £ is in general non-symmetric.
o LV =Awhenbh=0and £’ = A+ AP/2 whenb = 1.
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The operator we consider:
Lf(x) = Af(x) + S’ (x),

where

b(x,z
SU1(8) = Al ~8) [ (e +2) =100~ (V7.2 gen) g
Remarks:
@ The operator £ is in general non-symmetric.
o LV =Awhenbh=0and £’ = A+ AP/2 whenb = 1.
o £0 = A+ A" when b(x,z) = Ly <13 (2)-
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The operator we consider:

Lf(x) = Af(x) + Sf (x),

where

b(x,
S’f(x) = Ad, 5/ (f(x +2) —(Vf(x),zlq<1y)) ’Z(fflfﬁ)dz
Remarks:

@ The operator £ is in general non-symmetric.

o LV =Awhenbh=0and £’ = A+ AP/2 whenb = 1.

o £0 = A+ A" when b(x,z) = 1q<13(2)-

@ The imposed condition b(x,z) = b(x, —z) can ensure that the truncation
|z| < 1 can be replaced by |z| < A for any A > 0 in the definition of S?.

Shf(x) = A(d, ﬁ/ (f(x+2) =f(x) = (Vf(0), 2 Iz<ap)) mdz'
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@ Does the integral kernel exist of the operator £°?
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Question:

@ Does the integral kernel exist of the operator £°?

o If so, what is its sharp two-sided estimates? Is it comparable to the heat
kernel of A ?
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Heat Kernel Estimates in the symmetric case
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Heat Kernel Estimates in the symmetric case

Let a > 0 be a constant. Let py(z,x,y) and p,(t,x,y) denote the kernel for A
and A + aAP/2 correspondingly.
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Heat Kernel Estimates in the symmetric case

Let a > 0 be a constant. Let py(z,x,y) and p,(t,x,y) denote the kernel for A
and A + aAP/2 correspondingly.

@ Song and Vondracek (2007) obtained the two sided estimates of p; (¢, x, y)
for the independent sum of B.M. and S—symmetric stable process

) ) t
o (t /2 5y d/ﬁ) A (po(t, c2X, C2y) + |x_y‘d+ﬁ>

t
< < —d)2 —d/ﬁ)
_pl(t7x7y) >3 (t Nt A Po(taC4X,C4y)+ |X—y|d+6 .
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Heat Kernel Estimates in the symmetric case

Let a > 0 be a constant. Let py(z,x,y) and p,(t,x,y) denote the kernel for A
and A + aAP/? correspondingly.

@ Song and Vondracek (2007) obtained the two sided estimates of p; (¢, x, y)
for the independent sum of B.M. and S—symmetric stable process

) ) t
o (t /2 5y d/ﬁ) A (po(t, c2X, C2y) + |x_y‘d+ﬁ>

t
< < —d)2 —d/ﬂ)
_pl(tax7y) >3 (t Nt A Po(taC4X,C4y)+ |X—y|d+6 .

@ Foreacha > 0, p,(t,x,y) < p1(t, cx, cy).
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Heat Kernel Estimates in the symmetric case

Let a > 0 be a constant. Let py(z,x,y) and p,(t,x,y) denote the kernel for A
and A + aAP/? correspondingly.

@ Song and Vondracek (2007) obtained the two sided estimates of p; (¢, x, y)
for the independent sum of B.M. and S—symmetric stable process

) ) t
. (t /2 p 4 d/ﬁ) A (po(t, X, €2y) + |x_y‘d+ﬁ>

t
< < —d)2 —d/ﬂ)
_pl(tax7y) >3 (t Nt A Po(taC4X,C4)’)+ |X—y|d+ﬁ .

@ Foreacha > 0, p,(t,x,y) < p1(t, cx, cy).

@ Chen and Kumagai (2010) generalized the result of Song and Vondracek
(2007) and established the two sided heat kernel estimates for diffusions
with jumps in the symmetric framework.
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Heat Kernel Estimates in the symmetric case

Let a > 0 be a constant. Let py(z,x,y) and p,(t,x,y) denote the kernel for A
and A + aAP/? correspondingly.

@ Song and Vondracek (2007) obtained the two sided estimates of p; (¢, x, y)
for the independent sum of B.M. and S—symmetric stable process

) ) t
. (t /2 p 4 d/ﬁ) A (po(t, X, €2y) + |x_y‘d+ﬁ>

t
< < —d)2 —d/ﬂ)
_pl(tax7y) >3 (t Nt A Po(taC4X,C4)’)+ |X—y|d+ﬁ .

@ Foreacha > 0, p,(t,x,y) < p1(t, cx, cy).

