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Local Dirichlet Forms

Let µV(dx) = e−V(x) dx be a probability measure.

DV(f , f ) =

∫
|∇f (x)|2 µV(dx).

A = 4−∇V · ∇

dXt =
√

2dBt −∇V(Xt) dt

Chen, M.-F. (2005); Wang, F.-Y. (2005)
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Non-Local Dirichlet Forms

Let µV(dx) = e−V(x) dx be a probability measure. Let α ∈ (0, 2).

Dα,V(f , f ) =

∫ ∫
(f (y)− f (x))2

|y− x|d+α
µV(dy)µV(dx)

Dα,V(f , f ) =

∫ ∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx)

Aα = −(−4)α/2 − b · ∇

dXt = dZt − b(Xt) dt

Questions: Forms? Drift?
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Stable Ornstein-Uhlenbeck Operators

Lα = −(−∆)α/2 − x · ∇, α ∈ (0, 2)

Lα has an invariant (but not symmetric) measure µα such that∫
eix·ξ µα(dx) = e−|ξ|

α/α.

Dα(f , f ) := 〈f ,−Lαf 〉L2(µα) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµα(dx)

Varµα(f ) 6 C
∫∫

(f (y)− f (x))2

|y− x|d+α
dyµα(dx),

see Röckner, M. and Wang, F.-Y. (2003)
Jian Wang (FJNU) Weighted Poincaré Inequalities for Non-local Dirichlet FormsJuly, 7, 2013; Chengdu 6 / 31



Lévy-type Dirichlet Forms

Dα(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµα(dx)

Dα,V(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx),

where
µV(dx) = e−V(x)dx.

Dρ,V(f , f ) =

∫∫
(f (y)− f (x))2ρ(|x− y|) dyµV(dx),

where ∫
ρ(r)(1 ∧ r2)rd−1 dr <∞.
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Results from Harmonic Analysis

Theorem (Mouhot, C., Russ, E. and Sire, Y. (2011))
If V ∈ C2(Rd) such that for some constant ε > 0,

(1− ε)|∇V(x)|2

2
−∆V(x)→∞, |x| → ∞,

then ∫
(f − µV(f ))2(1 + |∇V|α

)
dµV 6 CDα,V,δ(f , f ),

where

Dα,V,δ(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx).
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Results from Harmonic Analysis

Corollary (Mouhot, C., Russ, E. and Sire, Y. (2011))
If V ∈ C2(Rd) such that for some constant ε > 0,

(1− ε)|∇V(x)|2

2
−∆V(x)→∞, |x| → ∞,

then ∫
(f − µV(f ))2(1 + |∇V|α

)
dµV 6 CDα,V(f , f ),

where

Dα,V(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx).
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Results from Harmonic Analysis

Corollary (Mouhot, C., Russ, E. and Sire, Y. (2011))
If V ∈ C2(Rd) such that for some constant ε > 0,

(1− ε)|∇V(x)|2

2
−∆V(x)→∞, |x| → ∞,

then
VarµV (f ) :=

∫
(f − µV(f ))2 dµV 6 CDα,V(f , f ),

where

Dα,V(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx).

Note: µp(dx) = Cpe−|x|
p

dx with p > 1.

Jian Wang (FJNU) Weighted Poincaré Inequalities for Non-local Dirichlet FormsJuly, 7, 2013; Chengdu 11 / 31



Stable-Like Dirichlet Forms
Theorem (Wang, F.-Y. and W. (2012))
If e−V ∈ C2(Rd) such that

lim inf
|x|→∞

eV(x)

|x|d+α
> 0,

then
VarµV (f ) := µV

((
f − µV(f )

)2)
6 CDα,V(f , f );

if moreover

lim inf
|x|→∞

eV(x)

|x|d+α
=∞,

then the following super-Poincaré inequality holds

µV(f 2) 6 rDα,V(f , f ) + β(r)µV(|f |)2, r > 0.

