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1. a new result of the voter model
2. collision of two random walks
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Introduction: the model

The voter model is an interacting particle system.
There is a voter in every site of V.

Every voter can have either of two political positions, denoted by 0
or 1, and constantly updates his political position.

The voter at x updates his political position at a random time,
following the exponential distribution with parameter __ fi.,.

At the time of update the voter takes the position of his neighbor
y with probability 11, /(D fixz)-

Let n(x) be the political position of voter x and the collection
n = {n(x);x € V} be an element of {0,1}V.
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Introduction: construction

The voter model can be constructed either by the Markovian
semigroup or by the graphical representation, see Liggett(85).

The second approach not only works for all positive i,
but also clearly exhibits the duality relation.
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Introduction: limit behavior

When the underlying graph is Z9 and p. = 1, this model is well
studied.

There are two invariant measures dg and 41, and if d < 2, all other
invariant measures are linear combinations of dg and 4;.
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New Result

The underlying graph is Z9 and
{lte, € € E4} are i.i.d. random variables satisfying e > 1.

The measures dg and 41 of point mass are invariant.

Let d =1 or 2. Suppose that (ue) are i.i.d. and pe > 1 P-a.s.
There exists Qo C Q with P(Qo) = 1. For any w € Qq, the voter
model has only two extremal invariant measures: dg and 01.

Remark: |. Ferreira, The probability of survival for the biased voter
model in a random environment, Stochastic Processes and Their
Appl., vol.34, (1990), 25-38.

|. Ferreira, Cluster for the Voter Model in a Random Environment
and the probability of survival for the Biased Voter Model in a
Random Environment, 1988
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Duality Relation

For n € {0,1}%" and a finite set A C Z2, define
H(n,A) = 1{77(2):1 for all zeay -
If there are two Markov processes, {n:} and {A:}, such that

EZH(WU A) = EﬁH(% At)v

Then we say {n;:} and {A;} are dual to one another.
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Coalescing Random Walk

can be a dual of the voter model.
taking values on the set of all finite sets of vertices of Z¢.

Intuitively, image there is a particle at each x € A of the initial
state. Each particle performs a variable speed random walk,
independent of each other until they meet. Once two particles
collide, they coalesce into one particle. Then A; is the set of
locations of all particles at time t.

{A¢} and the voter model can be constructed by the same
graphical representation.

P (n:(x) = 1 for all x € A) = PA(n(x) =1 for all x € A;) .
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Reducing to the collision problem

If the initial state is a singleton and if singleton {x} is identified
with vertex x, then the coalescing Markov chain is exactly a
continuous-time random walk in a random environment (or
variable speed random walk or the random conductance model).

Theorem

Let d = 2. Suppose that (pe, e € Ey) are i.i.d. and pe > 1 P-a.s.
There exists Qo C Q with P(Qo) = 1. Let w € Qq and P,, denote
the probability conditional on the environment. If {X;} and {Y;}
are two independent variable speed random walks starting from x
and y respectively, then P,(X: = Y; for some t > 1) = 1.

— Starting from a doubleton (or a finite set), a coalescing
Markov chain will eventually becomes a singleton.

= Any invariant measure of the voter model is a linear
combinations of dg and 4.
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Collisions of Random Walks

The dual relation lead Liggett in 1974 to first consider collisions of
two Markov chains, and to discover an example that two recurrent
Markov chain may not necessarily meet each other.

Krishnapur and Peres (2004) found a simple example.

A recent paper by Barlow, Peres and Sousi.

Xinxing Chen and | also made contributions.

