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Local Dirichlet Forms

o Let iy (dx) = e~V dx be a probability measure.

Dy(f.f) = / VF ()P v ().

A=A-VV-V
dX, = \/2dB, — VV(X,) dt

@ Chen, M.-F. (2005); Wang, E.-Y. (2005)
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Non-Local Dirichlet Forms

o Let iy (dx) = e~V dx be a probability measure. Let o € (0,2).

Dov(f.f) = //U ’d+ /Lv(dy)uv(dx)
Do y(f.f) ://(f‘(;l_—)mclyuv(dx)

Ay = (=02 —b-V
dX, = dZ, — b(X,) dt

@ Questions: Forms? Drift?
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Stable Ornstein-Uhlenbeck Operators

Lo=—(—=A)*?—x.V, a € (0,2)

@ L, has an invariant (but not symmetric) measure /i, such that
D)= L = [ [LELE ay ot
ly — x|d+a

f(y)
Var,, // dy Lo (dx
H (f | y — |d+a ( )
see Rockner, M. and Wang, E.-Y. (2003)
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Lévy-type Dirichlet Forms

° Da(f,f)z//(f‘(;)__—wdyua(dx)

° Da,v(f,f)zf/%dwv(dﬂ,
where py(dx) = e V®dx.

T ban- [ o) = 102000 ~ 3D dy ol
where

/p(r)(l A dr < oo
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Results from Harmonic Analysis

Theorem (Mouheot, C., Russ, E. and Sire, Y. (2011))

IfV € C*(RY) such that for some constant ¢ > 0,

(1-g)|VV)P
2

— AV(x) — oo, |x| = oo,

then
(f - H’V(f))2<1 + |VV|(X) dluV < CDO&,V,(S(f:f)7

where

Doyvs(f.f) = // %wa dy puy(dx).
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Results from Harmonic Analysis

Corollary (Mouhot, C., Russ, E. and Sire, Y. (2011))

IfV € C*(RY) such that for some constant ¢ > 0,

(1-9)VV(x)P
2

— AV(x) — o0, |x| = oo,

then
/ ( — i ()2(1 + [VV]?) day < CDay(f.f),

Da,V(f7f> - //%d)’ﬂv(éﬁﬁ

where
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Results from Harmonic Analysis

Corollary (Mouhet, C., Russ, E. and Sire, Y. (2011))

IfV € C*(RY) such that for some constant € > 0,

(1-g)|VV)l®
2

— AV(x) = oo, |x| = o0,

then

Var,, () = /(f — uy(F)) dpy < CD.v(f.f),

Do y(f.f) = //(f |d+a dyu (dx).

Note: p,(dx) = C,e " dx with p > 1.

where
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Stable-Like Dirichlet Forms

Theorem (Wang, F.-Y. and W. (2012))
Ife”V € C*(R?) such that

V)
liminf ———
|x|—o00 |X‘d+a

then
2
Varuv(f) = VJV(<f - #V(f)) ) < CDoc,V(faf);
if moreover
.. et
e s ~

then the following super-Poincaré inequality holds

pv(f?) < rDay(f.f) + B(r)py(If)*, r>0.

Note: ji.(dx) = C.(1 + |x|)~¥* dx with e > .
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Question: Weighted Function and Kernel

Theorem (Mouheot, C., Russ, E. and Sire, Y. (2011))
[ = w1+ [9VF) diy < CDuyslr.1),

where

Da,v,(s(f,f) = // (}C‘(;)__—Me—ély—x dy ,uv(dx)-

Theorem (Wang, F.-Y. and W. (2012))

o ((f = mw(f))") < CDay(f.f).
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© Main Results
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Non-local Dirichlet Form and its Truncation

(1)
o (f(y) _f(x))2676|y7x| X
Doz,V,(S(faf) = // |y _ x|d+a dYMV(d )

2

- . (f(») _f(x))zef§|y7x| "
Da,V,zS(fvf) T //{|x—y|>l} |y _x|d+a dy MV(d )
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Weighted Poincaré Inequalities

Theorem (Chen, X. and W. (2013))

Suppose that for some constants 6 > 0 and « € (0,2)

. feV(X)—é\)CI 0
— > 0.

Iminlf =

Then,
eV (x)—dlx| R

/(f d+ ﬂV(dx) CDa,V,J(f7f>'

(1 + [x])éte

In particular,

V() —dlx|
/ (1) = 1)) ey v < CaalF 1)

(1+ [+
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0 > 0: Improvement of the Work by

(1) Let V(x) = &(1 + |x|) with some £ > ¢. Then,

V(x) =]

[ (109 = ) s ) < Cavalhif)

(2) Let V(x) = 1 + |x|*. Then,

[ 6 = mvexp (51 + +)) v(@) < cDavilf.s).