Note: µε(dx) = Cε(1 + |x|)−d−ε dx with ε > α.
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Question: Weighted Function and Kernel

Theorem (Mouhot, C., Russ, E. and Sire, Y. (2011))∫
(f − µV(f ))2(1 + |∇V|α

)
dµV 6 CDα,V,δ(f , f ),

where

Dα,V,δ(f , f ) =

∫∫
(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx).

Theorem (Wang, F.-Y. and W. (2012))

µV
((

f − µV(f )
)2)

6 CDα,V(f , f ).
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Non-local Dirichlet Form and its Truncation

(1)

Dα,V,δ(f , f ) :=

∫∫
(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx)

(2)

D̂α,V,δ(f , f ) :=

∫∫
{|x−y|>1}

(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx)
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Weighted Poincaré Inequalities

Theorem (Chen, X. and W. (2013))
Suppose that for some constants δ > 0 and α ∈ (0, 2)

lim inf
|x|→∞

eV(x)−δ|x|

|x|d+α
> 0.

Then, ∫ (
f (x)− µV(f )

)2 eV(x)−δ|x|

(1 + |x|)d+α µV(dx) 6 CD̂α,V,δ(f , f ).

In particular,∫ (
f (x)− µV(f )

)2 eV(x)−δ|x|

(1 + |x|)d+α µV(dx) 6 CDα,V,δ(f , f ).

Jian Wang (FJNU) Weighted Poincaré Inequalities for Non-local Dirichlet FormsJuly, 7, 2013; Chengdu 16 / 31



δ > 0: Improvement of the Work by Mouhot, C., Russ,
E. and Sire, Y. (2011)
Example
(1) Let V(x) = ε(1 + |x|) with some ε > δ. Then,∫ (

f (x)− µV(f )
)2 eV(x)−δ|x|

(1 + |x|)d+α µV(dx) 6 CD̂α,V,δ(f , f ).

(2) Let V(x) = 1 + |x|2. Then,∫
(f (x)− µV(f ))2exp

(1
2
(
1 + |x|2

))
µV(dx) 6 cD̂α,V,δ(f , f ).

However,∫
(f (x)− µV(f ))2(1 + |x|α

)
µV(dx) 6 cDα,V,δ(f , f ).
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δ > 0: Qualitatively Sharp

Proposition (Chen, X. and W. (2013))
Let δ > 0. Suppose that

µV
((

f − µV(f )
)2)

6 CDα,V,δ(f , f ).

Then, there is a constant λ > 0 such that∫
eλ|x|µV(dx) <∞.

Note:

lim inf
|x|→∞

eV(x)−δ|x|

|x|d+α
> 0.
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δ = 0: Completeness of the Work by Wang, F.-Y. and W.
(2012)

Theorem (Chen, X. and W. (2013))
Suppose that

lim inf
|x|→∞

eV(x)

|x|d+α
> 0.

Then, ∫ (
f (x)− µV(f )

)2 eV(x)

(1 + |x|)d+α µV(dx) 6 CD̂α,V(f , f ).
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δ = 0: First Interesting Point
Proposition (Chen, X. and W. (2013))
Suppose

lim inf
|x|→∞

eV(x)

|x|d+α
> 0.

For any continuous positive function ω, there is a constant C(ω) > 0
such that∫ (

f (x)− µV(f )
)2 eV(x)

(1 + |x|)d+αµV(dx)

6 C(ω)

∫
ω(x)

∫
{|x−y|>1}

(f (y)− f (x))2

|y− x|d+α
dyµV(dx).

Note:
VarµV (f ) 6 C(ω)

∫
ω(x)|∇f (x)|2 µV(dx).
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δ = 0: Second Interesting Point

Proposition (Chen, X. and W. (2013))
Suppose that∫ (

f (x)− µV(f )
)2
ω(x)µV(dx) 6 CDα,V(f , f )

where lim|x|→∞ ω(x) =∞. Then the following super Poincaré
inequality

µV(f 2) 6 rDα,V(f , f ) + β(r)µV(|f |)2, r > 0

holds with

β(r) = inf
{

C2H(t)2+d/αh(t)−1−d/α(1 + s−d/α) : ...