@ Chen and Kumagai (2010) generalized the result of Song and Vondracek
(2007) and established the two sided heat kernel estimates for diffusions
with jumps in the symmetric framework.

. —B/2 . .
@ Heat kernel estimates for A + aA’j/ is unknown until now.
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Duhamel’s formula

Since £Y = A + S? is a lower order perturbation of A by S?, heuristically the
fundamental solution (or kernel) ¢”(z, x,y) of £’ should satisfy the following
Duhamel’s formula:

g’ (t,x,y) = po(t,x,y) // — 5,%,2)S’po(s,z,y)dzds (D)
R4

for # > 0 and x,y € RY. Here the notation S2py(s, z,y) means the non-local
operator S? is applied to the function z — py(s, z, y).
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Let gj(t,x,y) := po(t,x,y) and

t
ao(t,x,y) ;:// qb_1(t — 5,%,2)SEpo(s,z,y)dzds  forn > 1.
0 JR4
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Let gg(1, x,y) := po(t, x,y) and
t
¢ (t,x,y) ::/ / @b (t — 5,%,2)Slpo(s,z,y)dzds  forn > 1.
0 Jrd

Applying the Duhamel’s formula recursively,

o
> dh(tx,y),
n=0

if convergent, is a solution to Duhamel’s formula (D).
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Scaling Property of ¢°(t, x, y)

Note that the Gaussian kernel py(#, x, y) has the following scaling property: for
A >0,

po(t,x,y) = )\d/zpo()\t, /\l/zx, /\l/zy), t>0,xy€ R4,
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Scaling Property of ¢°(t, x, y)

Note that the Gaussian kernel py(#, x, y) has the following scaling property: for
A >0,

po(t,x,y) = )\d/zpo()\t, /\l/zx, /\l/zy), t>0,xy€ R4,

Under the condition b(x,z) = b(x, —z), we have

Scaling property

For every integer n > 0 and A > 0,

ot x,y) = X2 @D e, A, A%y, 1> 0,5,y €RY,

where b (x,2) = A7/ 1b(x1/2x, A~1/%)
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Theorem 1: (Existence and Uniqueness)

There is a continuous function ¢®(z, x,y) on (0, 00) x RY x R such that
@ (i) There is a constant Ag = Ao(d, 5) > 0 so that

o0

q(t,x,y) =D dh(t,x,y)

n=0

on (0, (Ao/||b]|00)? @A) x RY x R,
e (ii) ¢”(t, x, ) satisfies Duhamel’s formula on (0, 00) x R? x R,

e (iii) For every ¢, s > 0 and x,z € R?,
/Rd q"(t,x,9)q"(s,y,2)dy = ¢ (t + 5,x,2)

e (iv) Foreach s> 0 and x € R?, [, ¢"(t,x,y)dy = 1.
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Theorem 1: (continued)

e (v) Forevery f € C2(RY),
)~ = [ 1L (),
0

where TPf(x) = [ga ¢"(t,x,y)f (y)dy.
@ (vi) There are positive constants Cy, k = 1,2 so that

lg"(2,x,y)| < C1P||p|| (t; Cox, Cay)  on (0, 1) x RY x RY,

where pj|.. (#,%,y) is the kernel for the operator A + 1B]|0c AB/2.

Laplacian Perturbed by Non-local Operators



Theorem 1: (continued)

e (v) Forevery f € C2(RY),

bx—x: tbbxs
TOf (x) — £(x) /OTSEf( )

where TPf (x) = [pa g7 (1,2, 9)f (v)dy.
@ (vi) There are positive constants Cy, k = 1,2 so that

lg"(2,x,y)| < C1P||p|| (t; Cox, Cay)  on (0, 1) x RY x RY,
where pj|.. (#,%,y) is the kernel for the operator A + 1B]|0c AB/2.
Moreover, suppose that g°(t, x, ) is any continuous kernel that
(1)satisfies C-K equation on (0, co] x R x R,
(2)satisfies Duhamel’s formula (D) on (0, ¢] x R? x RY;

3)|7°(t,x,y)| < c1p1(t, cax, cay) on (0,e] x RY x R? for some €, ¢y, c; > 0,
then g = ¢” on [0, 00) x RY x R,
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The kernel ¢”(t,x, y) in Theorem 1 can be negative.
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The kernel ¢”(t,x, y) in Theorem 1 can be negative.

Theorem 2: Positivity

Suppose that
x — b(x,z) is continuous for a.e. z € R%.

Then ¢”(¢,x,y) > 0 on (0,00) x R? x R? if and only if for each x € R,

b(x,z) >0 forae. zc R (P)

v

@ The positivity condition (P) is equivalent that the jump kernel of £” is
nonnegative.
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The kernel ¢”(t,x, y) in Theorem 1 can be negative.

