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Cauchy–Lipschitz theory

It is well known that if a vector field V : Rd → Rd is globally
Lipschitz continuous, then the ODE

dXt

dt
= V (Xt), X0 = x ∈ Rd (1)

determines a unique flow of homeomorphisms on Rd , such that the
Lebesgue measure Ld is quasi-invariant, and the Radon-Nikodym
density

ρt(x) :=
d(Ld ◦ X−1

t )

dLd
(x) = exp

(
−
∫ t

0
div(V )

[
Xs

(
X−1
t (x)

)]
ds

)
.

4 / 28



Backgrounds
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Di Perna–Lions theory

In applications (e.g. in kinetic theory and fluid mechanics), the
vector fields V often have only Sobolev or even BV regularity.

Many people have tried to generalize the Cauchy–Lipschitz theory
to the cases where V is not regular. A breakthrough was made by
Di Perna and Lions (1989).

• Di Perna–Lions (Invent. Math., 1989): If

V ∈W 1,1
loc ,

|V |
1 + |x |

∈ L1 ∩ L∞ and div(V ) ∈ L∞, (2)

then ODE (1) generates a unique flow of measurable maps

Xt : Rd → Rd , such that the Lebesgue measure λ is
quasi-invariant under the action of Xt .

Their approach is indirect, and it is in fact an extension of the
classical characteristics method.
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Remarks on the DiPerna–Lions flow Xt

Remark 1

• Note that the solution Xt is not required to be well defined for
each starting point x ∈ Rd . The map Xt : Rd → Rd is not
continuous, but only measurable.

• The quasi-invariance of Xt implies that it does not map a set
E ⊂ Rd of positive Lebesgue measure to a negligible set
(otherwise the composition V (Xt) makes no sense).
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Weak differentiability of DiPerna–Lions flow Xt : (i)

But Xt is weakly differentiable in a certain sense.

• Le Bris–Lions (2004) proved the differentiability in measure of
Xt . More precisely, they considered{

d
dt Xt(x) = V (Xt(x)), X0(x) = x ;
d
dt Yt(x , y) = [∇V (Xt(x))]Yt(x , y), Y0(x , y) = y

and for ε > 0,{
d
dt Xt(x) = V (Xt(x)), X0(x) = x ;
d
dt

[
Xt(x+εy)−Xt(x)

ε

]
= V (Xt(x+εy))−V (Xt(x))

ε , X0(x+εy)−X0(x)
ε = y .

Then under (2), they proved that as ε ↓ 0,

Xt(x + εy)− Xt(x)

ε
→ Yt(x , y) locally in measure in Rd×Rd .
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Weak differentiability of DiPerna–Lions flow Xt : (ii)

• When V ∈W 1,1
loc and ∇V ∈ (L1 log L1)loc , then Ambrosio et

al. (2005) proved that Xt : Rn → Rn is approximately
differentiable.

• Crippa–De Lellis (2008) proved the same result by estimating
the following quantity

A(R, λ) := (3)∫
BR(0)∩Gλ

[
sup

0≤t≤T
sup

0<r<2R
−
∫
Br (x)∩Gλ

log
( |Xt(x)− Xt(y)|

r
+ 1
)

dy

]
dx

in terms of R and
∫
B3λ(0) |∇V | log |∇V | dx , where

I Br (x) = {y : |x − y | ≤ r};
I Gλ = {x ∈ Rn : supt∈[0,T ] |Xt(x)| ≤ λ} is the level set.
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Generalized stochastic flow of Itô’s SDE

Let σ : Rd →Md ,m be measurable and Bt is an m-dimensional
standard B.M. defined on the probability space (Ω,F ,P). Consider

dXt = σ(Xt) dBt + V (Xt) dt, X0 = x . (4)

Fix a (finite) reference measure µ on Rd .
A measurable map X : Ω× Rd → C ([0,T ],Rd) is called the
generalized stochastic flow associated to (4) if

(i) ∀ t ∈ [0,T ] and a.e. x ∈ Rd , Xt(·, x) : Ω→ Rd is
Ft := σ(Bs : s ≤ t)-measurable;

(ii) ∀ t ∈ [0,T ], ∃ ρt ∈ L1(P× µ) s.t. (Xt(ω, ·))#µ = ρt(ω, ·)µ;

(iii) µ-a.e. x ∈ Rd , the following equality holds P-a.s.:

Xt(ω, x) = x+

∫ t

0
σ(Xs(ω, x)) dBs+

∫ t

0
V (Xs(ω, x)) ds, ∀ t ∈ [0,T ];

(iv) flow property: Xt+s(ω, x) = Xt(θsω,Xs(ω, x)).
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Known results on SDE (4)

DiPerna–Lions’s original approach does not work for SDE, since
the related stochastic transport equation is always degenerate.

