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Problems

Ornstein-Uhlenbeck Equation

dX(t) = AX(t)dt+ dL(t), t ≥ 0. (1.1)

H, a separable Hilbert space , 〈·, ·〉H ;

A, generator of a C0-semigroup on H, A∗ the adjoint
operator of A;

L, Lévy process,
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Problems

Problem

If the solution of Eq. (1.1) (X(t))t≥0 takes value in H for any t, is
there a H-valued (strong, weak,...) càdlàg modification of X?
i.e. ∃ ??? a H-valued (strong, weak,...) càdlàg (X̃(t))t≥0 such
that,

P(X(t) = X̃(t)) = 1, for any t. (1.2)
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Motivations

Motivation?

Why do we consider the problem on càdlàg modification?
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Measurability

supt∈[a,b]X(t), inft∈[a,b]X(t), lim inft∈[a,b]X(t),... measurable?

Hitting time

Λ: Borel set
Hitting Time:

T (ω) ≡ inf{t > 0, X(t, ω) ∈ Λ}.

Is T (ω) the stopping time?

X(t, ω): adapted and right continuous.
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Doob’s stopping time (optional sampling) theorem

(X(t))t≥0 is right continuous (super)-martingale.

Strong Markov property

(X(t))t≥0 is a right continuous Feller process.

Stochastic Integral

Predictable, optional process...∫ t

0
N(s−)dN(s)
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Some classic results

Brownian Motion

1900 Bachilier

1905 Einstein
p(t, x): the distribution density of particles at time t and

position x.
∂p(t, x)

∂t
= D

∂2p(t, x)

∂x2
.
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1923 Wiener
Constructed Brownian motion (distribution) on C[0, 1].

Let ξ0, ξ1, ξ2, · · · i.i.d. ∼ N(0, 1)

ξ0t+

∞∑
n=1

2n−1∑
k=2n−1

ξk
√

2
sin(πkt)

πk
,

ξ0t+

∞∑
n=1

ξn
√

2
sin(πnt)

πn
.

Wiener process, Wiener measure, Wiener space,
(C[0, 1],B(C[0, 1]),PW ).
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1927 Lévy, Ciesielski
Haar wavelet’s mother function

η =


1, [0, 12)
−1, [12 , 1)
0, otherwise.

φ0 = 1[0,1), φ2n+k = 2
n
2 η(2nt−k), t ∈ [0, 1), b ∈ N, 0 ≤ k < 2n.

e′n = φn, Schauder function,

Bt =

∞∑
n=0

ξnen.
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1931 Kolmogorov’s Forward (Fokker-Planck), Backward
Equation.
1936 Feller

∂p(t, x, y)

∂t
=

1

2

d∑
i,j=1

∂2

∂yi∂yj

(
aij(y)p(t, x, y)

)
−∇·(b(y)p(t, x, y)).

∂p(t, x, y)

∂t
=

1

2

d∑
i,j=1

aij(x)
∂2

∂xi∂xj
p(t, x, y) + b(x) · p(t, x, y).
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1942 Itô Stochastic Integral, Stochastic Differential Equation.

W.Feller [4]... no proof was given of the fact that it is possible to
introduce by means of this solution a probability measure on some
“continuous” function space.

The objective of this article, then, is
1) to formulate the problem precisely, and
2) to give a rigorous proof, à la Doob, for the existence of
continuous parameter stochastic processes.

dX(t) = σ(X(t))dB(t) + b(X(t))dt, σ · σ∗ = (ai,j).
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1969-1982 Stroock, Varadhan, Solution of Martingale Problem

Theory of Stochastic Analysis without Stochastic Integral.

Constructing P on C[0, 1] or D[0, 1] such that the transition
probability of the canonical process satisfies Kolmogorov’s
Equation.
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Dynkin-Kinney’ criterion for Markov processes

ψε(δ) = sup
x∈S,|t|<δ

P (t;x,B(x, ε)c)

C[0, 1] : ψε(δ) = o(δ);

D[0, 1] : ψε(δ) = o(1).