Theorem 2: Positivity

Suppose that
x — b(x,z) is continuous for a.e. z € R%.

Then ¢”(¢,x,y) > 0 on (0,00) x R? x R? if and only if for each x € R,

b(x,z) >0 forae. zc R (P)

v

@ The positivity condition (P) is equivalent that the jump kernel of £” is
nonnegative.

@ By some approximation arguments, we can remove the continuity condi-
tion on b.
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Theorem 3: Feller Process and Heat Kernel Estimates

Suppose b satisfies the positivity condition (P). Then
(i) For every A > 0, there are positive constants C, = Ci(d,5,A),k =
1,---,4 such that for any bounded b on R? x R? with ||b||» < A,

Cleb (t7 sz, CZy) < qh(ta X, y) < C3PM;, (t7 C4xa C4y)

fort € (0,1] and x,y € RY, where my, := essinf, cgab(x,2), M) = esssup, cpab
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Theorem 3: Feller Process and Heat Kernel Estimates

Suppose b satisfies the positivity condition (P). Then
(i) For every A > 0, there are positive constants C, = Ci(d,5,A),k =
1,---,4 such that for any bounded b on R? x R? with ||b||» < A,

Clpmb (t7 sz, Cz)’) S qb(ta X, y) S C3PM;, (t7 C4xa C4y)
fort € (0,1] and x,y € RY, where my, := essinf, cgab(x,2), M) = esssup, cpab
(ii)The kernel ¢”(z, x, y) uniquely determines a conservative Feller process X” =

(XP,t > 0,P;,x € R?) on the canonical Skorokhod space D([0, o0), R¥) such
that

B ] = [ exof )y

for every bounded continuous function f on R¥.
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(iii) The Feller process X? has a Lévy system (J?(x, y)dy, t), where the jump
p

kernel A(d, —B) b( )
b o ) X,y — X
J (xvy)_ ’x_y’d+5 .
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(iii) The Feller process X” has a Lévy system (J°(x,y)dy, t), where the jump

kernel
dv _6) b<x7y - X)
x — y[dt+h '

Jb(xjy) = A(

(iv) Moreover, for each x € R?, (Xb ,P;) is the unique solution to the martin-
gale problem (£%, S(R?)) with initial value x. Here S(RY) denotes the space
of tempered functions on R?.
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Perturbation by finite range operator

Recall that £ = A + A”/? when b(x,z) = 1y<11(z). Next we will give the
refined upper and lower bound estimates for £2 = A + S? with finite range
non-local operator S°.
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Perturbation by finite range operator

Recall that £ = A + A”/? when b(x,z) = 1y<11(z). Next we will give the
refined upper and lower bound estimates for £2 = A + S? with finite range
non-local operator S°.

Let pg(t,x,y) denote the heat kernel for A2, Chen-Kim-Kumagai (2008)
proves that ﬁﬁ(t, x,) is jointly continuous and enjoys the following two sided
estimates for # € (0, 1]:

t

5 ~ ~4/8
pﬁ(t7-x7y)"\t N |X—y|d+ﬂ7

-y <1

and

¢ e lx—y| ¢ calx—y|
Cl( ) Spﬂ(t,x,y)§03< ) ) |x_y|>1

lx —
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Theorem 4: Perturbation by finite range operator

(i) For every A > 0 and M > 1, there are positive constants C; =
Ci(d,B,M,\),k = 5,6 such that for any bounded b satisfying the positivity
condition and

supb(x, Z) < M1|z|§)\(z)7

X

we have
q"(t,x,y) < Cs [fd/z A (po(t, Cex, Csy) + P (t, Cex, C6)’))}

fort € (0,1], x,y € R4,
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Theorem 4: Continued

(i1) Furthermore, if the function b satisfies

inf b(x,z) > ely <x)(z) (<= the jump measure of S? > evy(dz))
xeR -

for some A > 0 and € > 0, then there are positive constants Cy,k = 7,8 so
that

q'(t,x,y) > C; (fd/z A (Pmy (2, Csx, Cgy) + P3(t, Csx, ng)))

for ¢ € (0,1] and x,y € R?,
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The following follows immediately from Theorem 4.

Corollary:

For every A > 0 and M > 1, there are positive constants ¢, =
ce(d,B,M,\),k =1,--- 4 such that for any bounded b with

M~ <a(z) < infb(x,z) < supb(x,z) < Ml <x(2),
X

we have

ci [t_d/z A (po(t, c2x, c2y) + P31, cax, Czy))}

<¢"(t,x,y) < c3 [t_d/z A (Po(h cax, cay) + Pa(t, cax, C4y))}

fort € (0,1] and x,y € RY,
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Thank you!
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