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Introduction

Ornstein-Uhlenbeck process
dx(t) = —ax(t)dt + cdB(t) ont >0
with initial value x(0) = xp. The unique solution is

t
x(t) = e *xp + a/ e *(=9)dB(s).
0

It has the mean
and the variance
2
Var(X(t)) = E‘X(t) — EX(t)|2 — e—2aiXO + %(1 o e—20¢1)'

The distribution of x(t) will converge to the normal distribution
N(0, 02 /2q).
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@ Let {Q, F,{Ft}i>0,P} be a complete probability space
equipped with some filtration {F:}>¢ satisfying the usual
conditions.
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Introduction

@ Let {Q, F,{Ft}i>0,P} be a complete probability space
equipped with some filtration {F:}>¢ satisfying the usual
conditions.

@ Let H, K be two real separable Hilbert spaces. Denote by
L(K, H) the set of all linear bounded operators from K into
H.

@ Denote by {W(t),t > 0} a K-valued {F;}:>o-Wiener
process with covariance operator Q, i.e.,

EW(t), x) (W(S),¥)k = (EAS)(QX,¥)k, VX,¥y €K,

where Q is a positive, self-adjoint, trace class operator on
K.
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Introduction

o LetKp = Q%(K) be the subspace of K.
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Introduction

o LetKp = Q%(K) be the subspace of K.

o Let £3 = L5(Ko, H) denote the space of all Hilbert-Schmidt
operators from Ky into H, equipped with the norm

|@]2 = tr((®Q2)(®Q2)")  for any & € £J.

0=
[:2

Chenggui Yuan Stability in Distribution of SPDEs



Introduction

In this talk, we consider the following semi-linear stochastic
partial differential equation

dX(t) = [AX(t) + F(X(1)]dt + G(X(1)dW(t), t>0, (1.1)

with initial data X(0) = ¢ € H.
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Introduction

@ A, generally unbounded, is the infinitesimal generator of a
Co-semigroup T(t),t > 0, of contraction.
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Introduction

@ A, generally unbounded, is the infinitesimal generator of a
Co-semigroup T(t),t > 0, of contraction.

@ The mappings F : H — H, G: H — L(K, H) are both Borel
measurable and satisfy the following Lipschitz condition

IF(X) = FNIIH + 1G(x) = G(y)ll g < LlIx =y,

for some constant L > 0 and arbitrary x,y € H.
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Introduction

Definition

A stochastic process {X(t),t € [0, T]},0 < T < oo, is called a
strong solution of (1.1) if

(7) X(t) is adapted to F; and continuous in t wp 1;

(if) X(t) € D(A), the domain of A, on [0, T] x Q with

I IIAX(#)|| wdlt < oo with probability one,

t t
X(t) :§+/O [AX(s) + F(X(s))]ds+/0 G(X(s))dW(s)

for all t € [0, T] with probability one.
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Introduction

Definition

A stochastic process {X(t),t €[0,T]},0 < T < oo, is called a
mild solution of (1.1) if

() X(t) is adapted to Fi;

(if) X(t) is measurable and [ | X(t)|%,ds < oo wp 1,

X(t) = T(t){—l—/ot T(t—s)F(X(s))ds+/0t T(t—s)G(X(s))dW(s)

for all t € [0, T] with probability one.
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Introduction

Definition

The process X(t) with the initial state y(0) = ¢ is said to be
stable in distribution if there exists a probability measure 7(-) on
H such that P(X%(t) € dy) converges weakly to w(dy) as

t — oo forany € € H. (1.1) is said to be stable in distribution if
X(t) is stable in distribution.

Remark Since the mild solution X(t) to (1.1) is a strong Markov
process, using Kolmogorov-Chapman equation, it is not difficult
to show that the stability in distribution of mild solution X(t)
implies the existence of a unique invariant probability measure
for mild solution X(t).
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Introduction

Lemma

Suppose V € C?(H; R+) and {X(t),t > 0} is a strong solution
of (1.1), fort > 0

VX(D) = V() + / LV(X(s))ds+ / (Vi(X(5)), G(X(8))dW(8)}n,
where, Vx € D(A)

LV(x) = (Vi(x), AX + F(X))  + %tr( Vi (X) G(X) QG* ().
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Introduction

we introduce the following approximating system of (1.1), for
t>0

dXn(t) =AXn(1)dt + R(n)F(X(1))dt + R(n)G(Xn(t))dW(),
X(0) =R(n)¢ € D(A),
(1.2)

where n € p(A), the resolvent set of Aand R(n) = nR(n, A),
R(n, A) is the resolvent of A.
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Introduction

Similar to operator £ defined in Lemma 4, the operator £,
associated with (1.2), for any x € D(A), can be defined by

