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Background
Background

e Markov branching process (MBP): 1-type case
- State Space: Z, ={0,1,2,---}

-Transition Rate (g-matrix Q = (g;j;4,j € Z4)):

ibj_jp1, fi>1,7>1—1
qij = .
0, otherwise.

where b, > 0(k # 1), >y 3 by = —b1 < 0.
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e n-type Markov branching process with immigration (MBPI):
- State Space: Z'}

-Transition Rate (g-matrix Q = (g55;1,j € Z7):

hy, if [i=0
¢ = Ek b a0 [ >0 (1.1)
0, otherwise
where
a; > 00 #0),0 <5005 =—ap <00 (1.2)

b(k) >0 (j 7& ek)a 0< Zj;éek bjk) = _bgz) < o0, k= L, n.

Li Junping



Background
Background

@® Problems:
(1) Case ho = 0: extinction probability a;o =7
(2) Case hg # 0: recurrence and ergodicity criteria?

® Special cases:
(I) nTBP: ho = ag = 0
Extinction property: well-known.
Decay property: Li (2009, Sciene in China A).

(ii) Case n = 1:

ho # 0,a9 = 0, Yamazato (1975)

ho # 0,a9 # 0, Li and Chen (2006, Markov Proc. Relat.
Fields), Chen and Li (2008, Sciene in China A).
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Definition 1. An n-type branching process with immigration (

nTBIP) is a continuous-time Markov chain with state space Z,

whose transition function P(t) = (psj(t); i,j € Z7}) satisfies
Kolmogorov forward equation

P'(t) = P(1)Q (1.3)

where ) is a nTBI g-matrix as given in (1.1)-(1.2).
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We define

o0
H(ul, o 7un) = Z : : h]lv 7]nu1 'U,%‘n,

71=0 in=0

oo o0
= . a1 in .
Alug, - un) = E : E :a]h"w]nul S

LN 0
— 1 J1 1 .
Bi(ul""’u")_Z"'ijl,---,jn u ...u%n’ 2_17...’77“

71=0 In=0

and let . oA
J an’ J 8uj’ J ) , N
0B; T
BZ] - 8UJ, gz] :6'5] - @7 %)= 17 , .
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Assumptions:
(A-1). {Bi(u1, -+ ,up);1 <i<n} is nonsingular;

(A—2) Blj(la 71) < +00, Zv] = 17 » 1

(A-3). G(1,---,1) = (g45(1,--- ,1)) is positively regular.
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Lemma 1. Suppose G(1,---,1) is positively regular and

{Bi(u1,--- ,upn);1 <i<n}is nonsingular. Then the equation
Bi(u1, -+ up) = 0;
B . —0:
2(u17 7“71) ) (21)

By (ug, -+ ,uy) =0.

has at most two solutions in [0,1]™. Let q = (q1,--- ,qn) and
p(ui, -+ ,u,) denote the smallest nonnegative solution to (2.1)
and the maximal eigenvalues of B(uj,--- ,uy), respectively. Then,
(i) if p(1,---,1) <0, then g = 1; while if p(1,---,1) > 0, then
q<l, ie, q, - ,q. <1

(i) p(ar,- - ) < 0.
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Lemma 2. Let P(t) = (p;;(t)) be the Feller minimal Q-function.
Then for any i € Z7} and (uy,--- ,u,) € [0,1)",

8Fi(t7u17 o ,Un)
ot
= H(ul,... 7un)pi0(t) +A(U1, ’un) Z pij(t)uil u.q]{b
jEZ’fr\O
aF1i(ta Up, - 7un)
Guk

n
+ZB/€(U17 e ,Un)
k=1

where Fi(t,uq, - ,up) = Zjezi Dij (t)u{1 el
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Lemma 3. If p(1,---,1) <0, then the Q-function is honest.

Theorem 1. Let ) be a nTBI g-matrix defined as (1)—(1). Then
there exists exactly one nTBIP, i.e., the Feller minimal process.
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® Extinction Property

Theorem 2. Suppose that G(1,---,1) is positively regular,
{Bi(u1,--- ,up);1 <i<n}is nonsingular. If B1(0,---,0) >0,
then the system of equations

/ _ Br(uuz,un)
{“k(“) = Bi(wuz,,un)’

(3.1)
Uk lu=0 = 0,

has a unique solution (ug(u);2 < k < n). Furthermore, this
solution satisfies

(1) (ug(u);2 <k <n) is well defined on [0, ¢1];

(i4) u),(0) > 0 and uj(u) > 0 for all u € (0,¢1) and 2 < k < n;
(iid) up(q1) = qu, 2<k <n.

Li Junping



Conclusions




Conclusions
Conclusions

(i) B1(u,0,---,0) =0 has a positive root
€ (0,1]. For any ¢ > 0, {M 2 < k < n} satisfy

Bi(u,u2, ,un)’
Lipschitz condition on [0, u* — €] x [0,1]", therefore, (3.1) has a
unique solution (ug(u);2 < k < n) defined on [0, u* — ¢].
Furthermore, (3.1) has a unique solution (ug(u);2 <k <n)
defined on [0, u*).
(i) wj(u) >0 (2 <k <n) forall u e [0,u").
(i) Further, u) (u) >0 (2 < k < n) for all v € (0,u"].
(iv) The solution of (5) can be uniquely extended to [0, q1).