X. Zhang (BSM, 2010) first applied Crippa–De Lellis’s direct
method to study SDE with Sobolev coefficients.

• X. Zhang (BSM, 2010): |V |
1+|x | , div(V ) ∈ L∞ and one of the

conditions below holds:
I V ∈ BVloc , σ is constant (basically reduced to ODE);
I |∇V | ∈ (L1 log L1)loc and
|∇σ|,

(
sup|z|≤1 |σ(· − z)|

)
|∇div(σ)| ∈ L∞.

Then SDE (4) generates a stochastic flow Xt of measurable
maps which leaves the Lebesgue measure Ld absolutely
continuous.
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Known results on SDE (4): cont.

• Fang-Luo-Thalmaier (JFA, 2010): Take standard Gaussian γd
as reference measure. Assume

I σ ∈ ∩q>1Dq
1(γd) and V ∈ Dq0

1 (γd) for some q0 > 1;
I σ,V have linear growth;
I ∃λ0 > 0 such that∫

Rd exp
[
λ0

(
|divγd (V )|+ |∇σ|2 + |divγd (σ)|2

)]
dγd < +∞.

Then SDE (4) generates a unique generalized stochastic flow
Xt and the Radon-Nikodym density ρt ∈ L1 log L1(P× γd).

• X. Zhang (to appear): Cauchy measure dµ = (1 + |x |2)−α dx
for some α > d/2. Assume

I σ ∈W 1,2q
loc ,V ∈W 1,q

loc for some q > 1;
I σ,V have linear growth;
I ∀ p ≥ 1, it holds

∫
Rd exp

[
p
(
[div(V )]− + |∇σ|2

)]
dµ < +∞.

Then similar results hold.
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Known results on SDE (4): cont.

• Luo (recent work): Fix q > 1 and let dµ = (1 + |x |2)−α dx for
some α > q + d/2. Assume

I σ ∈W 1,2q
loc ,V ∈W 1,q

loc ;
I ∃ p0 > 0 such that∫

Rd exp
{

p0

(
[div(V )]− + |V |

1+|x| +
( |σ|

1+|x|
)2

+ |∇σ|2
)}

dµ < +∞.
Then there is a unique generalized stochastic flow Xt

associated to SDE (4) and the Radon-Nikodym density
ρt ∈ L1 log L1(P× µ).
The coefficients σ and V do not necessarily have linear
growth and they may be locally unbounded.

Therefore the existence and uniqueness of generalized stochastic
flows have been well established.

It remains to study their regularity.
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Purpose of this talk

Our purpose is to show the weak differentiability of the stochastic
flow of maps Xt : Rd → Rd .

This time, however, I am unable to follow Crippa–De Lellis’s
method to show the approximate differentiability of Xt .

The ideal result would be: for P-a.s. ω ∈ Ω, ∀ t ≥ 0,
Xt(ω, ·) : Rd → Rd is approximately differentiable.

It seems that a stochastic analogue of (3) does not imply the
above property.
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Therefore, we turn to Le Bris–Lions’s approach by considering
dXt(x) = σ(Xt(x)) dBt + V (Xt(x)) dt, X0(x) = x ,

dYt(x , y) =
[
∇σ(Xt(x))

]
Yt(x , y) dBt

+
[
∇V (Xt(x))

]
Yt(x , y) dt, Y0(x , y) = y .

(5)

and for ε > 0,
dXt(x) = σ(Xt(x)) dBt + V (Xt(x)) dt, X0(x) = x ,

d
[Xt(x+εy)−Xt(x)

ε

]
= σ(Xt(x+εy))−σ(Xt(x))

ε dBt

+b(Xt(x+εy))−b(Xt(x))
ε dt, X0(x+εy)−X0(x)

ε = y .

(6)
We want to show that both systems (5) and (6) generate flows

Zt(x , y) = (Xt(x),Yt(x , y)), Z ε
t (x , y) =

(
Xt(x), Xt(x+εy)−Xt(x)

ε

)
;

moreover, as ε ↓ 0,

Xt(x + εy)− Xt(x)

ε
→ Yt(x , y) in some sense.
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Both systems (5) and (6) can be interpreted as special cases of the
following SDE with partially Sobolev coefficients:{

dX1,t = σ1(X1,t) dBt + V1(X1,t) dt, X1,0 = x1,
dX2,t = σ2(X1,t ,X2,t) dBt + V2(X1,t ,X2,t) dt, X2,0 = x2,

(7)

where Rn = Rn1 × Rn2 , x1 ∈ Rn1 , x2 ∈ Rn2 and

I σ1 : Rn1 →Mn1,m, V1 : Rn1 → Rn1 ;

I σ2 : Rn →Mn2,m, V2 : Rn → Rn2 .

