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Lp-Wasserstein distance

(X ,B) a Polish space, d a lower semi-continuous metric on
X × X .
M1(X ) the space of all probability measures on X .
Mp

1(X ,d) := {ν ∈M1(X );
∫

dp(x , x0)dν < +∞}, where x0 is
some fixed point of X .
Given p ≥ 1 and two probability measures µ and ν on X , we
define the quantity

Wp,d (µ, ν) = inf
(∫∫

d(x , y)pdπ(x , y)

)1/p

.
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Fisher-Donsker-Varadhan information

Given a Dirichlet form E on L2(µ) := L2(X , µ) with domain D(E), the
Fisher-Donsker-Varadhan information of ν with respect to µ is given
as:

I(ν|µ) =

{
E(
√

f ,
√

f ) if ν = fµ,
√

f ∈ D(E)

+∞ otherwise
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Transportation-information inequality

α a nondecreasing left-continuous function on R+ = [0,+∞)
which vanishes at 0.
Probability measure µ satisfies a transportation-information
inequality W1I if

α(W1,d (ν, µ)) ≤ I(ν|µ), ∀ν ∈ M1(X ),
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GLWY’s equivalence for W1I-inequality

The following properties are equivalent:
(a) The transportation-information inequality holds.
(b) The following concentration inequality holds for each g ∈ bB with
‖g‖Lip(d) ≤ 1 and any initial distribution ν � µ,

Pν

(
1
t

∫ t

0
g(Xs)ds > µ(g) + r

)
≤ ‖dν

dµ
‖2e−tα(r), ∀ t , r > 0,

where ‖ · ‖2 is the norm of L2(µ).
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Configuration space

Ω the space of all point measures
∑

i δxi (finite or countable) with
xi different in Rd ;

FA = σ

(
ω(B) : B(Borelian) ⊂ A

)
for each A ∈ Bb(Rd )

Borel σ field on Rd is F = FRd

Given a bounded open subset Λ of Rd and ω ∈ Ω,
ωΛ =

∑
xi∈Λ∩supp(ω) δxi .

ΩΛ = {ωΛ : ω ∈ Ω}.
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Poisson point measures

Give the activity z > 0, let P be the law of Poisson point process
on Rd with intensity measure zdx .

The image measure PΛ of P by ω → ωΛ is the law of Poisson
point process on Λ with intensity measure zdx .
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The Gibbs measure

The Gibbs measure for a given boundary condition η ∈ Ω on Λc is a
probability given by

µηΛ(dωΛ) := (Z η
Λ )−1 exp {−βHη

Λ (ωΛ)}PΛ(dωΛ)

where Z η
Λ is the normalization constant, and

Hη
Λ (ωΛ) :=

1
2

∫∫
Λ2
φ(x−y)ωΛ(dx)ωΛ(dy)+

∫
Λ

ωΛ(dx)

∫
Λc
φ(x−y)η(dy)

is the Hamiltonian.
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Difference operator

For a real F−measurable function f , consider the difference operators

D+
x f (ω) := f (ω + δx )− f (ω), ω ∈ ΩΛ, x ∈ Λ;

D−x f (ω) := f (ω − δx )− f (ω), ω ∈ ΩΛ, x ∈ suppω.
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Generator and Dirichlet form

Generator:

LηΛf (ωΛ) =

∫
Λ

D−x f (ωΛ)ωΛ(dx) + z
∫

Λ

e−βD+
x HηΛ (ωΛ)D+

x f (ωΛ)dx .

Dirichlet form:

EηΛ (f , g) : = 〈f , −LηΛg〉µηΛ

=

∫
ΩΛ

dµηΛ(ωΛ)

∫
Λ

D−x f (ωΛ)D−x g(ωΛ)ωΛ(dx)

=

∫
ΩΛ

dµηΛ(ωΛ)

∫
Λ

e−βD+
x HηΛ (ωΛ)D+

x f (ωΛ)D+
x g(ωΛ)zdx .
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M/M/∞ queue system

Generator: Lf (n) = λ(fn+1 − fn) + n(fn−1 − fn)

Invariant measure: µn = e−λλn/n!