LaV(x) = (Vu(x), Ax + R(n)F(x)),
+ %ff( Vi (X)) R(n) G(x) Q(R(n) G(x))").
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Introduction

Under the condition (H1) and (H2), (1.2) has a unique strong
solution Xp(t) which lies in C(0, T; L2(Q, F, P; H)) forall T > 0.
Moreover, X,(t) converges to the mild solution X(t) of (1.1) in
C(0, T; L3(Q,F, P;H)) as n — cc.
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Lemmas

Lemma

Let conditions (H1) and (H2) hold. Assume that there exists a
function V(x) € C?(H; Ry) such that for any x € H

cllx[If = V0x) + [xlull VGOl + 1xIEl Vi ()1,

(2.1)
|1 <V(x),
Moreover, assume
LV(x)<—-MV((X)+8 xe DA (2.2)

Then, for any ¢ € H and e > 0, there exists a constant M > 0
such that forany t > 0

P{IX(t)IlH > M} <e. (2.3)
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Lemmas

In what follows we need to consider the difference between two
mild solutions of (1.1) starting from different initial data, namely

foranyt >0
t
XE(t) = X(1) =T(1)é — T(t)n + /0 T(t— 8)[F(X*(s)) — F(X"(s))lds

t
+/0 T(t - $)[G(XE(s)) — G(X"(s))]dW(s).
(2.4)
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Lemmas

Now, for t > 0 we introduce an approximating system in
correspondence with (2.4)
dX5(1) = XA(0)] =AX:(1) — XZ(D)]dt + R(M[F(X5(1) — F(XA(1))]at
+R(MIG(X5(1) — GOXA(8)]aW(1),
X5(0) = X71(0) =R(n)(¢ — ) € D(A),

where n € p(A), the resolvent set of A and R(n) = nR(n, A),
R(n, A) is the resolvent of A.
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Lemmas

For given U € C?(H; R+), define an operator £L,U: Hx H — R
associated with (2.5) by for any x, y € D(A)

LaU(x,y) = (Ux(x = y), Alx = y) + R(n)(F(x) = F(¥)))H
+%tr(Uxx(X = Y)R(n)(G(x) — G(¥))Q(R(n)(G(x) — G(¥)))")-

Chenggui Yuan Stability in Distribution of SPDEs



Lemmas

Lemma

Let conditions (H1) and (H2) hold. For any x € H assume that
there exists function U(x) € C?(H; R+) such that with some
constants d, ¢, Ao > 0

dllx|[f 2 U(x) + |IX[1 sl Ux ) | + X1 U GO,

GalIX|3 <U(x). =
LUY) < —aU(x — y). @7)

Then, for any ¢ > 0 and any compact subset K of H, there
existsa T = T(e, K) > 0 such that

P{IXS(t) = X"(t)|g<ep>1—¢ t>T (2.8)

whenever &,n € K.
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Lemmas

Sketch of Proof

It is easy to see from (2.6) that U(0) = 0. Forany ¢ € (0,1), by
the continuity of U, we then can choose «a € (0, ) sufficiently
small such that

su U(x
Piixiuza YX) _ e 2.9)

0262 2
Denote by X%(t) and X"(t) two different mild solutions to (1.1)
starting from initial datums £ and 7, respectively. Let K be any
compact subset of H and fix any £, € K. For 6 > «, we define
two stopping times as follows:

To = inf{t > 0 IX5(t) = X7(8)|m < o},
75 = inf{t > 01 | X(t) = X"(t)||w > 5}
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Lemmas

Sketch of Proof

Set tg = 73 A t. Using the It6 formula (i.e. Lemma 4) to function
U(x) and strong solution X5(t) — X7(t) to (2.5),

EU(X5(t5) — X7/ (ts))

7]
— BU(R(n)( — 1)) + E /0 LaU(XS(5), X(s))ds
— EU(R(n)(¢ — ) + E /0 " LUXE(s). X)) ds

+ E/tﬁ [£aU(X5(s). Xi(5)) — LU(X5(5), X3 (5))]ds.
0
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Lemmas

Sketch of Proof

BUCXE(t) ~ X(1)) < BU(E 1)~ 228 [ UXE(s) ~ X1(5))ds.

