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[P-Wasserstein distance

(X, B) a Polish space, d a lower semi-continuous metric on
X x X.

M;(X) the space of all probability measures on X.

ME(X,d) = {v e M{(X); [dP(x,x0)dv < +o0o}, where Xg is
some fixed point of X'.

Given p > 1 and two probability measures i and v on X, we
define the quantity

Walp.) =0t [[ dlcypanix.y)) e
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Fisher-Donsker-Varadhan information

Given a Dirichlet form £ on L2(yu) := L2(X, ;1) with domain D(€), the
Fisher-Donsker-Varadhan information of ~ with respect to p is given
as:

400 otherwise

o) = {g(ﬂ, VI if v = fu, /T eDE)
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introduction
Transportation-information inequality
Gibbs measure and generator of the Glauber dynamic

Transportation-information inequality

« a nondecreasing left-continuous function on R* = [0, +-00)
which vanishes at 0.

Probability measure . satisfies a transportation-information
inequality W, if

a(Wi g(v, 1)) < I(v|p), Vv € Mi(X),
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introduction
Transportation-information inequality
Gibbs measure and generator of the Glauber dynamic

GLWY’s equivalence for W, /-inequality

The following properties are equivalent:
(a) The transportation-information inequality holds.

(b) The following concentration inequality holds for each g € bB with
19/lLip(ay < 1 @nd any initial distribution v < 4,

t
p, (1 | 9(x)ds > () + 1 < 19 e ), e, >0,
t Jo du

where || - ||2 is the norm of L2(y).
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Given a bounded open subset A of R? and w € Q,
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Poisson point me
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Gibbs measure and generator of the Glauber dynamic

Poisson point me

Give the activity z > 0, let P be the law of Poisson point process
on RY with intensity measure zdx.

The image measure Py of P by w — wj is the law of Poisson
point process on A with intensity measure zdx.
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introduction
Transportation-information inequality
Gibbs measure and generator of the Glauber dynamic

The Gibbs measure

The Gibbs measure for a given boundary condition n € Q on A is a
probability given by

pip(dwn) == (Z) ™" exp {—BH} (wa)} Pa(dwn)

where Z) is the normalization constant, and

Hien) =5 [ ox=yyantaenton+ [

A

an(@) | olx—ym(ay)

is the Hamiltonian.
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Transportation-information inequality
Gibbs measure and generator of the Glauber dynamic

Difference op r

For a real F—measurable function f, consider the difference operators

Dj f(w) := f(w + 6x) — f(w), w € Qn,x EN;
D, f(w) := f(w — 0x) — f(w), w € Qa, X € suppw.
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Generator Dirichlet form

Generator:

LAf(wn) =/

Dy f(wa)wa(dx) + z / e PP @) D f(up ) dx.
A

A
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introduction
Transportation-information inequality
Gibbs measure and generator of the Glauber dynamic

Generator and Dirichlet form

Generator:

LAf(wn) =/

Dy f(wa)wa(dx) + z / e PP @) D f(up ) dx.
A

A

Dirichlet form:
5/?\7(1‘3 g) L= <f7 *Exg%ﬁ\’
= [ dul(wn) / D; f(wn) Dy g(wn)eon(0X)
A

Qa

— [ dup(en) [ e PO D; fun)Df glon)zc.
Q/\ A
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Wyl for M/M/ oo M/M/ oo
W I for M/M/

M/M /o queue system

Generator: Lf(n) = A(fop1 — fn) + n(fr—1 — 1)
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Wyl for M/M/ oo M/M/ oo
W I for M/M/

M/M /o queue system

Generator: Lf(n) = A(fop1 — fn) + n(fr—1 — 1)
Invariant measure: u, = e=*\"/n!
Dirichlet form: £(f, g) = >" - o Mtn(fast — £2)(9nt1 — 9n).
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Wy I for M/M/ oo M/M/ o<
W I for M/M/ oo

Optimal W;l-inequality for M/M /oo

Theorem. Consider p the classical Euclidean distance on N. Then
Wi (v, ) < I+2VAI Yo e Mq(Ny),

where | = I(v/p).
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Wy Ifor M/M/ oo M/M/

W I for M/M/ oo

The inequality is optimal since

» Gao, Guilllin and Wu proved that v/(go) — 11(g0) < 2V Al + I for
go(n) = n— X is optimal (motivation).
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W I for M/M/ oo

The inequality is optimal since
» Gao, Guilllin and Wu proved that v/(go) — 11(g0) < 2V Al + I for
go(n) = n— X is optimal (motivation).
» Take v a Poisson distribution with parameter a\,a > 1. Then

Wi (v, 1) =2V A+ 1= A(va— 1)
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Some key points

» Lipschitzian spectral gap: |[(—£) ™" ||Lipp) = 1
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Some key points

» Lipschitzian spectral gap: |[(—£) ™" ||Lipp) = 1
» Lyapunov test function: take V, = k" (x > 1), s.t.