Dirichlet form: E(f ,g) =
∑∞

n=0 λµn(fn+1 − fn)(gn+1 − gn).
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Optimal W1I-inequality for M/M/∞

Theorem. Consider ρ the classical Euclidean distance on N. Then

W1,ρ(ν, µ) ≤ I + 2
√
λI, ∀ν ∈M1(N+),

where I = I(ν/µ).
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The inequality is optimal since
I Gao, Guilllin and Wu proved that ν(g0)− µ(g0) ≤ 2

√
λI + I for

g0(n) = n − λ is optimal (motivation).
I Take ν a Poisson distribution with parameter aλ,a > 1. Then

W1,ρ(ν, µ) = 2
√
λI + I = λ(

√
a− 1)2.
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Some key points

I Lipschitzian spectral gap: ||(−L)−1||Lip(ρ) = 1
I Lyapunov test function: take Vn = κn (κ > 1), s.t.

(1 + δ)n +
(
1 +

1
δ

)
λ ≤ −a

LV
V

(n) + b

with a = (1 + δ)κ/(κ− 1) and b =
(
(1 + δ)κ+ (1 + 1

δ )
)
λ

+ for any function V ≥ 1, if −LV
V is lower bounded, then∫

−LV
V

dν ≤ I(ν|µ), ∀ν.
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Sketch of the Proof

Given any function g on N with µ(g) = 0, ‖g‖Lip(ρ) = 1, G satisfies −LG = g
with µ(G) = 0. For any δ > 0, we have

ν(g)− µ(g) =< g, f >µ= E(G, f ) =
∞∑

n=0

λµn(Gn+1 −Gn)(fn+1 − fn)

≤

√√√√ ∞∑
n=0

λµn(
√

fn+1 −
√

fn)2 ·

√√√√ ∞∑
n=0

λµn(Gn+1 −Gn)2(
√

fn+1 +
√

fn)2

≤

√√√√I
∞∑

n=0

λµn

(
(1 + δ)fn+1 +

(
1 +

1
δ

)
fn
)

=

√√√√I
∞∑

n=0

µnfn
(

(1 + δ)n +
(
1 +

1
δ

)
λ

)

≤

√√√√I
∞∑

n=0

µnfn
(
− a
LV
V

(n) + b
)
≤
√

I(aI + b).
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Lipschitzian norm of (−Lη
Λ

)−1

W1 I-inequality for µη
Λ

Lipschitzian space

The metric d on ΩΛ : for any ω, ω′ ∈ ΩΛ,

d(ω, ω′) = ‖ω − ω′‖TV.

Given any functional F ∈ rFΛ, F is Lipschitzian with respect to d
if

‖F‖Lip(d) := sup
ω 6=ω′

|F (ω)− F (ω′)|
d(ω, ω′)

<∞

⇐⇒ ||F ||Lip(d) = sup
x∈Λ,ωΛ∈ΩΛ

|D+
x F (ωΛ)| <∞.
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Λ

Upper bound of ||(−LηΛ)−1||Lip(d)

Lemma. Suppose that the Dobrushin’s uniqueness condition holds,
i.e.,

D = z
∫
Rd

(1− e−βϕ(x))dx < 1.

We have
‖(−LηΛ)−1‖Lip(d) ≤

1
1− D

.

Yutao MA (BNU) Workshop in Beijing July 19 2010 18 / 29
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Lipschitzian norm of (−Lη
Λ

)−1
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Λ

Lyapunov test function

Lemma. Take V (ωΛ) = κNΛ(ωΛ). Given any δ > 0, then

(1 + δ)NΛ(ωΛ) + (1 +
1
δ

)z|Λ| ≤ −a
LηΛV (ωΛ)

V (ωΛ)
+ b, ωΛ ∈ ΩΛ

where a = (1 + δ) κ
κ−1 , b =

(
(1 + δ)κ+ (1 + 1

δ )
)
z|Λ|.
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W1I-inequality for µηΛ

Theorem. Suppose that the Dobrushin uniqueness condition holds,
i.e.