(2.10)
By (2.6), it directly follows that
CoR[|| X (75) — X(78) 5 (ry<y]) < BU(E — ),
which, together with the definition of 73, gives that
EU(§ —n)
P <l —/—=_ 1

Hence, there exists a 5 = (K, €) > 0 such that

P{rs < o0} < 5. (2.11)
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Lemmas

Sketch of Proof

Fix the g and let t, = 7, A 73 A t. In the same way as (2.10) was
done, we can obtain from (2.6) that

EU(XS(t,) — X"(ts))

CEU(E—n)— AE [ UXE(s) — X7(s))ds
0

la
<EU(E — 1) — Ga\oE /0 IXE(s) — X(s)|2,0s

< EU(E — 1) — coAo0PE (74 A T8 A t).
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Lemmas

Sketch of Proof

Hence EU(E — 1)
-1
P{ro N3 >t} < —=>—5-,
{T 6= } o Cg)\gazt
which furthermore implies that for given € € (0, 1) there exists a

constant T = T(K, ¢) > 0 such that
P{ra A5 < T} > 1 —2, (2.12)

which yields

P{r, <T})>1- % (2.13)
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Lemmas

Sketch of Proof

Now, define stopping time
o=inf{t > 7, AT ||XE(t) — XU(1)||H > €}
Lett > T, we have
P{r, < T, o<t} < % (2.14)
While, by (2.13) and (2.14)
Plo <t} <P{ro <T,o0<t}+Plra>T}<e
Letting t — oo, we have
P{o < oo} <e.
This implies that for any &, € K, we must have thatfor t > T
PUIX() = X(t)lln < e} > 1 — e,
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Stability in Distribution

Let P(H) denote all probability measures on H. For
P, P> € P(H) define metric df,

/f P1 dX /f Png

L={f:H—=R:[f(x) - ) <lx—ylln and |f(-)| <1}

d]L(P17P2 = Sup
fel

and
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Stability in Distribution

Let (2.8) hold. Then, for any compact subset Kof H,

fim du(P(t,€,), P(t,¢,-)) = 0, uniformly in &,¢ € K. (3.1)
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Stability in Distribution

Lemma

Let (2.8) hold. Then, for any compact subset Kof H,

fim du(P(t,€,), P(t,¢,-)) = 0, uniformly in &,¢ € K. (3.1)

Lemma

Let (2.3) and (2.8) hold. Then, {P(t,&,-) : t > 0} is Cauchy in
the space P(H) forany ¢ € H.

| A

A
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Stability in Distribution

Under the conditions of Lemma 3.1 and Lemma 3.2, the mild
solution X(t) to (1.1) is stable in distribution.
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An Example

Consider the following semi-linear stochastic partial differential
equation

y(0,)=y(1,1)=0, t=0; ﬂxm Yo(x), 0<x <A1,
(4.1)
where W(t),t > 0, is a real standard Brownian motion, ¢ is a
real number and f is a real Lipschitz continuous function on
L?(0, 1) satisfying for u, v € L?(0, 1) and some positive
constants ¢, k

{dﬂxﬂ 22 y(x, t)dt + o f(y(x, 1) dW(t), t>0,0<x <1,

[f(u)l < c(llulln + 1),

4.2
H(u) — £(v)] < Kllu— V] 4.2)
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An Example

2

_ 2 _ R i
we take H = L=(0,1) and A = ;> with

D(A) = H}(0,1) (" H?(0,1). Then for any u € D(A)
(u, Au)yy < —m2|[ul?,
For Vu € D(A)
Llullf = 2(u, Au)y +0?[f(u)[? < —2(n® —0?c?)||ullfy +20°¢?,
Similarly,
Cllu—v|Z < —(@n2 — o2K2)||u — v]?,

Therefore, if 0?¢? < 72 and 0?k® < 272, then we immediately
deduce by Theorem 10 that the mild solution process y(x, t) of
(4.1) is stable in distribution.
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Stability in Distribution of Mild Solution of SPDDEs

aX(t) = [AX(t) + F(X(t), X(t — 7))]dt + G(X(t), X(t — 7))dW(t)

/LX(t (t — =), u)N(dt, du)
(5.1)
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Stability in Distribution of Mild Solution of SPDDEs

Lemma

Assume there exist constants A1 > Ao > 0 and 3 > 0 such that
forany x,y € D(A)

206, A+ Fx, )i+ 1601y + [ IL0x, 3, u)fAel)

< =XlIx[I + Xallyll? + 8.
(5.2)

Then
sup E|Xf[|5 < oo VEeDE([-70l:H).  (5.3)

0<t<o0
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Stability in Distribution of Mild Solution of SPDDEs

Lemma

Assume that there are constants \3 > A4 > 0 such that for any
X,Y,21,2> € D(A)

2(x — y, A(X — ¥) + F(x,z1) — F(y, 22)) 1 + ||G(X, 21) — G(y, 25)|

/man, L(y. 22, U)|Z\(du)

< =Xsllx = yIIE + Ml z1 — 223

Then for any compact subset K of D([—,0]; H)

Jim E|XS — X5 =0  uniformly in€,m € K. (5.5)
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