
Variation of optimal transport maps
in Sobolev spaces

Shizan Fang
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This talk is based on a work with V. Nolot: Sobolev estimates for
optimal transport maps on Gaussian spaces.

Problem: Let on Rd ,

(T1)∗ : e−V1γ → e−W1γ,

(T2)∗ : e−V2γ → e−W2γ

be optimal transport maps. How to compute the variation

T1 − T2

with dimension free estimates?
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Facts:

Let ∇Φ : e−V dx → e−W dx be the optimal transport map.

L.V. Caffarelli (2000’): if W is convex and V = |x |2
2 , then

|∇Φ(x)−∇Φ(y)| ≤ |x − y |.

A.V. Kolesnikov (2011’): V ,W are smooth, bounded from below
and ∇2W ≥ K1Id with K1 > 0, then Φ is smooth and

sup
x∈Rd

||∇2Φ(x)||HS < +∞.

But the constant on the right hand is dimension dependent.
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A dimension free estimate has also been given by A.V. Kolesnikov
(2011’): ∫

Rd

|∇V |2e−V dx ≥ K1

∫
Rd

||∇2Φ||2HS e−V dx .

Although the constant K1 is of dimension free, but on infinite
dimensional spaces, ∇2Φ usually is not of Hilbert-Schmidt class.
Let ∇Φ(x) = x +∇ϕ(x). A dimension free inequality for
||∇2ϕ||2HS has been established by A.V. Kolesnikov (2011’), under
the hypothesis

∇2W ≤ K2 Id .

Related works have been done by G. De Philippis and A. Figalli.
See arXive 2011 and 2012.
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Here are our results:

Theorem (A)

Let e−V dγ and e−W dγ be two probability measures on Rd , where
γ is the standard Gaussian measure on Rd . Suppose that
∇2W ≥ −c Id with c ∈ [0, 1[. Then∫

Rd

|∇V |2e−V dγ −
∫
Rd

|∇W |2e−W dγ

+
2

1− c

∫
Rd

||∇2W ||2HS e−W dγ

≥ 2Entγ(e−V )− 2Entγ(e−W )

+
1− c

2

∫
Rd

||∇2ϕ||2HS e−V dγ.
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Theorem (B)

Let ∇Φ1 : e−V1γ → e−W1γ and ∇Φ2 : e−V2γ → e−W2γ. Assume
that ∇2W1 ≥ −c Id for c < 1, then

∫
Rd

|∇Φ1 −∇Φ2|2 e−V2dγ

≤ 4

1− c
Ente−V1γ(eV1−V2) +

4

(1− c)2

∫
|∇(W1 −W2)|2e−W2dγ.
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Theorem (C)

Let 1 ≤ p < 2 and

M(ϕ1, ϕ2) =
∥∥∥||I +∇2ϕ1||op

∥∥∥2

L
2p

2−p (e−V2γ)
∨
∥∥∥||I +∇2ϕ2||op

∥∥∥2

L
2p

2−p (e−V2γ)
.

Assume that ∇2W1 ≥ −c Id with c ∈ [0, 1[. Then we have

||∇2ϕ1 −∇2ϕ2||2Lp(e−V2γ)
≤2M(ϕ1, ϕ2)

[
3

∫
Rd

(V1 − V2)e−V2dγ

+
2

1− c

∫
Rd

|∇(W1 −W2)|2e−W2dγ
]
.
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Application:

Theorem (D)

Let (X ,H, µ) be an abstract Wiener space. Consider
V ∈ D2

1(X ),W ∈ D2
2(X ) such that

∫
X e−V dµ =

∫
X e−W dµ = 1.

