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Introduction

Let (Xt)t≥0 be a continuous time Markov process (say a diffusion
for simplicity) with

I Pt its associated semigroup,

I L its generator,

I µ its invariant probability measure,

I E(f , g) =
∫
−f L g dµ its associated Dirichlet form.

Our goal:
”quantify the decay to 0 of d(Pt , µ)”

for some distance d with easy to verify conditions.
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Running Example

(Xt) satisfies the stochastic differential equation

dXt =
√

2 dBt −∇V (Xt)dt

and has as generator

L = ∆−∇V .∇

with invariant measure

dµ(x) = e−V (x)dx

and Dirichlet form

E(f , f ) =

∫
|∇f |2 dµ.
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There are many methods to do so and we will focus on two:

I Functional inequalities and d is linked to the L2 norm
(Poincaré) or the entropy (logarithmic Sobolev).

I Coupling approach and d is the total variation distance.

And our central tool will be

Lyapunov conditions

and local conditions.
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Lyapunov conditions

The prototype of Lyapunov condition is: find W ≥ 1, a set C ,
b > 0 and positive function ϕ

LW ≤ −ϕ×W + b 1C .

It has been used since a long time to study speed of convergence
to equilibrium but often without explicit constant.
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Examples

– Ornstein-Uhlenbeck process : L = ∆− x .∇.

W (x) = 1 + |x |2, LW = 2n − 2|x |2

≤ −W (x) + 2(n − 1)1{|x |2≤2n}

but with another choice

W (x) = ea|x |2 , LW =

(
2an + 4a

(
a− 1

2

)
|x |2
)

W (x)

≤ −λ|x |2W (x) + b1{|x |≤R}
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Examples continued

– Exponential type process: L = ∆− x
|x | .∇.

Choose a < 1

W (w) = ea|x |, LW ≤ −c W (x) + b1{|x |≤R}

– Cauchy type process: L = ∆− (n + α)∇V
V .∇ and V convex.

choose now 2 < k < α(1− ε) + nε+ 2 for ε sufficiently small then

W (x) = 1 + |x |k , LW ≤ −c (W (x))
k−2

k + b1{|x |≤R}
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Functional Inequalities

Let us quickly illustrate the method :

Suppose that the following Poincaré inequality is verified

(PI) Varµ(f ) := µ(f 2)− µ(f )2 ≤ Cp E(f , f )

then

d

dt
Varµ(Pt f ) = 2

∫
Pt f L Pt f dµ

≤ − 2

Cp
Varµ(Pt f )

so that Gronwall’s lemma gives

Varµ(Pt f ) ≤ e
− 2

Cp
t

Varµ(f )

(In fact equivalent to Poincaré inequality)
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One can do the same based on

– weak Poincaré inequality : ∀s > 0

(wPI) Varµ(f ) ≤ β(s) E(f , f ) + s‖f ‖2∞

leading to a sub exponential decay

Varµ(Pt f ) ≤ ψ(t)‖f ‖2∞

– logarithmic Sobolev inequality

(LSI) ∀s > 0 Entµ(f ) := µ

(
f log

f

µ(f )

)
≤ 2Cl E(f , log f )

leading to an entropic decay

Entµ(Pt f ) ≤ e
− 2

Cl
t

Entµ(f )
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– weak Poincaré inequality : ∀s > 0

(wPI) Varµ(f ) ≤ β(s) E(f , f ) + s‖f ‖2∞

leading to a sub exponential decay

Varµ(Pt f ) ≤ ψ(t)‖f ‖2∞

– logarithmic Sobolev inequality

(LSI) ∀s > 0 Entµ(f ) := µ

(
f log

f

µ(f )

)
≤ 2Cl E(f , log f )

leading to an entropic decay

Entµ(Pt f ) ≤ e
− 2

Cl
t

Entµ(f )

Arnaud Guillin Convergence to equilibrium and Lyapunov conditions



Introduction
Lyapunov conditions

Functional inequalities for speed of convergence
Coupling approach

One can do the same based on
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The question then is

”How to obtain these functional inequalities?”