1 LV
(1+8)n+(1+ 3>)‘ < —aT(n)er

with a = (1 +0)x/(k — 1) and b= ((1 +0)k + (1 + 1))\
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W I for M/M/ oo

Some key points

» Lipschitzian spectral gap: |[(—£) ™" ||Lipp) = 1
» Lyapunov test function: take V, = k" (x > 1), s.t.

1 LV
(A+&)n+ (1+ 3>)‘ <-—a—;-(n+b

witha= (1+6)x/(k—1)and b= ((1+8)x + (1 + 1))\
+ for any function V > 1, if —£Y is lower bounded, then

/fﬁ—vvdz/ < I(v|p), Vv.
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Wy I for M/M/ oo M/M/ o
W I for M/M/ oo

Sketch of the Proof

Given any function g on N with 1(g) = 0, [|g||Lip() = 1, G satisfies —LG = g
with (G) = 0. For any 6 > 0, we have

v(g) — 1(g) =< g.f >,= E(G.1) = qun(em Go)(Fair — o)

< Z/\un(v fs1 —\/E)2 'JZAHn(GnH — Gn)?(v fn+1+\/7n)2
n=0 n=0
S | A n (1+5)fn+ + 1+* fn = / nfn (1+5)n+ 1+* A
HZO”( 1+ 6)>J§“< 0+50)
= LV
< /nzgunfn(—av(n)—s—b) < V/I(al + b).
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Lipschitzian norm of (7£.,’\’ )—1
W I for Continuum Gibbs measure Wy l-inequality for )/:\/

Lipschitzian space

The metric d on Q4 : for any w,w’ € Qa,

d(w,w') = [|w—w|1v-
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Lipschitzian space

The metric d on Q4 : for any w,w’ € Qa,

d(w,w') = [|w—w|1v-

Given any functional F € rF,, F is Lipschitzian with respect to d
if

IFl — sup W = FII
LlP(d) = w;ﬁf/ d(w,w’) o0
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Lipschitzian space

The metric d on Q4 : for any w,w’ € Qa,

d(w,w’) = |w = &[lrv.

Given any functional F € rF,, F is Lipschitzian with respect to d
if

IFl — sup W = FII
LlP(d) = w;ﬁf/ d(w,w’) o0

= ||Fl|Lip(a) = XE/\SUDeQ |D5 F(wa)| < oo.
sSWA A
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Lipschitzian norm of (7£.,’\’ )—1
W I for Continuum Gibbs measure Wy l-inequality for )/:\/

Upper bound of [|(—£}) | |Lip(a)

Lemma. Suppose that the Dobrushin’s uniqueness condition holds,
ie.,

D= z/ (1 — e #*Mdx < 1.
Rd

We have 1

H(_L"X)i1 HLip(d) < ﬁ
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Lipschitzian norm of (— £ /1)~

W I for Continuum Gibbs measure W l-inequality for u/’\’

Lyapunov test function

Lemma. Take V(wp) = ™M), Given any ¢ > 0, then

LKV (wp)
V(wn)

where a= (1+4)-L25, b= ((1+0)r+(1+31))z[A

1
(1 + 8)Na(wa) + (1 + S)ZM' <-a +b, wr€Qn
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Lipschitzian norm of (— £ /1)~

W I for Continuum Gibbs measure W l-inequality for u;\’

W, I-inequality for 1}

Theorem. Suppose that the Dobrushin uniqueness condition holds,
ie.
D= z/ (1 — e P?M)dx < 1.
Rd

The Gibbs measure 1} satisfies the transportation-information
inequality Wi/

’
Wi a(v, 1) < T D(I+2\/zA/>,

where | = I(v/pu}).
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Lipschitzian norm of (—

W I for Continuum Gibbs measure W l-inequality for u/’\’

Remark. The transportation-information inequality for ;! is sharp. If
© =0, then D = 0 and Nx(X;) is just the M/M /oo queue system with
A= Zz|N.
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Discrete spin system
W, I for discrete spin system
W I for discrete spin system

The discrete spin system

T a finite subset of Z¢
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The discrete spin system

T a finite subset of Z¢

v: 2% x Z° — R* a nonnegative interaction function satisfying ~v; = ;i
and v; =0 forall i,j € 79.
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Discrete spin system
W, I for discrete spin system

Wj I for discrete spin system

The discrete spin system

T afinite subset of Z¢

v: 2% x Z° — R* a nonnegative interaction function satisfying ~v; = ;i
and v; =0 forall i,j € 79.