Take the system (6) for example: set

I n1 = n2 = d , x1 = x , x2 = y ,

I X1,t = Xt , X ε
2,t = Xt(x+εy)−Xt(x)

ε ,

I σ1 = σ, V1 = V ,

I σε2 = σ(x+εy)−σ(x)
ε ,V ε

2 = V (x+εy)−V (x)
ε .
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Assumptions

In this section we consider the systems of SDEs (7).

Fix some q > 1 and choose α1 > q + n1/2, α > α1 + n2/2. Let

dµ1(x1) = (1 + |x1|2)−α1 dx1 and dµ(x) = (1 + |x |2)−α dx .

Then µ1(Rn1) <∞ and µ(Rn) <∞.

Our assumptions are:
I Conditions on σ1 and V1:
(H1) σ1 ∈W 1,2q

x1,loc
,V1 ∈W 1,q

x1,loc
;

(H2)
∫
Rn1

exp
[
p0

(
[divx1 (V1)]−+ |V1|

1+|x1| +
( |σ1|

1+|x1|
)2

+ |∇x1σ1|2
)]

dµ1 <

+∞ for some p0 > 0;
I Conditions on σ2 and V2:
(H3) σ2 ∈ L2q

x1,loc
(W 1,2q

x2,loc
), V2 ∈ Lq

x1,loc
(W 1,q

x2,loc
);

(H4)
∫
Rn exp

[
p0

(
[divx2 (V2)]− + |V2|

1+|x| +
( |σ2|

1+|x|
)2

+ |∇x2σ2|2
)]

dµ <

+∞ for some p0 > 0.
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Main result

Theorem 2 (Existence and Uniqueness)

Under the assumptions (H1)–(H4), the Itô SDE (7) generates a
unique stochastic flow Xt = (X1,t ,X2,t) such that the reference
measure µ is absolutely continuous.

Moreover, the Radon–Nikodym density ρt :=
d[(Xt)#µ]

dµ satisfies

ρt ∈ L1 log L1(P× µ).
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Ideas of the proof

Suppose we have a sequence of “smooth” flows X k
t with

(X k
t )#µ = ρkt µ, k ≥ 1. For f ∈ Cc(Rn), we have∫

Rn

f (X k
t (x)) dµ(x) =

∫
Rn

f (y) ρkt (y) dµ(y).

Multiply by a random variable ξ ∈ L∞(Ω) and take expectation,

E
∫
Rn

ξ(·) f (X k
t (x)) dµ(x)

(2)
��

= E
∫
Rn

ξ(·) f (y) ρkt (y) dµ(y)

(1)
��

E
∫
Rn

ξ(·) f (Xt(x)) dµ(x) = E
∫
Rn

ξ(·) f (y) ρt(y) dµ(y)

Then by the arbitrariness of ξ and f , we have (Xt)#µ = ρtµ.
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First ingredient: a-priori estimate of R–N density

Suppose σ ∈ C∞b (Rn,Mn,m) and V ∈ C∞b (Rn,Rn); then SDE

dXt = σ(Xt) dBt + V (Xt) dt, X0 = x

generates a unique stochastic flow of diffeomorphisms on Rn.

Take a finite reference measure dµ = eλ(x) dx where λ ∈ C 2(Rn).
Then a.s., ∀ t > 0, the push-forward (Xt)#µ� µ. Define

ρt(x) =
d[(Xt)#µ]

dµ
(x).

X. Zhang (2012, to appear) proved the following estimate for ρt :
∀ t ∈ [0,T ], p > 1,

‖ρt‖Lp(P×µ) ≤ µ(Rn)
1

p+1

[
sup

t∈[0,T ]

∫
Rn

etp
2(p|Λσ1 |2−Λσ,V2 ) dµ

] 1
p(p+1)

. (8)

20 / 28



Backgrounds
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First ingredient: a-priori estimate of R–N density (cont.)

In the above formula, Λσ1 = div(σ) + σ∗∇λ and

Λσ,V2 = div(V ) +
1

2
〈σσ∗,Hess(λ)〉+ 〈V ,∇λ〉 − 1

2
〈∇σ, (∇σ)∗〉.

Rewriting the last term in component form,

〈∇σ, (∇σ)∗〉 =
m∑

k=1

〈
∇σ·k , (∇σ·k)∗

〉
=

m∑
k=1

n∑
i ,j=1

(∂iσ
jk)(∂jσ

ik).

Key observation: if the first n1-rows σ1 := (σij)1≤i≤n1,1≤j≤m only
depend on the variables x1 = (x1, . . . , xn1), then

〈∇σ, (∇σ)∗〉 =
m∑

k=1

[ n1∑
i ,j=1

(∂iσ
jk)(∂jσ

ik) +
n∑

i ,j=n1+1

(∂iσ
jk)(∂jσ

ik)

]
= 〈∇x1σ1, (∇x1σ1)∗〉+ 〈∇x2σ2, (∇x2σ2)∗〉.
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First ingredient: a-priori estimate of R–N density (cont.)