Assume that for c ∈ [0, 1[,

0 < δ1 ≤ e−V ≤ δ2, e−W ≤ δ2, ∇2W ≥ −c Id ,

then there exists a function ϕ ∈ D2
2(X ) such that x → x +∇ϕ(x)

pushes e−Vµ to e−Wµ and solves the Monge-Ampère equation

e−V = e−W (T )eLϕ−
1
2
|∇ϕ|2 det2(IdH⊗H +∇2ϕ),

where T (x) = x +∇ϕ(x).
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Remark:

- Due to the singularity of the cost function (x , y)→ |x − y |H on
X × X , we do not know if x → T (x) := x +∇ϕ(x) in Theorem D
is the optimal transport map; however if W satisfies

(∗) Wn ∈ D2
2(Hn) for all n ≥ 1,

where πn : X → Hn is a finite dimensional approximation, and
e−Wn = Eπn(e−W ); then T is the optimal transport map.
- The result in Theorem D includes two special cases: (i) the
source measure is the Wiener measure, by Feyel and Üstünel; (ii)
the target measure is the Wiener measure, by Bogachev and
Kolesnikov.
- For an orthonormal basis {en; n ≥ 1} of H, define
W (x) =

∑
n≥1 λnen(x)2, where λn > −1/2 and

∑
n≥1 |λn| < +∞;

then W satisfies (∗).
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D. Feyel and A.S. Üstünel, Solution of the Monge-Ampère
equation on Wiener space for general log-concave measures, J.
Funct. Analysis, 232 (2006), 29-55.
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Proof of results:

A priori estimate:
Let (∇Φ1)∗ : h1γ → f1γ, (∇Φ2)∗ : h2γ → f2γ. Then by change of

variables, for α = |x |2
2 ,

f1(∇Φ1)e−α(∇Φ1) det(∇2Φ1) = h1e−α,

f2(∇Φ2)e−α(∇Φ2) det(∇2Φ2) = h2e−α.

Let S2 be the inverse map of ∇Φ2. Acting on the right by S2, we
get

f1(∇Φ1(S2))e−α(∇Φ1(S2)) det(∇2Φ1(S2)) = h1(S2)e−α(S2),

f2 e−α det(∇2Φ2(S2)) = h2(S2)e−α(S2).
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It follows that

f1

f2
· f1(∇Φ1(S2))e−α(∇Φ1(S2))

f1e−α
·det

[
(∇2Φ1)(∇2Φ2)−1

]
(S2) =

h1(S2)

h2(S2)
.

Taking the logarithm yields

log(
f1

f2
)+ log(f1e−α)(∇Φ1(S2))− log(f1e−α)

+ log det
[
(∇2Φ1)(∇2Φ2)−1

]
(S2) = log(

h1

h2
)(S2).

∫
Rd

log(
h1

h2
)(S2) f2dµ−

∫
Rd

log(
f1

f2
) f2dγ

=

∫
Rd

log det
[
(∇2Φ1)(∇2Φ2)−1

]
(S2) f2dγ

+

∫
Rd

[
log(f1e−α)(∇Φ1(S2))− log(f1e−α)

]
f2dγ.

(1)
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By Taylor formula up to order 2,

log(f1e−α)(∇Φ1(S2))− log(f1e−α)

= 〈∇ log(f1e−α),∇Φ1(S2(x))− x〉

+

∫ 1

0
(1− t)

[
∇2 log(f1e−α)((1− t)x + t∇Φ1(S2(x))

]
· (∇Φ1(S2(x))− x)2 dt.

By integration by parts,∫
Rd

〈∇ log(f1e−α),∇Φ1(S2(x))− x〉 f2dγ

=−
∫
Rd

Trace
[
∇2Φ1(S2) · (∇2Φ2)−1(S2)− Id

]
f2dγ

−
∫
Rd

〈∇Φ1(S2(x))− x ,∇(log
f2

f1
)〉 f2dγ.
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For a matrix A, the Fredholm-Carleman determinant det2(A) is

defined by det2(A) = eTrace(Id−A) det(A). So

log det
2

(A) = Trace(Id − A) + log det(A).

Theorem (B’)

Enth1γ

(h2

h1

)
− Entf1γ

( f2

f1

)
=

∫
Rd

〈∇Φ1 −∇Φ2,∇(log
f2

f1
)(∇Φ2)〉 h2dγ

−
∫
Rd

log det
2

(
(∇2Φ2)−1/2∇2Φ1 (∇2Φ2)−1/2

)
h2dγ

+

∫ 1

0
(1− t)dt

∫
Rd

[
−∇2 log(f1e−α)((1− t)∇Φ2 + t∇Φ1)

]
· (∇Φ1 −∇Φ2)2 h2dγ.
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Assume ∇2(− log f ) ≥ −c Id ; then∫
Rd

|∇Φ1 −∇Φ2|2 h2dγ ≤ 4

1− c

(
Enth1γ

(h2

h1

)
− Entf1γ

( f2

f1

))
+

4

(1− c)2

∫
Rd

|∇ log
f2

f1
|2 f2dγ.

