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& Driver’s integration by parts formula

& Shift-Harnack inequality

& Backward coupling method

& Stochastic Hamiltonian systems

& Stochastic Functional differential equations

& Semi-linear SPDEs
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e Bismut’s formula (1984): Let P; be the heat semigroup on

a Riemannian manifold with curvature bounded below. For
fixed ¢ > 0 and vector v, one has

VoPif =E[f(X)My], f € By,

e X;: the Brownian motion on the manifold;

e M, is a random variable explicitly given by v and the
curvature.

Let pi(x,y) be the heat kernel w.r.t. the volume measure.
This formula implies

Vologpi(-,y) = E(M;|X; = ).

e Application: regularity of heat kernel in the first variable.
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e Driver’s formula (1997): Let P, be the heat semigroup on
a Riemannian manifold with curvature bounded up to first
order derivatives. For fixed ¢ > 0 and smooth vector field V'
with compact support, one has

P(Vvf)(z) =E[f(Xe)Ne], feC,

e X;: the Brownian motion on the manifold starting at x;
e NV; is a random variable given by V, the curvature and
its derivatives.
Then

Vv log pi(, ) (y) = E(N¢| X; = v)
provided divV (y) = 0.
e Application: regularity of heat kernel in the second variable.

Bismut’s formula has been well studied for SDEs and SPDEs,
but much less is known on Driver’s formula.
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For simplicity, we only consider a diffusion semigroup P; on
R?. By Young inequality, Driver’s formula

Py(Vef) = E[f(X¢)N¢]
for a vector e € R? implies
|[PA(Vef)| < 8{Pif log f—(Pef)log Pof } +8log Ee™*/?, 6 > 0

for any positive f € C’,}. Combining this with the following
result one derives the shift-Harnack inequality from Driver’s
formula.
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Proposition

Let P be a Markov operator on By(E) for some Banach space
E. Lete € E and B. € C((0,00) x E;[0,00)). Then
[P(Vef)] < 3{P(flog f) = (Pf)log Pf} +B.(6,-)Pf, §>0

holds for any positive f € C}(E) if and only if

(PFP(C) < (P{fP(re+1)})

1 or I
L ep [/0 I+ (p— 1)sﬂe<r+r(p_ 1)s’ '—i-sre)ds]

holds for any positive f € By(E),r € (0,00) and p > 1.




Integration
by Parts
Formula
and Shift
Harnack

Inequality
for

Stochastic

Equations

Feng-Yu

inequality

Backward
coupling

Differently from known Harnack inequalities, in this the shift-
Harnack inequality the reference function rather than the
variable is shifted. There are a number applications of the
shift-Harnack inequality to heat kernel estimates and ultra-
contractivity property w.r.t. the Lebesgue measure.

& Classical coupling: Construct two processes starting at dif-
ferent points such that they move together as soon as possible.
In particular, to establish Bismut’s formula and Harnack in-
equalities, we need to ensure that they move together before
a fixed time.

& Backward coupling: Construct two processes starting at a
same point such that at a given time the difference of these
processes reaches a given vector.
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Let P, be a Markov semigroup. For fixed T > 0 and z, e € R?,
let X; and Y; be two process such that

(i) Xo=Yy =z and Y7 = X1 +¢;
(ii) under probability P the process X; is associated to P,
ie. Pf(x) =Epf(Xy) for f € S,
(iii) under a weighted probability Q := RP, the process Y; is
associated to P;.

Then for any p > 1 and positive f € %y,
(Prf)P(z) = (Eof (Yr))" = (Ep[f(XT + €)R])”
< (Epf?(Xr + €)) (EpRP/ @~ D)7~
= (BeRY/®D)" 7 Pr{f?(c + )}(@).

This gives a shift-Harnack inequality for Pr.
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Suppose that we have constructed a family of couplings (X, Y;7)

and a family weighted probability measures Q. := R.P, ¢ > 0

such that

(i) Xo=Y§ =z and Yj = X7 + c¢;

(ii) under probability P the process X; is associated to P,
ie. Pf(x) =Epf(Xy) for f € By;

(iii) under Q. the process Y is associated to P;

(iv) Np :=limgg % exists in L!(PP).

Then for f € C},

Pr(V.f)(x) = Pr(tim L) )

€l0 €
— lim E]pf(XT + 86) = EQEf(Y:ﬁ)
el0 €

f(Xr +ee) — f(X7 +ee)R.
€

~ iy e | | = BelrCeayl
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Consider the following degenerate stochastic differential equa-
tion for (X (t),Y(t)) € R™*d = R™ x RY(m,d > 1):

dX(t) = {AX(t) + BY (t) }dt,
dY (t) = Z(X(¢), Y (t))dt + cdW (¢),

e A: m X m-matrix;
e B: m X d-matrix;
Z € CH(R™*4; R%);

o: invertible d X d-matrix;

e W(t): d-dimensional Brownian motion.

The Hormander condition holds if and only if
(H) There exists 0 < k < m — 1 such that
Rank[B, AB,--- ,A*B] = m.
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We only consider Driver’s integration by parts formula, since
it is easier to establish the shift-Harnack. To this end, let
T >0and e = (e, e2) € R™*d he fixed. Assume that

sup E{ sup |VZ|2} < o0
t€[0,T] B(X(t),Y (t);r)

holds for some r > 0. For non-negative ¢ € C([0,T]) with
¢ >01in (0,7), define

T
Qp = / p(t)e T4 BB*e(T—)4" gt
0

Then (H) implies that Q4 is invertible.
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Fu nal

Theorem
Let ¢, € C*([0,T]) such that #(0) = (T) =0,¢ >0 in

(0,7), and (T) = 1, ¥(0) = 0, fo (t)eT—

Moreover, let

h(t) = ¢(t)BreTDA" Q;1€1 + (t)es € RY,

o(t) = ( /O " ot=)4 3 (5)ds, h(t)) e R

Then for any f € Cg(Rerd);

Pr(Vef) =E{f(X(T),Y(T))Nr} holds for

N}, dW(t)>.

s
Np :/0 <J_1{h/(t) = V@(t)Z(X(t) Y

ABdt = 0.

