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This talk is based on a work with V. Nolot: Sobolev estimates for
optimal transport maps on Gaussian spaces.

Problem: Let on RY,

(T1)s e Viy e

(T2)x: e V2y 5 e 2y
be optimal transport maps. How to compute the variation
Ti—T>

with dimension free estimates?



Let Vo : e Vdx — e "dx be the optimal transport map.
L.V. Caffarelli (2000'): if W is convex and V = 2 then
[Vo(x) = Vo(y)| < |[x -yl

A.V. Kolesnikov (2011'): V, W are smooth, bounded from below
and V2W > Kjld with K1 > 0, then & is smooth and

sup ||V2®(x)||xs < +oo.
xeRd

But the constant on the right hand is dimension dependent.



A dimension free estimate has also been given by A.V. Kolesnikov
(2011'):

|VV\2ede2K1/ |[V20||2,5 eV dx.
]Rd Rd

Although the constant K is of dimension free, but on infinite
dimensional spaces, V2® usually is not of Hilbert-Schmidt class.
Let VO(x) = x + Vp(x). A dimension free inequality for
|[V2¢||3,s has been established by A.V. Kolesnikov (2011'), under
the hypothesis

VW < Ky Id.

Related works have been done by G. De Philippis and A. Figalli.
See arXive 2011 and 2012.



Here are our results:

Theorem (A)

Let e=Vd~ and e=Wd~ be two probability measures on RY, where
~ is the standard Gaussian measure on RY. Suppose that

V2W > —cld with c € [0,1]. Then

/Rd IVV|?e Vidy— /Rd IVW[2e=Wdy

2 _
b [ IV Wi e Way
— C JRrd

> 2Ent,(e”Y) — 2Ent,(e” ")

1—=c

+15 [Ivls eV,




Theorem (B)
Let Vo1 : e Viy = e Wiy and VO, : e V2y — e Moy Assume
that V2Wy > —cId for ¢ < 1, then

/Rd |V, — V)% e V2dy

4
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Theorem (C)
Let1 < p<?2and

2
_ 2
M1 02) = |14Vl 22,

Vv ealle,

Lf(e-Vm)'

Assume that V2W; > —c Id with ¢ € [0,1[. Then we have

V21 = V22l o viny <2M(o1,02) 3 /R (Vi — Vo)e“2dy

(Wy — Wh)|2e Wadn|.
o |19 = wa)PeWedn|



Application:

Theorem (D)
Let (X, H, ) be an abstract Wiener space. Consider
V € D2(X), W € D3(X) such that [, e Vdu= [, e Wdu=1.
Assume that for ¢ € [0, 1],
0<d<eV <8 eV VAW > —cld,

then there exists a function ¢ € D3(X) such that x — x + V(x)
pushes e~V i to e W and solves the Monge-Ampére equation

e~V = e W(T) Lo—3IVel dets(ldpeH + V2¢),

where T(x) = x + Vp(x).



- Due to the singularity of the cost function (x,y) — |x — y|y on
X x X, we do not know if x = T(x) := x 4+ V(x) in Theorem D
is the optimal transport map; however if W satisfies

(*) W, € D3(H,) forall n>1,

where m, : X — H, is a finite dimensional approximation, and
e=Wn = E™(e~W); then T is the optimal transport map.

- The result in Theorem D includes two special cases: (i) the
source measure is the Wiener measure, by Feyel and Ustiinel; (ii)
the target measure is the Wiener measure, by Bogachev and
Kolesnikov.

- For an orthonormal basis {e,; n > 1} of H, define

W(x) = 3,51 Anen(x)?, where X\, > —1/2 and 3 o, |An| < +00;
then W satisfies (x). -



[@ L.V. Caffarelli, Monotonicity properties of optimal
transportation and FKG and related inequalities, Commun.
Math. Phys., 214 (2000), 547-563.

[d A.V. Kolesnikov, On Sobolev regularity of mass transport and
transportation inequalities, arXive:1007.1103v3, 2011.

[d A.V. Kolesnikov, Convexity inequalities and optimal transport
of infinite-dimensional measures, J. Math. Pures Appl., 83
(2004), 1373-1404.

[@ V.I. Bogachev and A.V. Kolesnikov, Sobolev regularity for
Monge-Ampere equation in the Wiener space, arXive:
1110.1822v1, 2011.