Regularize the coefficients σ1, V1 (resp. σ2, V2) to obtain
σ1,k , V1,k (resp. σ2,k , V2,k).

Denote the corresponding smooth solution flows by

X k
t = (X k

1,t ,X
k
2,t) and ρkt =

d[(X k
t )#µ]
dµ .

Proposition 3 (Uniform density estimate)

For fixed p > 1, there are two positive constants C1,p,C2,p > 0 and
T0 > 0 small enough such that ∀ 0 ≤ t ≤ T0,

‖ρkt ‖Lp(P×µ) ≤

C1,p

(∫
Rn1

e
C2,pT0

(
[divx1 (V1)]−+

|V1|
1+|x1|

+
(
|σ1|

1+|x1|

)2
+|∇x1σ1|2

)
dµ1

×
∫
Rn

e
C2,pT0

(
[divx2 (V2)]−+

|V2|
1+|x|+

(
|σ2|

1+|x|

)2
+|∇x2σ2|2

)
dµ

) 1
p(p+1)

.
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Second ingredient: stability

Proposition 4 (Stability)

Consider{
dX1,t = σ1(X1,t) dBt + V1(X1,t) dt, X1,0 = x1,

dX k
2,t = σ2,k(X1,t ,X

k
2,t) dBt + V2,k(X1,t ,X

k
2,t) dt, X k

2,0 = x2.

where

I σ1,V1 verify (H1), (H2), σ2,k ,V2,k verify (H3), (H4),

I σ2,k
L2q
loc (Rn)
−→ σ2, V2,k

Lqloc (Rn)
−→ V2 as k →∞.

We also assume that

C1 := sup
k≥1

[
‖σ2,k‖L2q(µ) + ‖b2,k‖Lq(µ)

]
< +∞,
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Second ingredient: stability (cont.)

Proposition 4 (Stability (cont.))

and for any R > 0,

C2,R := sup
k≥1

[
‖∇x2b2,k‖Lq(B(R)) + ‖∇x2σ2,k‖L2q(B(R))

]
< +∞.

Suppose that for all k ≥ 1, the density function ρkt :=
d(X k

t )#µ
dµ

exists and

Λp,T := sup
k≥1

sup
0≤t≤T

‖ρkt ‖Lp(P×µ) < +∞.

Then there exists a random field X2 : Ω× Rn → C ([0,T ],Rn2)
such that

lim
k→∞

E
∫
Rn

1 ∧ ‖X k
2 − X2‖∞,T dµ = 0.

Now Theorem 2 follows from Propositions 3 and 4.
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Now we come back to the Itô SDE

dXt = σ(Xt) dBt + V (Xt) dt, X0 = x ∈ Rd . (4)

We want to prove the differentiability of Xt : Rd → Rd under
suitable conditions. Hence we return to the two systems (5), (6):

dXt(x) = σ(Xt(x)) dBt + V (Xt(x)) dt, X0(x) = x ,
dYt(x , y) =

[
∇σ(Xt(x))

]
Yt(x , y) dBt

+
[
∇V (Xt(x))

]
Yt(x , y) dt, Y0(x , y) = y

(5)

and for ε > 0,
dXt(x) = σ(Xt(x)) dBt + V (Xt(x)) dt, X0(x) = x ,

d
[Xt(x+εy)−Xt(x)

ε

]
= σ(Xt(x+εy))−σ(Xt(x))

ε dBt

+b(Xt(x+εy))−b(Xt(x))
ε dt, X0(x+εy)−X0(x)

ε = y .

(6)
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We fix q > 1, α1 > q + d/2 and α > 2α1 + q + d/2. Let

dµ1 = (1 + |x |2)−α1 dx , dµ = (1 + |x |2 + |y |2)−α dxdy .

Lemma 5

Assume

(A1) σ ∈W 1,2q
loc and b ∈W 1,q

loc ;

(A2)
∫
Rd exp

[
p0

(
|∇V |+ |V |

1+|x | +
( |σ|

1+|x |
)2

+ |∇σ|2
)]

dµ < +∞ for
some p0 > 0.

Then both systems (5) and (6) verify the conditions (H1)–(H4).

Therefore we can apply the stability result (Proposition 4) to show

Theorem 6

Under (A1) and (A2), we have for all T > 0,

lim
ε→0

E
∫
R2d

1 ∧
(

sup
0≤t≤T

‖Y ε
t − Yt‖

)
dµ = 0.
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Thank you for your attention!
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