€ [0,T].




Integration For ¢ € (07 1], let ( Xs(t),yg (t)) solve the equation

by Parts
Formula
and Shift

ey dXe(t) = {AX(t) + BY*®(t) }dt,
dYe(t) = odW (t) + {Z(X(t),Y (1)) + ek’ (t) }dt

for
Stochastic

Equations

Feng-Yu with (X4(0),Y#(0)) = (X(0),Y(0)). Then

Wang

formula

i 7E(0) = Y0 < ek O
XE(8) = X(t) + ¢ Jy =4 Bh(s)ds.

In particular,

Stochastic (XE (T)7 YE (T)) = (X(T)7 Y(T)) + €e

Hamiltonian
system

and i
(*) ——(X=(2), Y=(¢))

de = (h(#), fy =94 Bh(s)ds).

e=0
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Moreover, by the Girsanov theorem, (X¢(7'),Y*(T)) is asso-
ciated to Pr under the weighted probability R.P, where

T T
Re=ep |~ [ (o telo.awe) - 5 [ I,
E(s) :=ceh/(s) + Z(s,X(5),Y(s)) — Z(s,X%(5),Y*(s))

Then the proof is completed since (*) and the assumption
on VZ imply that

el0 &

holds in L(P).
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Let 7 > 0 be a fixed number, let C = C([-7,0];R?) be
equipped with uniform norm ||+ ||o. For a path v : [—-7,00) —
R? and t > 0, v; € C is given by

Y(s) =v(t+s), se€[-7,0].
Consider the stochastic functional equation

dX(t) = b(X;)dt + odW (t), t >0,

e W (t): Brownaian motion on R%

e be CLHC;RY);

e o: invertible d X d-matrix.
The segment solution X; is Markovian with semigroup F;
given by

Pf(&) =E(f(Xy)|Xo=¢), £€€C,t>0,f € B(C).
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Introduce the Carmeron-Martin space
H:={heC: ||h|}:= f_ |1 (t)2dt < oo}

Theorem
Let T > 7 and 17 € H be fized. For any ¢ € Bp([0,T — 7))
such that f t)ydt =1, let

L(t) = ¢&)n(—m)lpr—n @) +n'(t = T)Lr—r7y(D),

V0
o(t) = / T(s)ds, t€[-71T]
0
Then for any f € CL(C),

Pr(V,F) = ]E<F(XT) /O ' <0_1 (P(t)—V@tb(Xt)),dW(t)>).




oo For fixed € € C, let X(t) solve the equation for Xy = £. For

by Parts

e any ¢ € [0, 1], let X*(¢) solve the equation

and Shift

Harnack

Inequality dXe(t) = {b(t, X;) + eT(t)}dt + odW (t), t >0, XE =&.
Eauations ™

en
Sl X=X, +¢0,, telo,T)
Integration SO,
by parts d
formula XE — X _XE p— 6 .
Shift- T T+ en, de ¢ e=0 ¢
Harnack
inequality Let
' T
A [— / <a_1{sF(t) b(X,) — b(Xf)},dW(t)>
0

syste 1 T _1 - 2
- =3 /0 o7 o) + b)) — b} dt} '

differential
equations
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e R.P, X7 is associated to P;. Then the proof is completed
W by noting that

Integration

Y :n\s 1 - R o

Ln'llnnl;\ lim —E = / <O-_1 (]-‘(t) — v@t b(Xt)) ) dW(t)>
Shift- EJ/() € 0

:l‘[dlll(l('l.\’

inequality holds in Ll (]P))
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Let (H,(-,-)) be a real separable Hilbert space, (W (t))i>0 a

cylindrical Wiener process on H. Consider the semi-linear
equation on H:

dX () = {AX(t) + b(X () }dt + odW (t),

o (A,2(A)) : linear operator on H generating a contrac-
tive Co-semigroup such that [} [le*4[|% gds < oo;
e be CL(H; H);

e ¢: bounded and invertible operator on H.
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The equation has a unique mild solution, and let P; be the
associated semigroup.

€11

Let T >0 and e € H be fized. For any f € C}(H),

Pr(9ef) =2 fxD) [ (o (5-vyoceen). aw@) )




Integration .
by Parts For £ > 0, let X¢(t) solve the equation
Formula
and Shift

IH(}H‘ dXe(t) = {b(t,X(t))+%e}dt+adW(t), t>0,X°(0) = X(0).
Stochastic

Equations Then t
Feng-Yu
- X5(t) = X(£) + Tge, te[0,7].

Wang

Integration In particular, Xa(T) — X(T) + ce. MOI‘GOVGI', let

by parts
formula

H e = e [_ /0 T@—l{% + (X (1)) —b(Xs(t))}7dW(t)>

_ % /OT ’0_1{8—; T B(X(8) — b(XE(t))szt].

Then under weighted probability R.P the process X¢(t) is
associated to P;. The proof is done.
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The argument may work also for many other models, for in-
stance

e SPDEs;

e Multiplicative noises;

e Degenerate SFDEs;

e SDEs driven by Lévy processes, fractional BM;
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