Kolmogorov-Censov’s moment criterion for general processes
C[0, 1]: for any t, s ∈ [0, 1],

E‖X(t)−X(s)‖α ≤ C|t− s|1+β;

D[0, 1]: ∃p, q ≥ 0, r > 0, ∀, 0 ≤ t1 < t2 < t3 ≤ 1,

E(‖X(t2)−X(t1)‖p‖X(t3)−X(t2)‖q) ≤ C|t3 − t1|1+r.
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Interests in Researching (Generalized) O-U Equations

(Generalized) O-U Equations: linear, solvable, Markov, stationary,
Gaussian or stable ...

� “Test” stochastic equation for some abstract theories.

� dX(t) = AX(t)dt+ dL(t) + “purtubation”.

2010 Brzeźniak, Goldys, Imkeller, Peszat, Priola, Zabczyk

The time regularity of the process X is of prime interest in the
study of non-linear Stochastic PDEs.
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Cases of Brownian Motion

Da Prato, G., Kwapień, S., Zabczyk, J. 1987

Iscoe, I., Marcus, M.B., McDonald, D., Talagrand, M., Zinn,
J. 1990

Da Prato, G., Zabczyk, J. 1992

Millet, A., Smoleński, W. 1992

Brzeźniak, Z., Peszat, S., Zabczyk, J. 2001

For example, in 1990, Iscoe, et.al. gave a simple but quite sharp
criterion for continuity of Xt in l2,

dxk(t) = −λkxk(t)dt+
√

2akdBk, k = 1, 2, · · · .
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Iscoe, I., Marcus, M.B., McDonald, D., Talagrand, M., Zinn, J.
1990

f(x) positive function on [0,∞) such that f(x)
x nondecreasing for

x ≥ x1 > 0 and∫ ∞
x1

dx

f(x)
<∞,

∑
k

ak
λk

<∞, sup
k

f(ak) ∨ x1
λk ∨ 1

<∞. (1.3)

Then, xt is continuous in l2 a.s. Moreover, this result is best
possible in the sense that it is false for any function f(x), which
satisfies all the above hypotheses with the exception that∫∞
x1

dx
f(x) =∞.
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Application
Key points of proof

3 Conclusions

Yong LIU Time Regularity of SPDE



Background
Results

Conclusions

Definitions of càdlàg modification
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OU-Equation

dX(t) = AX(t)dt+ dL(t), t ≥ 0. (2.1)

H, a separable Hilbert space , 〈·, ·〉H ;

A, generator of a C0-semigroup on H, A∗ adjoint operator of
A;

L, pure jump Lévy process, ν, Lévy measure;

� L =
∑∞

n=1 βnL
n(t)en, Ln, i.i.d., càdlàg Lévy processes on R;

� {en}n∈N, fixed reference orthonormal basis in H;
� βn ≥ 0.
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Definitions of càdlàg modification of processes in Hilbert
spaces

Peszat, S., Zabczyk, J. SPA 2013

H-strong càdlàg modification

X, H-valued, if exists a X̃ H-càdlàg trajectories, such that
P (Xt = X̃t) = 1, ∀t > 0.

H-weak càdlàg modification

X, H-valued, if exists a X̃ such that for any z ∈ H, the
real-valued process 〈X̃(·), z〉H has càdlàg trajectories.

H-cylindrical modification

X, H-valued, if for any z ∈ H, the real-valued process 〈X(·), z〉
has a càdlàg modification.
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H-strong càdlàg modification

X, H-valued, if exists a X̃ H-càdlàg trajectories, such that
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General results on càdlàg modification
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Definitions of càdlàg modification of processes in Hilbert
spaces

V -cylindrical modification

V ↪→ H, V -valued process H, if for any v ∈ V ∗, the real-valued
process 〈v∗, X〉V,V ∗ has a càdlàg modification.