However,

/ (F@) — v ()2 (1 + 1) pv(d) < eDayslFof).
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0 > 0: Qualitatively Sharp

Proposition (Chen, X. and W. (2013))
Let 6 > 0. Suppose that

v ((f = m())’) < Cayalf. ).

Then, there is a constant X > 0 such that

/e)‘|x|uv(dx) < 00.

Note:
eV () —0lx|
liminf ——— > 0.
x| —o00 |X|d+a
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0 = 0: Completeness of the Work by

Theorem (Chen, X. and W. (2013))

Suppose that
liminf £ > 0
minf —— > 0.
Koo [x]d+a
Then,

V(x)

/ (F(x) = v (f)) 0+ )iee piv(dx) < CDu v (f.f).
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0 = 0: First Interesting Point

Proposition (Chen, X. and W. (2013))

Suppose

liminf -4 > 0
iminf —— > 0.
] —00 |X|d+

For any continuous positive function w, there is a constant C(w) > 0
such that

V(/\)
/(f Mv(f 1+ |>d+aﬂv(dx)
w w(x M(l dx).
<c<>/<>/{|”|>l} y pv ()

|y — x|d+a

o’

Note:

Var, f) < €(w) [ V7@ vla)
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0 = 0: Second Interesting Point

Proposition (Chen, X. and W. (2013))

Suppose that

[ 06 = i) o) vla) < €DL(6.)

where 1imy .. w(x) = oco. Then the following super Poincaré
inequality

wv(f?) < rDayv(f.f) + B(r)pv(lf)?, r>0
holds with

Bl0) = inf { o (P one) (1 457 s .
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0 = 0: Second Interesting Point

Wrong !!!
Suppose that

[ 60 = i) o) et < €D (1)

where lim|y_,oc w(x) = co. Then the following super Poincaré
inequality holds

:U’V(fz) < rDa,V(f7f) + B(r>NV(V’>27 r> 07

where
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Three Different Dirichlet Forms

1)
._ (fO) —f(x))? o=l »
Da,V,5(f7f) T // |y_x|d+a dy,uv(d )

Moubhot, C., Russ, E. and Sire, Y. (2011);
Wang, E.-Y. and W. (2012); W. (2013)

2
) — () —f))? —5ly—x|
Da,V,&(f?f) = //{|x—y|>1} We " dy py(dx).

Chen, X. and W. (2013)
3)

) - ) _f(x))zeﬂs\yﬂq »
Dovslfif) = [ /{ e dy v ().

Gressman, P.T. (2012); Chen, X. and W. (2012)
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Three Different Dirichlet Forms

1)
_ 2
Doy(f.f) = //%d)’ﬂv(dx).
(2)
b F) i () —F@)P
Doy(f.f) = //{xy|>1} [y — x[4+e y piv (dx).
. eV
|x\12>1;o |X|d+0‘ >0
3)

Derlf f) = U0 —SWR
Doy(f.f) = //ux_yKl} [y — [ dy puy(dx).

fy (dx) = Cre
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Poincaré Inequalities for Non-local Dirichlet Forms

Dolfof) i= [ [ (F6) 50 olly 1) dy ()

o p(r) =0forr > 1; py(dx) = e V@ dx
@ p(r)=0for1 > r> 0; uy(dx) and p
@ p(r) > 0forall r > 0.
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Other Non-local Dirichlet Forms

°
fiay (dx) == e 2™ dx

2
Dgy(f.f) = // %evm dye V™ dy

@ Chen, Z.-Q and Zhang, T.S. (2002); Song, R. (2006)

°
py (dx) == e™V® dx

2
D y(f.f) = // W VO dy eV gy
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Application to SDE

dX[ - b(X[) dt + dZt,
where (Z,),>0 is a symmetric «-stable process.

(1) Assume that the SDE above has the unique invariant probability
measure [y (dx) = e~V dx.

—(=A)*?(e7Y) = div(e VD)
y) —fx)
<fv _Lf>L2(,uv) = //% dy :uV(dx)
(2) How to apply the results about D, v?

—(=A)2(e7Y) =div(e Vb)) (777)
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Application to SDE

dX, = b(X,)dt + dZ,.
(3) Exponential Ergodicity (W. (2013b))

<b(x),x> < —c]x|2, ‘X‘ > 1

(4) Poincaré Inequalities (.....)

or
sgn(x;)b;i(x) < —csgn(x;)x;,, d>2,1<i<d |x|>1

e.g. b(x) = VV(|x|) for x € R? withd > 2.
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Thank you for your attention!
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