D = z
∫
Rd

(1− e−βϕ(x))dx < 1.

The Gibbs measure µηΛ satisfies the transportation-information
inequality W1I

W1,d (ν, µηΛ) ≤ 1
1− D

(
I + 2

√
z|Λ|I

)
,

where I = I(ν/µηΛ).
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Lipschitzian norm of (−Lη
Λ

)−1

W1 I-inequality for µη
Λ

Remark. The transportation-information inequality for µηΛ is sharp. If
ϕ = 0, then D = 0 and NΛ(Xt ) is just the M/M/∞ queue system with
λ = z|Λ|.
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The discrete spin system

T a finite subset of Zd

γ : Zd × Zd → R+ a nonnegative interaction function satisfying γij = γji

and γii = 0 for all i , j ∈ Zd .

The Gibbs measure on NT with boundary condition (xk )k∈T c is defined
by

µT (dxT |x) =
e−

1
2
∑
{i,j}∩T 6=∅ γij xi xj

Z (xT c )
Πi∈Tσλi (dxi )

where {σλi (·)}i∈Zd are the given Poisson measures on N with means
{λi > 0}i∈Zd , and Z (xT c ) is the normalization factor.

When T = {i}, µT (dxT |x) noted as µi (dxi | x), is the Poisson distribution
with parameter λie−

∑
j 6=i γij xj .
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Dobrushin interdependence matrix

C := (cij )i,j∈T w.r.t. dl1 on N is

cij = sup
x=x′offj

W1,ρ

(
µi (dxi |x), µi (dx ′i |x ′)

)
|xj − x ′j |

= λi (1− e−γij ).

Dobrushin’s uniqueness condition

D := sup
j∈T

∑
i∈T

cij = sup
j∈T

∑
i∈T

λi (1− e−γij ) < 1.
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The Dirichlet form of ET is defined as

ET (g, g) :=

∫
NT

∑
i∈T

Ei (gi , gi )dµT , g ∈ D(ET ) with

D(ET ) :=

{
g ∈ L2(µT ) : gi ∈ D(Ei ), µT − a.e. x̂i ,

∫
NT

∑
i∈T

Ei (gi , gi )dµT < +∞

}
,

where gi (xi ) := g(xi , x̂i ) with x̂i := xT\{i} fixed.
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Tensorization result for W1

Lemma. Assume the Dobrushin’s uniqueness condition

D = sup
j∈T

∑
i∈T

λi (1− e−γij ) < 1.

Then for all νT ∈M1
1(NT ),

W1,dl1
(νT , µT ) ≤ 1

1− D
EνT

∑
i∈T

W1,ρ(νi , µi )

where νi is the conditional distribution of xi knowing (xj )j 6=i .
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Additivity property of the Fisher information

Let νT , µT be probability measures on NT such that IT (νT |µT ) < +∞,
and let µi , νi be the conditional distributions of xi knowing x̂i under
µ, ν respectively. Then

IT (νT |µT ) = EνT
∑
i∈T

Ii (νi |µi )

where Ii (νi |µi ) is the Fisher-Donsker-Varadhan information related to
the Dirichlet form (Ei ,D(Ei )).
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W1I-inequality for discrete spin system

Theorem. Assume the Dobrushin uniqueness condition

D = sup
j∈T

∑
i∈T

λi (1− e−γij ) < 1.

Then for any νT ∈M1
1(NT ,dl1 ), it holds that

W1,dl1
(νT , µT ) ≤ 1

1− D

2
√∑

i∈T

λi I + I


where I = IT (νT |µT ).
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Thank you for your attention
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