There is of course a HUGE litterature about that... and we cannot
review all results... see for example D. Bakry, M-F. Chen, M.
Ledoux, F-Y. Wang, L. Wu... for some beautiful results.

We will focus on a recent approach based on Lyapunov conditions.
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Poincaré inequality

Theorem
Let L = ∆−∇V .∇. Suppose that there exists W ≥ 1, λ, b > 0
and R > 0 such that

LW ≤ −λW + b1B(0,R)

and a local Poincaré inequality : for f such that µ(f 1B(0,R)) = 0∫
B(0,R)

f 2dµ ≤ κR

∫
|∇f |2dµ

then

Varµ(f ) ≤ 1

λ
(1 + bκR)

∫
|∇f |2dµ
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and a local Poincaré inequality : for f such that µ(f 1B(0,R)) = 0∫
B(0,R)

f 2dµ ≤ κR

∫
|∇f |2dµ

then

Varµ(f ) ≤ 1

λ
(1 + bκR)

∫
|∇f |2dµ

Arnaud Guillin Convergence to equilibrium and Lyapunov conditions



Introduction
Lyapunov conditions

Functional inequalities for speed of convergence
Coupling approach

Remark
Local Poincaré inequality can be obtained by perturbation of the
Poincaré inequality on balls for Lebesgue measure

Remark
The Lyapunov condition is verified for example if

I x .∇V ≥ α|x | for some positive α outside a ball;

I or a |∇V |2 −∆V ≥ c for 0 < a < 1 and positive c outside a
ball.

In particular, if V is convex then the first condition is verified and
thus a Poincaré inequality holds (recovering a result of Bobkov).
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Proof

Remark first∫
f 2 −LW

W
dµ =

∫
∇
(

f 2

W

)
.∇W dµ

= 2

∫
f

W
∇f .∇W dµ−

∫
f 2

W 2
|∇W |2dµ

=

∫
|∇f |2dµ−

∫
|∇f − (f /W )∇W |2dµ

≤
∫
|∇f |2dµ.

or a large deviations argument!
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So that with c = µ(f 1B(0,R)), the Lyapunov condition rewritted

1 ≤ − 1

λ

LW

W
+

b

λ
1B(0,R)

and local Poincaré inequality

Varµ(f ) ≤
∫

(f − c)2dµ

≤ 1

λ

∫
(f − c)2−LW

W
dµ+

b

λ

∫
B(0,R)

(f − c)2dµ

≤ 1

λ
(1 + bκR)

∫
|∇f |2dµ
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By a slight modification of the argument, it extends to weighted
and weak Poincaré inequality

Theorem
Let L = ∆−∇V .∇. Suppose that there exists W ≥ 1, sublinear
ϕ, b > 0 and R > 0 such that

LW ≤ −ϕ(W ) + b1B(0,R)

and a local Poincaré inequality then

Varµ(f ) ≤ max

(
1,

bκR

ϕ(1)

)∫
(1 + ϕ′(W )−1)|∇f |2dµ

and denoting G (s) = inf{u;µ(ϕ(W ) < uW ) > s} then

Varµ(f ) ≤ (1 + bκR)G (s)−1

∫
|∇f |2dµ+ 2s‖f ‖2∞
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Remark
For Cauchy type process : the Lyapunov condition is such that

ϕ′(W ) = |x |2 and G (s)−1 = s−
2
α which are optimal in dimension

one (see Barthe-Cattiaux-Roberto) and enable to recover recent
results of Bobkov-Ledoux.