If moreover f1 = f2, then

1− c

2

∫
Rd

|∇Φ1 −∇Φ2|2 h2dγ ≤ Enth1γ

(h2

h1

)
.

It is the content of Theorem B. We will give a sketch of the proof
to Theorem A. Let e−V and e−W be two density functions with
respect to γ. Let (∇Φ)∗ : e−V γ → e−W γ, that is,
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For F ∈ Cb(Rd),∫
Rd

F (∇Φ) e−V dγ =

∫
Rd

F e−W dγ.

Let a ∈ Rd ; then∫
Rd

F (∇Φ(x + a))e−V (x+a)e−〈x ,a〉−
1
2
|a|2 dγ =

∫
Rd

F (∇Φ)e−V dγ.

Denote by τa the translation by a, and Ma(x) = e−〈x ,a〉−
1
2
|a|2 , then

∇(τaΦ)∗ : e−τaV Maγ → e−W γ.

Let h1 = e−τaV Ma, h2 = e−V . By Theorem B’ and
Enth1γ

(
h2
h1

)
=
∫
Rd (τaV − V + 〈x , a〉+ 1

2 |a|
2)e−V dγ,then∫

Rd

(τaV − V + 〈x , a〉+
1

2
|a|2)e−V dγ

≥
∫

0
1(1− t)dt

∫
Rd

[
(Id +∇2W )(Λ(t, x , a))

]
· (∇Φ(x)−∇Φ(x + a))2e−V dγ,
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where Λ(t, x , a) = (1− t)∇Φ(x) + t∇Φ(x + a). Note that as
a→ 0, Λ(t, x , a)→ ∇Φ(x). Replacing a by −a, and summing
these inequalities, we get∫

Rd

(
V (x + a) + V (x − a)− 2V (x) + |a|2

)
e−V dγ

≥
∫ 1

0
(1− t)dt

∫
Rd

[
(Id +∇2W )(Λ(t, x , a))

]
· (∇Φ(x)−∇Φ(x + a))2e−V dγ

+

∫ 1

0
(1− t)dt

∫
Rd

[
(Id +∇2W )(Λ(t, x ,−a))

]
· (∇Φ(x)−∇Φ(x − a))2e−V dγ,

Replacing a by εa and dividing by ε2 the two hand sides, letting
ε→ 0 yields
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∫
Rd

[
D2
aV +|a|2

]
e−V dγ ≥

∫
Rd

(Id+∇2W )∇Φ (Da∇Φ,Da∇Φ) e−V dγ.

By integration by parts,∫
Rd

D2
aV e−V dγ =

∫
Rd

(DaV )2e−V dγ +

∫
Rd

DaV 〈a, x〉 e−V dγ.

Write ∇Φ(x) = x +∇ϕ(x), then
|Da∇Φ|2 = |a|2 + 2〈a,Da∇ϕ〉+ |Da∇ϕ|2. Summing a on an
orthonormal basis gives∫

Rd

|∇V |2e−V dγ +

∫
Rd

〈x ,∇V 〉 e−V dγ

≥ 2

∫
Rd

∆ϕ e−V dγ +

∫
Rd

||∇2ϕ||2HSe−V dγ

+
∑
a∈B

∫
Rd

∇2W∇Φ(Da∇Φ,Da∇Φ) e−V dγ.
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Let NW (∇2ϕ) =
∑

a∈B∇2W∇Φ(Da∇ϕ,Da∇ϕ). Then∑
a∈B

∫
Rd

∇2W∇Φ(Da∇Φ,Da∇Φ) e−V dγ

≥
∫
Rd

(∆W )∇Φ e−V dγ + 2

∫
Rd

〈∇2W∇Φ,∇2ϕ〉HS e−V dγ

− c

∫
Rd

||∇2ϕ||2HS e−V dγ.