Many progresses, yet some questions remain open.
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Part Il

Collisions of Random Walks in a random environment
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The Proof: The Main Lemma

Theorem

Let d = 2. Suppose that (pie, e € Ey) are i.i.d. and e > 1 P-a.s.
There exists Qo C Q with P(Qp) = 1. Let w € Qg and P, denote
the probability conditional on the environment. If {X;} and {Y;}
are two independent variable speed random walks starting from x
and y respectively, then P,(X; = Y; for some t > 1) = 1.

can be deduced by the 2nd Borel-Cantelli Lemma from

Under the same assumption,
P,(X: = Y; for some t > 1) > 6 > 0,

where § is a constant independent of w, x and y.
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The Proof: From Lemma to Theorem

Let § > 0 be defined as before. Fix w € Qy. By Lemma 4, there
exists a function 7 : Vo x V4 — [1,00), such that for all x, y € V3,

PUY)(X, = Y; for some 1 < t < f(x,y)) > g . (1)

Set xop = x, yo = y and tg = 0. Define x;, y; and t; inductively for
i > 1 as follows. Suppose that x;, y; and t; are already defined.
Let {X;} and {Y;} be two independent continuous-time random
walks starting from x; and y;. Define

xip1 = X(F(aq, 1)), yirn == Y(F(xi, ), and tiyr = ti+ (5, ).
Define &; to be the event that X; = Y; for some t € (t; + 1, ti11]
for i > 0. By (1) and the strong Markov property,

P,(&EilXt, Y, t < ) = PL(UX"’V")(SQ =Y, forsomel<t< f(xi,yi)) >

By the second Borel-Cantelli lemma, P, (&; infinitely often)=L1.
P, (Xt = Yt infinitely often) > P, (&; infinitely often) = 1.
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Proof of the Lemma based on another lemma

Define the random variable

T
H :_1 1{Xs:Y5€M(51/2)} ds .
0

where tg and T are constants to be specified later, as well as the
subset M(n).

(47rc3 —|— 212c§ /ca)(log T)?.

(EuH)?
Po(Xe = Vi f > P, >
(Xt ¢+ for some t > 0) > P,(H >0) > E.H°

(colog T)? B c2ey
= (4ncd + 27128 /ca)(log T)2  Amciey + 2m2ch

>0
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Key Ingredient: Heat Kernel Est. by Barlow & Deuschel

Theorem

Let d > 2 and o € (0,1). There exist random variables Sy,
x € Z9, such that

P(Sx(w) > n) < c1 exp(—c2n?), (2)

and constants c; (depending only on d and the distribution of fi.)
such that the following hold.

If|x —y|> Vvt > S2, then

g¢(x,y) < c3t™ 27/t yhen £ > |x — y),

gt (x,y) < csexp(—ca|x — y|(1 Vlog(|x — y|/t))) when t < |x — y]|

Ift > S2V |x — y|**7, then

q; (x,y) > C5t_d/2e—66|><—y|2/t' 3)

4
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The Proof

Let Ap(w) be the random set defined by
An() = {x: |x] < n, Su(w) < 2log n}.

Then almost surely there exists a finite random variable U(w) such
that |A,(w)| > c7n? for any n > U(w).

V.

For any x,y € 72 set
to = [Sx(w) V Sy (W) + [U(w) + (Ix| V Iy (L + 127, )P,
and T = exp(lJ%g log tp), where o is given in the previous theorem.

B.(r) = disk of radius r centered at x,
M, (n) = Bx(n) N B,(n) N Ap(w).

IM,,(n)| > Grn?/2 for n > U(w) + (Ix| V [y[)(1 + 127¢; Y).
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The Proof: Lower bound of E_ H

T
]EUJH: /t EW]‘{XSZYSGM(SI/Z)} dS
0

T
:/ Z P,(Xs =2z, Ys =2z)ds
to

zeM(s1/2)

.
:/ Y. @(x2)g(y,2)ds .

0 em(st/2)

Since z € M(s'/2), we have |x —z2 < s < T = exp(H% log to).
Thus s > tg > S2(w) V |x — z|1 1.