Remark

H-strong ⇒ H-weak ⇒ H-cylindrical ⇐ V -cylindrical
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General results on càdlàg modification
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Strong càdlàg modification

Brzeźniak, Goldys, Imkeller, Peszat, Priola, Zabczyk, C. R. Acad.
Sci. Paris, Ser. I 2010

dX(t) = AX(t)dt+ dL(t), t ≥ 0, (2.2)

L =
∑∞

n=1 βnL
n(t)en, Ln, i.i.d., càdlàg Lévy processes on R.

Theorem (Time irregularity)

X, H-valued process, (en) ∈ D(A∗), βn 9 0, then X has no
H-càdlàg modification with probability 1.

4 Questions ????
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Strong càdlàg modification

Theorem (L. and J.L.Zhai 2012)

(X(t), t ≥ 0) has H-càdlàg (resp. continuous) modification

⇔

∀n ∈ N, (〈X(t), en〉, t ≥ 0) càdlàg (resp. continuous)

P
(

lim
N→∞

sup
t∈[0,T ]

∞∑
i=N

〈X(t), en〉2 = 0
)

= 1. (2.3)
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Weak càdlàg modification

Theorem (Peszat-Zabczyk 2013, L. and J.L.Zhai 2013)

The following four assertions are equivalent:

(1) The process X has a weakly càdlàg modification;

(2) P
(

supt∈[0,T ]
∑∞

n=1〈X(t), en〉2 <∞
)

= 1;

(3) P
(

supt∈[0,T ] sup‖z‖H≤1〈X(t), z〉H <∞
)

= 1;

(4) P
(

sup‖z‖H≤1 supt∈[0,T ] |〈X(t), z〉H | <∞
)

= 1;
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H-cylindrical càdlàg modification

Theorem (L. and J.L.Zhai 2013)

If for every y =
∑∞

n=1 ynen ∈ H,

P
(

lim
i→∞

sup
t∈[0,T ]

|〈X(t),

∞∑
n=i

ynen〉H | = 0
)

= 1, (2.4)

then process X has H-cylindrical càdlàg modification
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V -cylindrical càdlàg modification

Theorem (L. and J.L.Zhai 2013)

If for every y∗ =
∑∞

n=1 y
∗
nen ∈ V ∗,

P
(

lim
i→∞

sup
t∈[0,T ]

|〈X(t),

∞∑
n=i

y∗nen〉V,V ∗ | = 0
)

= 1, (2.5)

then the process X has V-cylindrical càdlàg modification
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dX(t) = AX(t)dt+ dL(t), t ≥ 0.

Corollary (L.and J.L.Zhai 2012, 2013)

Assume that ν(V \H)=0

(1) X has H-strong càdlàg modification, then ∀ ε > 0,
ν(‖y‖H ≥ ε) <∞;

(2) X has H-weak càdlàg modification, then ∃ ε0 > 0,
ν(‖y‖H ≥ ε0) <∞;
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Remark

� This corollary implies the main result in Brzeźniak et.al. 2010

βn 9 0⇒ no càdlàg

� An example solution to OU-Eq. admits H-weak càdlàg but
not H-strong càdlàg. Answer a question in Peszat, Zabczyk
2013
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Generalized OU-equation with cylindrical α-stable
processes

dX(t) = AX(t)dt+ dL(t), t ≥ 0, (2.6)

L =
∑∞

n=1 βnL
n(t)en, Ln, i.i.d., α-stable processes
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Theorem (L. and J.L.Zhai 2012,2013)

The following assertions are equivalent:

(a) The process L is a Lévy process on H;

(b) The process (X(t), t ≥ 0) has H-càdlàg modification;

(c) The process (X(t), t ≥ 0) has weakly càdlàg modification

(d)
∑∞

n=1 |βn|α <∞;

(e) For any ε > 0,
∑∞

n=1 µn
(
|y| ≥ ε

)
<∞;

(f) There exists ε0 > 0, such that
∑∞

n=1 µn
(
|y| ≥ ε0

)
<∞;
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Remark

The above theorem answer 2 of 4 questions and partly answer
another one addressed by Brzeźniak et.al. 2010

Does βn → 0 imply existence of a càdlàg modification of X?
NO!