[§ D. Feyel and AS. Ustiinel, Monge-Kantorovich measure
transportation and Monge-Ampére equation on Wiener space,
Prob. Th. related Fields, 128(2004), 347-385.

10



[§ D. Feyel and A.S. Ustiinel, Solution of the Monge-Ampere
equation on Wiener space for general log-concave measures, J.
Funct. Analysis, 232 (2006), 29-55.

[§ D. Feyel and A.S. Ustiinel, The notion of convexity and
concavity on the Wiener space, J. Funct. Anal., 176 (2000),
400-428.

11



Proof of results:

A priori estimate:
Let (V®1).: by — fiy, (VP2)x @ hoy — foy. Then by change of

2
variables, for a = %

A(V1)e V) det(V2dy) = he ™,
H(V®y)e™(V®2) det(V2d,) = hye™@.

Let S, be the inverse map of V®;. Acting on the right by S,, we
get

A(VP1(S,))e*Ve1(52)) det(V2 b1 (S,)) = hy(Sp)e (),

fr e~ det(V2D5(52)) = ha(Sy)e (%),
12



It follows that

fi f(VP1(S,))e(Vei(S2)
f fe=

h1(S2)
ha(S2)

-det[(v2¢1)(v2¢2)—1 () =
Taking the logarithm yields
f'
Iog(é)—i— log(fie™*)(V1(S2)) — log(fie™)

+Iogdet[(v2¢1)(V2¢2)_l](52) Iog(:2)(52)

[ os(ih(s2) i~ [ log( )
/ Iogdet v2q>1 (V2,)~ }(52)f2dfy (1)
/ log(fre=®)(Vd1(S,)) — |og(f1e—a)} fdy.
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By Taylor formula up to order 2,

log(fhe™“)(VP1(S2)) — log(fie™ )
= (Vlog(fe ), VIi(S2(x)) — x)

1
+/ (1- 1)V log(fre™)(1 = £)x + tV1(S(x))]
0
(Vo1(Sa(x)) — x)? dt.

By integration by parts,

/Rd<v log(fie™ @), VP1(S2(x)) — x) fady

:—/ Trace[v%l(sz).(v2¢2)*1(52)—/d frdvy
Rd

~ [ (701(52(x)) . V(log 2) fad.
Rd 1
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For a matrix A, the Fredholm-Carleman determinant dety(A) is
defined by detp(A) = e 11aCCUd—A) det(A). So

log d2et(A) = Trace(ld — A) + log det(A).
Theorem (B’)

h f. f.
Enthw(h—j) - Entfw(fj) = /Rd<V¢1 — V&, V(log fi)(v¢2)> hady

- / log det((v2¢2)—1/2 V20, (v2¢2)—1/2) hady
Rd 2
1
+/ (1- t)dt/ [—VQ log(fie™@)((1 — t)Vdy + thDl)]
0 Rd

(V1 — Vb3)? hady.
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Assume V2(—log f) > —c Id; then

4 h f;
/Rd Vo, — V¢2|2 hyd~y < ﬁ(Enthﬂ(hij) — Entfw(?j)>

4

e
— Vlog =|* fodr.
e L

If moreover f; = f», then

1—c¢
2

h
/ Vo1 — Vo|? hady < Enthw(h—2).
Rd 1

It is the content of Theorem B. We will give a sketch of the proof
to Theorem A. Let e~V and e=" be two density functions with
respect to 7. Let (V®), : e Vy — e W, that is,
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For F € Gy(RY),

/F(v¢)e—‘/d~y:/ Fe Wdy.
R4 R4

Let a € RY: then

/ F(V(x + a))e™ Vitag=(xa—3lal g — / F(V®)e™V dr.
Rd R4

Denote by 7, the translation by a, and M,(x) = e~ (=313 then
V(72®)s : eV My — e Wsy.
Let hy = e ™YM, hh=e V. By Theorem B’ and
Enthw(%) = [pa(TaV = V + (x,3) + 3|a|?)e™V dv,then
LV =V o)+ glafye Ve

> /01(1 _ t)dt/Rd [(1d + T*W)(A(z. x, 2))
A(VO(x) — VO(x + a))2eVdy,
17



where A(t, x,a) = (1 — t)V®(x) + tVP(x + a). Note that as
a— 0, A(t,x,a) - V&(x). Replacing a by —a, and summing
these inequalities, we get