Ifs > S2V |x — z|'t7, then q¥(x, z) > css—9/2e~%l—zl"/s,

Similarly s > S2(w) V |y — z
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Lower bound of E,H (II)

2 2
EH>/ Z exp< |x szl _C6\y Sz|>d5

to

zEM(sl/z)
2 —2c6/ Z < 24s
to zEM(st/2)
—2¢c6 T
cicre _
>S5 sldSZC9IogT.
2 to

The 2nd inequality is by the fact that |x — z|> < s for z € M(s/?).

and the 3rd inequality by the estimate that |[M(s'/?)| > ¢7s/2
since s1/2 > tl/2 > U(w) + (Ix] V [y + 127, h).
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Upper bound of E, H?

E,H?

T T
=2 /t dt/t l{Xt:YtEM(fl/Z)}l{Xs:YseM(sl/Z)}ds
0

T T
—2/ dt/ Ew Z Z l{Xt:Yt:Z}l{styszw}ds
to t

zeM(t1/2) we M(s1/2)

_2/ dt/ Yo PEIXe=Ye=2) Y PEI(Xep = Ye,

zeM(t1/2) wEM(s1/2)
2[00 T @t X @ e e
zeM(t1/2) weM(s1/2)
<2 / i S @)z / S (q¥(z.w))ds] .
fo 2EM(t1/2) weM((s+t)/2)
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Upper bound of E, H?

T T
B2 [ a4 Y @xadts) [0 (@law)

zeM(t1/2) weM((s+t)1/2)
T 7TC2

gz/ S (@) ((2+ ™% log T> dt
o Lem(tl/?) c

T 2 2 2 4
< 2/ agm(2+ 7TC1:3/C4) log T dt < (4rc2 + 2mec; (log T)? .
to Ca

if we verify that ¢¥'(x, z)¢¥ (v, z) < c3t~2 and

T 2
/ (¢“(z,w))?ds < 2+ —2)log T.
O eM((s+t)1/?) c
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Upper bound of E, H?

To see that

¢¥(x,2)q¥ (v, z) < 2t

Notice that z € M(tY/?), |x — z| < t1/2 < t. Moreover
t>to>[Sc VS

q¥(x, z) < cst—92e=al—2P/t < 3792 when t > |x — Z|.

Similarly |y — z| < t.
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Upper bound of E, H?

For the last inequality,
/ > (@(zw)ds
weM((s+1)1/2)

T T
<togts [ 2 @ewhast [ Y (@ w)ils

ogt weB;(s) log t wé B;(s)

It is enough to show that

T 2 2
[ @ewpras< 2+ g,
|

ogt weB;(s) |og C4
/ g5 (2, w))?ds < cio -
|°gtw¢B s)

Dayue Chen The Voter Model in a Random Environment in Z9



Upper bound of E, H?

For w ¢ B,(s), we have S,(w) <logt <s < |z—w|,

g (x,y) < czexp(—calx — y|(1 V log(|x — y|/t)))

< czexp(—alx — y|) when t < |x — y|.
Hence
T T
/ (¢¥(z, w))?ds g/ D cGexp(—2alz — wl)ds
IOgtvgéB (s) Iogtvng(s)
T o0
< / Z 27rnc§ exp(—2cgn)ds < ¢yp -
log t n=]s]

Dayue Chen The Voter Model in a Random Environment in Z9



Upper bound of E, H?

For w € B,(s), s > |z— w]| and s > S,(w),

g’ (x,y) < cst~ 42l P/t yhep t > Ix — yl,

Hence

.
[ @ewy
log t wEB,(s)

T
g/ Z c2s 2 exp (—2calz — W|2/s) ds
log t weB;(s)
T [s]
< / [c3s72 + Z c32mns 2 exp (—2csn®/s)] ds
|

ogt n=1
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Upper bound of E, H?

T [s]
< / [c3s72 + Z c22mns 2 exp (—ZC4n2/s)] ds
|

ogt n=1
1 (7]
§c§(@ ) + 2mcs Z / 2exp (—2c4n?/s) ds
§
g +27rc Z /T 1 exp(—2c4n’u) du
T
S@%—Wfin_l < @+7§IogT.
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Thank You Very Much!

Have a nice trip to Wuyi

dayue@pku.edu.cn
http://www.math.pku.edu.cn/teachers/dayue/
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