Is S.H.E. Hδ-càdlàg for δ ∈ [− 1
α , 0)? YES!

Is L ∈ H necessary for X having H-strong càdlàg? YES! for
OU-with stable noise.

Remark

The above theorem denies the conjecture in Priola, Zabczyk 2011.

� much weaker than
∑∞

n=1 β
α
n <∞ ⇒ X, H-càdlàg.
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α , 0)? YES!

Is L ∈ H necessary for X having H-strong càdlàg? YES! for
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Application
Key points of proof

Remark

The above theorem answer 2 of 4 questions and partly answer
another one addressed by Brzeźniak et.al. 2010
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NO!
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Theorem (Peszat, Zabczyk 2013)

Let X be the solution to (1.1), where A is the generator of an
exponential stable analytic semigroup S on a Hilbert space H. Let
L be a Lévy process taking value in a Hilbert space U = H−ρ for a
certain ρ < 1

2 . Assume that the Lévy measure ν of L satisfies
ν(H−ρ \H) = 0 and that∫

H

(
|z|2−ρ + |z|4ε

)
ν(dz) <∞

for certain ε > 0 .
Then X has a càdlàg modification in H and

E sup
0≥t≥T

|X(t)|qH <∞, ∀T <∞, ∀q ∈ [1, 4).
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For 0 < v1 ≤ v2 ≤ · · · → +∞,
V ≡ {y =

∑∞
n=1 ynen ∈ H,

∑∞
n=1 y

2
nv

2
n <∞},

V ∗ = {y =
∑∞

n=1 y
∗
nen,

∑∞
n=1 y

∗2
n/v

2
n <∞}.

Theorem (L. and J.L. Zhai 2013)

(1) X has H-cylindrical càdlàg modification if and only if for
every z =

∑∞
n=1 znen ∈ H,

∑∞
n=1 |zn|α|βn|α <∞;

(2) X has V -cylindrical càdlàg modification if and only if for
every z =

∑∞
n=1 znen ∈ V ∗,

∑∞
n=1 |vnzn|α|βn|α <∞.
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Theorem

(1) If
∑∞

n=1 |βn|
2α
2−α <∞, then X has H-cylindrical càdlàg

modification;

(2) If
∑∞

n=1

(
vn|βn|

) 2α
2−α

<∞, then X has V -cylindrical càdlàg

modification.
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Remark

The above theorem answer a question in Peszat, Zabczyk 2013.

Remark

The above theorems imply that H-cylindrical modification

;

H-weak càdlàg modification, V -cylindrical modification.

Remark

We have an example that
H-weak càdlàg modification

;

H-strong càdlàg modification.
Yong LIU Time Regularity of SPDE



Background
Results

Conclusions

Definitions of càdlàg modification
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Key points of proof

(1) The proper characteristics of compact set in D([0, t], H) in
different topologies.

(2) The property of power law (scale law) of Lévy measure of
α-stable process.
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Some (necessary and) sufficient conditions are given for a
process X has strong (weak, cylindrical...) càdlàg
modification;

A complete answer on four kinks of càdlàg modification of
generalized OU-equation with cylindrical α-stable noise is
given;

Clarify some relationships of four kinks of càdlàg modification
in Hilbert space;

Some questions and conjecture are answered.
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in Hilbert space;

Some questions and conjecture are answered.

Yong LIU Time Regularity of SPDE



Background
Results

Conclusions

Conclusions

Some (necessary and) sufficient conditions are given for a
process X has strong (weak, cylindrical...) càdlàg
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