Remark
Note that weighted Poincaré inequality enables us to find easily a
reversible diffusion exponentially convergent in L2 for a given
subexponential measure satisfying a Lyapunov condition: take
ω = (1 + ϕ′(W )−1) and use the reversible diffusion

Lω = ω∆ + (∇ω − ω∇V ).∇.
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Theorem
Let L = ∆−∇V .∇ and dµ = e−V dx. Suppose that there exists
W ≥ 1, some point x0, b > 0 such that

LW ≤ −c d2(x , x0)×W + b

then the following transportation inequality holds : for all
probability measure ν

W 2
2 (ν, µ) ≤ C Entµ

(
dν

dµ

)
and if we suppose moreover Hess(V ) + Ric ≥ K Id then the
logarithmic Sobolev inequality holds

Entµ(f 2) ≤ C

∫
|∇f |2dµ
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Remark

I More generally we have criterion for every (weighted)
Super-Poincaré inequalities.

I Lyapunov condition also gives Bernstein’s type inequalities.

Conclusion
We have a powerful tool to get functional inequalities and thus
various rates of convergence to equilibrium but...

limited to reversible process

so let’s try another approach.
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Coupling

It is perhaps the oldest approach to study the speed of
convergence to equilibrium :

find some random time T and a construction of Xt and Yt both of
the same law given by Pt starting from x and y which coincides
after time T , so that

‖Pt(x , ·)− Pt(y , ·)‖TV ≤ P(T > t)

we have then to study integrability property of T !

We will also use Lyapunov condition and a minorization condition.
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Coupling construction

Suppose that for some set C , some t∗ > 0, there exists ε > 0 such
that

(MC ) ∀x ∈ C , Pt∗(x , ·) ≥ εν(·)

Construction of (Xt ,Yt)

1. X0 = x , Y0 = y

2. Let t0 = inf{t; (Xt ,Yt) ∈ C × C} and
tn = inf{t ≥ tn−1 + t∗; (Xt ,Yt) ∈ C × C}. Then proceed at
each ti

I If not coupled, with probability ε, Xti+t∗ = Yti+t∗ = Z with
Z ∼ ν and declare to have coupled and T = ti + t∗!.

I if not coupled, with probability 1− ε, simulate conditionally
independently Xti+t∗ and Yti+t∗ with the residual kernel and
go on.

Arnaud Guillin Convergence to equilibrium and Lyapunov conditions
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We have thus to control integrability of entrance time to some set
C : τC (t∗) = inf{t ≥ t∗,Xt ∈ C}
Theorem
Suppose that there exists W ≥ 1, δ > 0, b > 0 such that

LW ≤ −δ ×W + b1C

then
∀x 6∈ C , Ex(eδτC (0)) ≤W (x)

and if exists W ≥ 1, sublinear concave ϕ, b > 0 such that

LW ≤ −ϕ(W ) + b1C

∀x 6∈ C , Ex

(
H−1
ϕ (τC (t∗)

)
≤W (x) + cb,ϕ,θ∗

where Hϕ(u) =
∫ u
1

1
ϕds.
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Proof

By Itô’s formula eδ(t∧τC (0))W (Xt∧τC (0)) is a local supermartingale
so that

E(W (X0)) ≥ E(eδτC (0)W (XτC(0)
)) ≥ E(eδτC (0)).

The subexponential case is much more involved.
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Theorem
If (MC ) is verified and that there exists W ≥ 1, δ > 0, b > 0 such
that

LW ≤ −δ ×W + b1C

then for an explicit ρ = ρ(ε,C , t∗,W ) < 1 K > 1,

‖Pt(x , ·)− Pt(y , ·)‖TV ≤ Kρt (W (x) + W (y))

and if there exist W ≥ 1, sublinear concave ϕ, b > 0 such that

LW ≤ −ϕ(W ) + b1C

then for an explicit K = K (ε,C , ϕ,W ) and λ(C , ϕ,W )

‖Pt(x , ·)− Pt(y , ·)‖TV ≤
K

H−1
ϕ (λ(t − t∗))

(W (x) + W (y))
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Remark

I The coupling approach in the simple reversible setting may be
compared to the functional inequality approach.

I It enables us to consider non reversible models such as kinetic
Fokker-Planck equation

d xt = vt dt

d vt =
√

2dBt −∇V (xt)dt − cvtdt

under various conditions on V .

I The difficulty is of course in the estimation in the minorization
condition.
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