}
.

Jian Wang (FJNU) Weighted Poincaré Inequalities for Non-local Dirichlet FormsJuly, 7, 2013; Chengdu 21 / 31



δ = 0: Second Interesting Point

Wrong !!!
Suppose that∫ (

f (x)− µV(f )
)2
ω(x)µV(dx) 6 CD̂α,V(f , f )

where lim|x|→∞ ω(x) =∞. Then the following super Poincaré
inequality holds

µV(f 2) 6 rD̂α,V(f , f ) + β(r)µV(|f |)2, r > 0,

where
β(r) = ...
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Three Different Dirichlet Forms
(1)

Dα,V,δ(f , f ) :=

∫∫
(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx).

Mouhot, C., Russ, E. and Sire, Y. (2011);
Wang, F.-Y. and W. (2012); W. (2013)

(2)

D̂α,V,δ(f , f ) :=

∫∫
{|x−y|>1}

(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx).

Chen, X. and W. (2013)
(3)

Ďα,V,δ(f , f ) :=

∫∫
{|x−y|61}

(f (y)− f (x))2

|y− x|d+α
e−δ|y−x| dyµV(dx).

Gressman, P.T. (2012); Chen, X. and W. (2012)
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Three Different Dirichlet Forms
(1)

Dα,V(f , f ) :=

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx).

(2)

D̂α,V(f , f ) :=

∫∫
{|x−y|>1}

(f (y)− f (x))2

|y− x|d+α
dyµV(dx).

inf
|x|→∞

eV(x)

|x|d+α
> 0

(3)

Ďα,V(f , f ) :=

∫∫
{|x−y|61}

(f (y)− f (x))2

|y− x|d+α
dyµV(dx).

µV(dx) = Cλe−λ|x|
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Poincaré Inequalities for Non-local Dirichlet Forms

Dρ,V(f , f ) :=

∫∫
(f (y)− f (x))2ρ(|y− x|) dyµV(dx).

ρ(r) = 0 for r > 1; µV(dx) = e−V(x) dx

ρ(r) = 0 for 1 > r > 0; µV(dx) and ρ

ρ(r) > 0 for all r > 0.
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Other Non-local Dirichlet Forms

µ2V(dx) := e−2V(x) dx

DG
α,V(f , f ) :=

∫∫ (
f (x)− f (y)

)2

|y− x|d+α
e−V(y) dy e−V(x) dx

Chen, Z.-Q and Zhang, T.S. (2002); Song, R. (2006)

µV(dx) := e−V(x) dx

D∗α,V(f , f ) :=

∫∫ (
f (x)− f (y)

)2

|y− x|d+α
e−V(y) dy e−V(x) dx
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Application to SDE

dXt = b(Xt) dt + dZt,

where (Zt)t>0 is a symmetric α-stable process.

(1) Assume that the SDE above has the unique invariant probability
measure µV(dx) = e−V(x) dx.

−(−∆)α/2(e−V) = div(e−Vb)

〈f ,−Lf 〉L2(µV) =

∫∫
(f (y)− f (x))2

|y− x|d+α
dyµV(dx)

(2) How to apply the results about Dα,V?

−(−∆)α/2(e−V) = div(e−Vb) (???)
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Application to SDE

dXt = b(Xt) dt + dZt.

(3) Exponential Ergodicity (W. (2013b))

〈b(x), x〉 6 −c|x|2, |x| � 1

(4) Poincaré Inequalities (.....)

d = 1

or

sgn(xi)bi(x) 6 −c sgn(xi) xi, d > 2, 1 6 i 6 d, |x| � 1

e.g. b(x) = ∇V(|x|) for x ∈ Rd with d > 2.
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Thank you for your attention!
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