/Rd(V(X +a)+ V(x—a) —2V(x) + [a*) e~ Vdy
1
— 2 X
>/0 (1 t)dt/Rd [(ld+v W)(A(t, ,a))}
A(VO(x) — VO(x + a))2e Vdy

1
(VO(x) = VO(x — a)eVd,

Replacing a by ca and dividing by €2 the two hand sides, letting
e — 0 yields
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/ [D2v+aP] eV > / (Id+V2W)ge (D,V, D,V ) eV dy.
RY R4
By integration by parts,
/ D§Ve—Vd~y—/ (DaV)Ze_Vde—/ D,V (a,x) e Vdn.
Rd R4 R4
Write V&(x) = x + V¢(x), then

|D,V®|? = |a|? + 2(a, D;Vp) + |D.Vp|2. Summing a on an
orthonormal basis gives

]VV]zeVd’y—l—/ (x,VV)e Vdy

d Rd

22 apeVars [ IV%lfse Ve
Rd

+Z/ V2 Weo(D,VO, D,Vd) eV d-.
aeB

10



Let Nw(V2p) = 3,5 V2 Wy (D.V, D,V). Then

> /d V2Weo(D,VO, D,V®) e Vdy
aeB R

2/ (AW)V¢6_V0'7+2/ (V*Weo,V2p)ps eV dy
R4 R4
e [ Iv%l s e Ve
Rd
Therefore
/ |VV|2e_Vd7~|—/ (x,VV)e Vdy
Rd Rd
22 ApeVari -0 [ IVIse Ve @)
Rd Rd

+ | AWgee Vdy+ 2/ (V2Wye, V20 s e Vdy.
R4 Rd
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In order to obtain desired terms, we first use the relation
[ Vel Vay = [ e ay
R4 Rd
which gives that
2 [ Vet e Var= [ IxPeWay— [ xPe ey
Rd Rd ]Rd
- [ IvetR e Ve
]Rd

Let £ be the Ornstein-Uhlenbeck operator:
Lf(x) = Af(x) — (x, VF). Remark that £(1[x|?) = d — |x[?>. Then

Loweevan— [ e

__/Rd<x VW)e Wd’y—f—/Rd(x VV)e Vdy.
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Therefore
2/ (x,Vo(x)) e Vdy = —/ (x, VW) e Wdy
RY RY
+/ (x,VV)e Vdy— / IVel2e Vdy.
Rd RY
On the other hand, from Monge-Ampére equation,
eV — o= W(V®) sLp—3|Ve]? dzet(ld +V2p),
we have
1
Lo=—V+W[V)+ Eyvgay? — log det(ld + V23p),
and
1
/ Lpe Vdy=Ent,(e”") — Ent,(e™") + / Vo2 e Vidy
Rd 2 Rd

- / log det(Id + V3p) e Vdr.
R 2
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Combing two above equalities gives

2 Agpe‘vdfy:2/ Egpe_vdfy+2/ (x,V)e Vdy
Rd Rd Rd

= 2Ent,(e”") — 2Ent,(e"") — 2/ Iogdgt(ld + V2p) e Vdy
Rd
- / (x, VW) e Wdy +/ (x,VV)e Vdry.
R RY
Recall that

VV[2e Vdy+ / (x,VV)e Vdy
Rd R4

22 ApeVay+ (-0 [ [V%lBseVar ()
Rd Rd

+ AWe‘Wd7+2/ (V2Wyo, V20 s e Vdy.
R¢ Rd
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So we get
/Rd IVV[?e Vdy > 2Ent,(e”") — 2Ent, (e™")

+(1-9) [ 9%l en

+ EWer7+2/ (V2W(V), V20 s e Vdry.
R4 R4

Now by

2 » (VZW(VD), V3p)ps| e Vdy

<1 [ 1VlseVar+ —— [ IVPW|2seVd

< IVopllse™ "dy + — | s e 7.
2 Rd 1 C R4
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We get Theorem A.

2
[wvieevay- [ vwieWays 2o [ Iviwise Way
Rd Rd — C JRd

1-c¢ _
5 | IV elfs eV an

> 2Ent,(e”") — 2Ent, (e™") +

Thanks a lot for your attention!
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