The Gibbs measure on N7 with boundary condition (xx)xe e is defined
by

e—% 20y nT0 ViXiX

pr(dxr|x) = Z(57%) Microx;(ax)

where {o,(-)};c,0 are the given Poisson measures on N with means
{Ai > 0};c40, and Z(x7e) is the normalization factor.
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Discrete spin system
W, I for discrete spin system

Wj I for discrete spin system

The discrete spin system

T afinite subset of Z¢

v: 2% x Z° — R* a nonnegative interaction function satisfying ~v; = ;i

and v; =0 forall i,j € 79.

The Gibbs measure on N7 with boundary condition (xx)xe e is defined

by

e—% 20y nT0 ViXiX
Z(XTc)

where {o,(-)};c,0 are the given Poisson measures on N with means

{Ai > 0};c40, and Z(x7e) is the normalization factor.

When T = {i}, pur(dxr|x) noted as p;(dx;| x), is the Poisson distribution

with parameter \;e~ 2 7%

,LLT(dXT|X) = nieTUN(dX/)
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Discrete spin system
W, I for discrete spin system
W I for discrete spin system

rdependence matrix

C = (cj)ijer w.rt. dp onNis

Wi, <Mi(dX/X)» u,-(dx,-’|x’)>
cj = sup

=A(1—e ).
Xx=x"offj |X] - le‘ I( )
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Discrete spin system
W, I for discrete spin system
W I for discrete spin system

Dobrushin interdependence matrix

C = (cj)ijer w.rt. dp onNis

Wi, <Mi(dX/X)» u,-(dx,-’|x’)>
cj = sup

Xx=x"offj |X] - le‘

= )\,‘(1 — e‘"’"f’).

Dobrushin’s uniqueness condition

D:=supd cj=supd \(1-e ") <1

€T et J€T i1
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Discrete spin system
W, I for discrete spin system

Wj I for discrete spin system

The Dirichlet form of £t is defined as

&r(9,9) = /NTZ&-(g,-,g,-)dm, geD(Er)  with

ieT

'D((‘:T) = {g S L2(NT) 1 gi € D(S,-),ur — a.e. 5\(,', /T Z&'(Q,‘,Q,‘)d/ir < +OO}
N

ieT

where g,'(X,') = g(X,',)A(,') with )A(,' =X\ {i} fixed.
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Discrete spin system
W, I for discrete spin system

Wj I for discrete spin system

Tensorization result for W,

Lemma. Assume the Dobrushin’s uniqueness condition

D=sup> \(1—-e ) <1.
JE€T et

Then for all v € M}(NT),

1 v
Wig, (v, ur) = 7—pE” /ezr Wi o (vi, pi)

where v; is the conditional distribution of x; knowing (x;);-;.
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Discrete spin system
W, I for discrete spin system
W I for discrete spin system

Additivity property of the Fisher information

Let v7, u1 be probability measures on N7 such that I+(v7|ur) < +oo,
and let u;, v; be the conditional distributions of x; knowing %; under
u, v respectively. Then

Ir(vrlur) = E¥ TZI vilpi)
ieT

where [i(vj|p;) is the Fisher-Donsker-Varadhan information related to
the Dirichlet form (&;, D(&))).
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Discrete spin system
W, I for discrete spin system
W I for discrete spin system

W, I-inequality for discrete spin system

Theorem. Assume the Dobrushin uniqueness condition

D=sup) \(1-e)<1.
€T GeT

Then for any vr € M}(NT, dp), it holds that

1
W1,d,1(VTa pur) < — (2 /Z/\,-/—&- l)
ieT

where | = It(vr|pT).
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Discrete spin system
W, I for discrete spin system

Wj I for discrete spin system
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Discrete spin system

W, I for discrete spin system

Wj I for discrete spin system

Thank you for your attention
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