(V) Finally, uk(ql) = limuqu uk(u) = (g, k Z 2.
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Corollary 1. Suppose that G(1,---,1) is positively regular,
{Bi(u1,- - ,upn);1 <i<n}is nonsingular. If
B1(0,---,0) >0, B2(0,---,0) > 0, then the system of equations

o B( yUy U
{um ok Cree e SR

(3.2)
uk|u:0 = 0, kJ ?é 2

has the same solution as (3.1).
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Theorem 3. For any i # 0, ajo = 1 if and only if p(1,---,1) <0
and J = 400 where

1 ! S PR
|, gy < 33
More specifically,
(i) If p(1,---,1) <0 and J = 400, then ajo = 1(i # 0).
(1) If p(1,---,1) <0 and J < o0, then

J =

; ; : A(z,u ,un (T
Ly w2l @) | J e g
i0 = R e Alz,uz (@), un(2) o :
f 0 Bi(z,ug(x), - ,un(x)) dy
0 Bi(yuz2(y), - un(y))
(¢4i) If 0 < p(1,---,1) < 400 ,then for i # 0,
(AL L ) LN I i e LM
i — 20 Bi(y,u2 (), un(y)) < H ik 1
i0 = R . U =+
o 1 Bl @) un@) “Cy k=1
0 Bi(yuz(y),un(y))
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(a) By Theorem 2 and Lemma 2 (with
ho = 0), we have for any v € [0,1) and i # O,

aio — uuz(w) - (u)
= Bi(u,uz(u),-- n(u)) Gi(u)
—i—A(u,uQ(u),“- s un(u)) - Gi(u) (3.5)

where
Gi(u) = Yo (e pirc(t)dt) - ub fug ()2 - - [t () B < +oc.
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b) First consider the case p(1,---,1) < 0. Solving (3.5) for
u € [0,1) immediately yields

u A(z,ug (), un ()
Gi(u) - ejo By (@i (@) yun (@) &8

= [ e yruaW)® un W) g s
o Biysua(y), -, un(y))

which implies that if J = +o00, then aj9 = 1.
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(c) For (ii), we can prove that (3.5) is the minimal solution of the
equation

Zqijx;—l—qm:O, 0<z;<1,i#0
70

and hence (3.5) is the extinction probability.

(d) (iii) is similar as (ii). O
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Theorem 4. Suppose that p(1,---,1) <0 and J = oo where J is
given in (3.3) and thus the extinction probability a;o = 1(i # 0).
Then for any i # 0, Ej[mo] < oo if and only if

/1 L—yua(y) - unly) — Ay, u2(y), - un(y))
0 Bi(y,u2(y), -, un(y))

dy < oo (3.6)

and in which case, Fj[1g] is given by

i1 '2 . in 1 A(z,us(x) ,un (x))
Eilro] — YY) un(Y)” - g g dy(3.7)
31 (Y, u2(y), - s un(y))
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® Recurrence Property

Theorem 5. The nTBIP is recurrent if and only if p(1,---,1) <0
and J = 400, where .J is given in (3.3).

Theorem 6. The nTBIP is positive recurrent (i.e., ergodic) if and
only if p(1,---,1) <0 and

/1 —Aly,ua(y), - s un(y) — H(y,uz(y), -, un(y))
; Bi(y,uz(y), -+ un(y))

Moreover, if p(1,---,1) < 0 and
> oi=alA(L, - 1)+ Hj(1,- -, 1)] < oo, then the process is
exponentially ergodic.

dy < 00(3.8)
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Theorem 7. Suppose that the nTBIP is positive recurrent. Then
its equilibrium distribution (7j;j € Z) is given by

THW W), ) |- aERE Ry
. , [RIE. y]
o Bi(ysuz(y), - un(y))

m(s) = mo[l +

where 7(s) = Zjezfjr mis  ug ()72 - wp (s)7.
By Theorem 4, we have

Theorem 8. The nTBIP is never strongly ergodic.
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® Branching Property (h; = a;)

Theorem 9. Let P(t) = (p;j(t);1,j € Z7}) be a transition function.
Then the following statements are equivalent.

(1) P(t) is the Feller minimal Q-function, where @ takes the form
of (1.1)—(1.2) with hj = aj.

(it) Foranyie€ Z",t >0, s € [-1,1]", we have

Fi(t,s) = Fo(t,s) H D Deyj(t)s) (3.10)
k=1 jezmn

where Fi(t,s) = Zjezrfr pij(t)s (i€ Zn,s € [-1,1]") and

(Peyj(t);j € Z1) is the Feller minimal Q-function and @ is an
n-type ordinary branching g-matrix (but may not be conservative).
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(i17) Forany i€ Z, t >0, s € [—1,1]", we have
Fi(t,s) = Fo(t,s) - [ [ (Fe,(t.5)/ Fo(t,s))™. (3.11)
k=1

In particular,

n
pio(t) = poo(t) - [ [ (Pero(t)/poo(t))™, il > 1 (3.12)
k=1
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® Decay Property (h; = a3)
Theorem 10.

)\Z - —A((h) o 7Qn)7

where (g1, ,qy) is the minimal nonnegative solution of (2.1).
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