Therefore∫
Rd

|∇V |2e−V dγ +

∫
Rd

〈x ,∇V 〉 e−V dγ

≥ 2

∫
Rd

∆ϕ e−V dγ + (1− c)

∫
Rd

||∇2ϕ||2HSe−V dγ

+

∫
Rd

∆W∇Φ e−V dγ + 2

∫
Rd

〈∇2W∇Φ,∇2ϕ〉HS e−V dγ.

(2)
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In order to obtain desired terms, we first use the relation∫
Rd

|x +∇ϕ(x)|2 e−V dγ =

∫
Rd

|x |2 e−W dγ

which gives that

2

∫
Rd

〈x ,∇ϕ(x)〉 e−V dγ =

∫
Rd

|x |2 e−W dγ −
∫
Rd

|x |2 e−V dγ

−
∫
Rd

|∇ϕ(x)|2 e−V dγ.

Let L be the Ornstein-Uhlenbeck operator:
Lf (x) = ∆f (x)−〈x ,∇f 〉. Remark that L( 1

2 |x |
2) = d − |x |2. Then∫

Rd

|x |2 e−W dγ −
∫
Rd

|x |2 e−V dγ

= −
∫
Rd

〈x ,∇W 〉 e−W dγ +

∫
Rd

〈x ,∇V 〉 e−V dγ.
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Therefore

2

∫
Rd

〈x ,∇ϕ(x)〉 e−V dγ = −
∫
Rd

〈x ,∇W 〉 e−W dγ

+

∫
Rd

〈x ,∇V 〉 e−V dγ −
∫
Rd

|∇ϕ|2 e−V dγ.

On the other hand, from Monge-Ampère equation,

e−V = e−W (∇Φ)eLϕ−
1
2
|∇ϕ|2 det

2
(Id +∇2ϕ),

we have

Lϕ = −V + W (∇Φ) +
1

2
|∇ϕ|2 − log det

2
(Id +∇2ϕ),

and∫
Rd

Lϕ e−V dγ =Entγ(e−V )− Entγ(e−W ) +
1

2

∫
Rd

|∇ϕ|2 e−V dγ

−
∫
Rd

log det
2

(Id +∇2ϕ) e−V dγ.
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Combing two above equalities gives

2

∫
Rd

∆ϕ e−V dγ = 2

∫
Rd

Lϕ e−V dγ + 2

∫
Rd

〈x ,∇ϕ〉 e−V dγ

= 2Entγ(e−V )− 2Entγ(e−W )− 2

∫
Rd

log det
2

(Id +∇2ϕ) e−V dγ

−
∫
Rd

〈x ,∇W 〉 e−W dγ +

∫
Rd

〈x ,∇V 〉 e−V dγ.

Recall that∫
Rd

|∇V |2e−V dγ +

∫
Rd

〈x ,∇V 〉 e−V dγ

≥ 2

∫
Rd

∆ϕ e−V dγ + (1− c)

∫
Rd

||∇2ϕ||2HSe−V dγ

+

∫
Rd

∆W e−W dγ + 2

∫
Rd

〈∇2W∇Φ,∇2ϕ〉HS e−V dγ.

(2)
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So we get∫
Rd

|∇V |2 e−V dγ ≥ 2Entγ(e−V )− 2Entγ(e−W )

+ (1− c)

∫
Rd

||∇2ϕ||2HS e−V dγ

+

∫
Rd

LW e−W dγ + 2

∫
Rd

〈∇2W (∇Φ),∇2ϕ〉HS e−V dγ.

Now by

2

∫
Rd

|〈∇2W (∇Φ),∇2ϕ〉HS | e−V dγ

≤ 1− c

2

∫
Rd

||∇2ϕ||2HS e−V dγ +
2

1− c

∫
Rd

||∇2W ||2HS e−W dγ.
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We get Theorem A.∫
Rd

|∇V |2 e−V dγ −
∫
Rd

|∇W |2 e−W dγ +
2

1− c

∫
Rd

||∇2W ||2HSe−W dγ

≥ 2Entγ(e−V )− 2Entγ(e−W ) +
1− c

2

∫
Rd

||∇2ϕ||2HS e−V dγ.

Thanks a lot for your attention!
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